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To 
Ann 


I have been very pleased with the success of my book. When it was 
apparent that the second printing was nearly sold out, Springer-Verlag 
asked me to prepare a list of corrections for a third printing. When I 
mentioned that I had some ideas for more substantial revisions, they 
reacted with characteristic enthusiasm. 

There are four major differences between the present edition and its 
predecessor. First, John Dixon’s treatment of Cauchy’s Theorem has been 
included. This has the advantage of providing a quick proof of the theorem 
in its full generality. Nevertheless, I have a strong attachment to the 
homotopic version that appeared in the first edition and have proved this 
form of Cauchy’s Theorem as it was done there. This version is very 
geometric and quite easy to apply. Moreover, the notion of homotopy is 
needed for the later treatment of the monodromy theorem; hence, inclu- 
sion of this version yields benefits far in excess of the time needed to 
discuss it. 

Second, the proof of Runge’s Theorem is new. The present proof is due 
to Sandy Grabiner and does not use “pole pushing”. In a sense the “pole 
pushing” is buried in the concept of uniform approximation and some 
ideas from Banach algebras. Nevertheless, it should be emphasized that the 
proof is entirely elementary in that it relies only on the material presented 
in this text. 

Next, an Appendix B has been added. This appendix contains some 
bibhographical material and a guide for further reading. 

Finally, several additional exercises have been added. 

There are also minor changes that have been made. Several colleagues 
in the mathematical community have helped me greatly by providing 
constructive criticism and pointing out typographical errors. I wish to 
thank publicly Earl Berkson, Louis Brickman, James Deddens, Gerard 
Keough, G. K. Kristiansen, Andrew Lenard, John Mairhuber, Donald C. 
Meyers, Jeffrey Nunemacher, Robert Olin, Donald Perlis, John Plaster, 
Hans Sagan, Glenn Schober, David Stegenga, Richard Varga, James P. 
Williams, and Max Zorn. 

Finally, I wish to thank the staff at Springer-Verlag New York not only 
for their treatment of my book, but also for the publication of so many 
fine books on mathematics. In the present time of shrinking graduate 
enrollments and the consequent reluctance of so many publishers to print 
advanced texts and monographs, Springer-Verlag is making a contribution 
to our discipline by increasing its efforts to disseminate the recent develop- 
ments in mathematics. 


John B. Conway 
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PREFACE 


This book is intended as a textbook for a first course in the theory of 
functions of one complex variable for students who are mathematically 
mature enough to understand and execute « - 5 arguments. The actual pre- 
requisites for reading this book are quite minimal; not much more than a 
stiff course in basic calculus and a few facts about partial derivatives. The 
topics from advanced calculus that are used (e.g., Leibniz’s rule for differ- 
entiating under the integral sign) are proved in detail. 

Complex Variables is a subject which has something for all mathematicians. 
In addition to having applications to other parts of analysis, it can rightly 
claim to be an ancestor of many areas of mathematics (e.g., homotopy theory, 
manifolds). This view of Complex Analysis as ‘“‘An Introduction to Mathe- 
matics”’ has influenced the writing and selection of subject matter for this book. 
The other guiding principle followed is that all definitions, theorems, etc. 
should be clearly and precisely stated. Proofs are given with the student in 
mind. Most are presented in detail and when this is not the case the reader is 
told precisely what is missing and asked to fill in the gap as an exercise. The 
exercises are varied in their degree of difficulty. Some are meant to fix the 
ideas of the section in the reader’s mind and some extend the theory or give 
applications to other parts of mathematics. (Occasionally, terminology is used 
in an exercise which is not defined—e.g., group, integral domain.) 

Chapters I through V and Sections VI.1 and VI.2 are basic. It is possible 
to cover this material in a single semester only if a number of proofs are 
omitted. Except for the material at the beginning of Section VI.3 on convex 
functions, the rest of the book is independent of VI.3 and VI.4. 

Chapter VII initiates the student in the consideration of functions as 
points in a metric space. The results of the first three sections of this chapter 
are used repeatedly in the remainder of the book. Sections four and five need 
no defense; moreover, the Weierstrass Factorization Theorem is necessary 
for Chapter XI. Section six is an application of the factorization theorem. 
The last two sections of Chapter VII are not needed in the rest of the book 
although they are a part of classical mathematics which no one should 
completely disregard. 

The remaining chapters are independent topics and may be covered in any 
order desired. 

Runge’s Theorem is the inspiration for much of the theory of Function 
Algebras. The proof presented in section VIII.1 is, however, the classical one 
involving “‘pole pushing’’. Section two applies Runge’s Theorem to obtain a 
more general form of Cauchy’s Theorem. The main results of sections three 
and four should be read by everyone, even if the proofs are not. 

Chapter [X studies analytic continuation and introduces the reader to 
analytic manifolds and covering spaces. Sections one through three can 
be considered as a unit and will give the reader a knowledge of analytic 
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continuation without necessitating his going through all of Chapter IX. 

Chapter X studies harmonic functions including a solution of the Dirichlet 
Problem and the introduction of Green’s Function. If this can be called 
applied mathematics it is part of applied mathematics that everyone should 
know. 

Although they are independent, the last two chapters could have been 
combined into one entitled “Entire Functions’. However, it is felt that 
Hadamard’s Factorization Theorem and the Great Theorem of Picard are 
sufficiently different that each merits its own chapter. Also, neither result 
depends upon the other. 

With regard to Picard’s Theorem it should be mentioned that another 
proof is available. The proof presented here uses only elementary arguments 
while the proof found in most other books uses the modular function. 

There are other topics that could have been covered. Some consideration 
was given to including chapters on some or all of the following: conformal 
mapping, functions on the disk, elliptic functions, applications of Hilbert 
space methods to complex functions. But the line had to be drawn somewhere 
and these topics were the victims. For those readers who would like to explore 
this material or to further investigate the topics covered in this book, the 
bibliography contains a number of appropriate entries. 

Most of the notation used is standard. The word “‘iff”’ is used in place of 
the phrase “if and only if’’, and the symbol JJ is used to indicate the end of a 
proof. When a function (other than a path) is being discussed, Latin letters 
are used for the domain and Greek letters are used for the range. 

This book evolved from classes taught at Indiana University. I would like 
to thank the Department of Mathematics for making its resources available 
to me during its preparation. | would especially like to thank the students 
in my Classes; it was actually their reaction to my course in Complex Variables 
that made me decide to take the plunge and write a book. Particular thanks 
should go to Marsha Meredith for pointing out several mistakes in an early 
draft, to Stephen Berman for gathering the material for several exercises on 
algebra, and to Larry Curnutt for assisting me with the final corrections of the 
manuscript. | must also thank Ceil Sheehan for typing the final draft of the 
manuscript under unusual circumstances. 

Finally, I must thank my wife to whom this book is dedicated. Her 
encouragement was the most valuable assistance I received. 


John B. Conway 


TABLE OF CONTENTS 


Preface for the Second Edition 


Preface 


Contents, Volume [I 


I. The Complex Number System 
§1. The real numbers 
§2. The field of complex numbers 
§3. The complex plane 
§4. Polar representation and roots of emplex numbers 
§5. Lines and half planes in the complex plane 
86. The extended plane and its spherical representation 


i]. Metric Spaces and the Topology of C 


§1. 
§2. 
§3. 
$4. 
85. 
86. 


Ill. Elementary Properties and Examples of Analytic Functions 


$1. 
§2. 


§3. 


Definition and examples of metric spaces 
Connectedness . 

Sequences and eoiiole ences 
Compactness 

Continuity 

Uniform convergence 


Power series 
Analytic functions 


Analytic functions as mapping, Mébius ieasionmaaons 


IV. Complex Integration 


§1. Riemann-Stieltjes integrals 

§2. Power series representation of analytic factions 

§3. Zeros of an analytic function 

§4. The index of a closed curve , 

§5. Cauchy’s Theorem and Integral nonmils 

$6. The homotopic version of Cauchy’s Theorem and 
simple connectivity 

§7. Counting zeros; the Open Mapping T aneoreni 

§8. Goursat’s Teoreni 

V. Singularities 
§1. Classification of singularities 


iX 


vi 


Vili 


Xl 


CO CR BS Wee Re 


103 


VI. 


VIL. 


VIL. 


IX. 


Table of Contents 


§2. Residues 
§3. The Argument Punciple 


The Maximum Modulus Theorem 
$f. The Maximum Principle 
§2. Schwarz’s Lemma 


§3. Convex functions and fisdaaiid’ S Three Crees Theoren 


$4. Phragmén-Lindelof Theorem 


Compactness and Convergence in the 
Space of Analytic Functions 

$1. The space of continuous functions C(G, Q) 
§2. Spaces of analytic functions 

§3. Spaces of meromorphic functions . 

$4. The Riemann Mapping Theorem 

$5. Weierstrass Factorization Theorem 

$6. Factorization of the sine function . 

$7. The gamma function 

$8. The Riemann zeta function 


Runge’s Theorem 

$1. Runge’s Theorem 

§2. Simple connectedness 

§3. Mittag-Leffler’s Theorem 


Analytic Continuation and Riemann Surfaces 

$1. Schwarz Reflection Principle . 

§2. Analytic Continuation Along A Path 

§3. Monodromy Theorem 

$4. Topological Spaces and Neianborhesd Sysicnig 

§5. The Sheaf of Germs of Analytic Functions on an Open Set 
$6. Analytic Manifolds 

§7. Covering spaces 


Harmonic Functions 

$1. Basic Properties of harmonic functions 

§2. Harmonic functions on a disk 
§3. Subharmonic and superharmonic functions 
$4. The Dirichlet Problem 

§5. Green’s Functions 


112 
123 


128 
130 
133 
138 


142 
jee)! 
155 
160 
164 
174 
176 
187 


195 
202 
204 


210 
213 
217 
221 
221 
233 
245 


252 
256 
263 
269 
249 


Table of Contents 


XI. 


XI. 


Entire Functions 


$1. 
§2. 


§3. 


Jensen’s Formula 
The genus and order of an entire function 
Hadamard Factorization Theorem 


The Range of an Analytic Function 


Bloch’s Theorem ; 
The Little Picard Theorem 
Schottky’s Theorem 

The Great Picard Theorem 


Appendix A: Calculus for Complex Valued Functions on 
an Interval 


Appendix B: Suggestions for Further Study and 
Bibliographical Notes 


References 


Index 


List of Symbols 


Preface 


TABLE OF CONTENTS, VOLUME II 


13. Return to Basics 


Regions and Curves 

Derivatives and other recollections 

Harmonic conjugates and primitives 

Analytic arcs and the reflection principle 
Boundary values for bounded analytic functions 


14. Conformal Equivalence For Simply Connected Regions 
81. 
§2. 
§3. 
$4, 
$5. 


Elementary properties and examples 
Crosscuts 

Prime Ends 

Impressions of a prime end 
Boundary values of Riemann maps 


XI 


280 
282 
287 


292 
296 
297 
300 


303 


307 


311 


313 


317 


Xil 


15. 


16. 


17. 


18. 


19. 


86. 
97. 


Table of Contents 


The Area Theorem 
Disk mappings: the class S 


Conformal Equivalence For Finitely Connected Regions 


Analysis on a finitely connected region 

Conformal equivalence with an analytic Jordan region 
Boundary values for a conformal equivalence between finitely 
connected Jordan regions 

Convergence of univalent functions 

Conformal equivalence with a circularly slit annulus 
Conformal equivalence with a circularly slit disk 

Conformal equivalence with a circular region 


Analytic Covering Maps 


$1. 


Results for abstract covering spaces 

Analytic covering spaces 

The modular function 

Applications of the modular function 

The existence of the universal analytic covering map 


De Branges’s Proof of the Bieberbach Conjecture 


$1. 


Subordination 

Loewner chains 

Loewner’s differential equation 
The Milin Conjecture 

Some special functions 

The proof of de Branges’s Theorem 


Some Fundamental Concepts From Analysis 


$1. 
82. 
§3. 


Bergman spaces of analytic and harmonic functions 
Partitions of unity 

Convolution in Euclidean space 

Distributions 

The Cauchy transform 

An application: rational approximation 

Fourier series and Cesaro sums 


Harmonic Functions Redux 


$1. 
§2. 
§3. 
§4. 
§5. 
§6. 
87. 
§8. 
§9. 


Harmonic functions on the disk 

Fatou’s Theorem 

Semicontinuous functions 

Subharmonic functions 

The logarithmic potential 

An application: approximation by harmonic functions 
The Dirichlet problem 

Harmonic majorants 

The Green function 


Table of Contents 


$10. 
S11. 


Regular points for the Dirichlet problem 
The Dirichlet principle and Sobolev spaces 


20. Hardy Spaces on the Disk 


Definitions and elementary properties 

The Nevanlinna Class 

Factorization of functions in the Nevanlinna class 
The disk algebra 

The invariant subspaces of H? 

Szego’s Theorem 


21. Potential Theory in the Plane 


$1. Harmonic measure 
§2. The sweep of a measure 
§3. The Robin constant 
§4. The Green potential 
§5. Polar sets 
§6. More on regular points 
§7. Logarithmic capacity: part | 
§8. Some applications and examples of logarithmic capacity 
$9. Removable singularities for functions in the Bergman space 
§10. Logarithmic capacity: part 2 
$11. The transfinite diameter and logarithmic capacity 
§12. The refinement of a subharmonic function 
§13. The fine topology 
$14. Wiener’s criterion for regular points 
References 
List of Symbols 


Index 


Xi 


Chapter I 
The Complex Number System 


§7. The real numbers 


We denote the set of all real numbers by R. It is assumed that each 
reader 1s acquainted with the real number system and all its properties. In 
particular we assume a knowledge of the ordering of R, the definitions and 
properties of the supremum and infimum (sup and inf), and the complete- 
ness of R (every non-empty set in R which is bounded above has a 
supremum). It is also assumed that every reader is familiar with sequential 
convergence in R and with infinite series. Finally, no one should undertake 
a study of Complex Variables unless he has a thorough grounding in 
functions of one real variable. Although it has been traditional to study 
functions of several real variables before studying analytic function theory, 
this is not an essential prerequisite for this book. There will not be any 
occasion when the deep results of this area are needed. 


§2. The field of complex numbers 


We define C, the complex numbers, to be the set of all ordered pairs 
(a, b) where a and 6 are real numbers and where addition and multiplication 
are defined by: 


(a, b)+(c, d) = (at+c, b+d) 
(a, b) (c, d) = (ac—bd, bc+ad) 


It is easily checked that with these definitions C satisfies all the axioms for 
a field. That is, C satisfies the associative, commutative and distributive 
laws for addition and multiplication; (0,0) and (1,0) are identities for 
addition and multiplication respectively, and there are additive and multi- 
plicative inverses for each nonzero element in C. 

We will write a for the complex number (a, 0). This mapping a — (a, 0) 
defines a field isomorphism of R into C so we may consider R as a subset of 
C. If we put i = (0, 1) then (a, 6) = a+bi. From this point on we abandon 
the ordered pair notation for complex numbers. 

Note that i? = —1, so that the equation z?+1 = 0 has a root in C. In 
fact, for each z in C, z*+1 = (z+i) (z—i). More generally, if z and w are 
complex numbers we obtain 


z*+w* = (z+iw) (z—iw) 
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By letting z and w be real numbers a and 5 we can obtain (with both a and 
b #0) 


I a—ib a b 
atib  a*+b* a?+6? ‘ary 

so that we have a formula for the reciprocal of a complex number. 

When we write z = a+ib (a, b€ R) we call a and b the real and imaginary 
parts of z and denote this by a = Rez, b = Imz. 

We conclude this section by introducing two operations on C which are 
not field operations. If z = x+iy(x, y € R) then we define [z/ = (x*+y*)? to 
be the absolute value of z and Z = x—iy is the conjugate of z. Note that 


2.1 ne Se 
In particular, if z 4 0 then 
i. 2 
Zz [z|* 


The following are basic properties of absolute values and conjugates 
whose verifications are left to the reader. 


I 
2.2 Rez = }(z+Z) and Imz = 5; (z—Z). 
i 
2.3 (z+w)=Z+w and zw = zw. 
2.4 [zw] = |z] [w}. 
2.5 iZ/w| = |z|/|w]. 
2.6 Ze ZI 


The reader should try to avoid expanding z and w into their real and 
imaginary parts when he tries to prove these last three. Rather, use (2.1), 
(2.2), and (2.3). 


Exercises 
1. Find the real and imaginary parts of each of the following: 


1 za pe pea 


a Ne IR); oe 9 
See dee 7i+1 2 


= ee: a \ 6 NOM 
ag | oe (=) for 2<n< 8. 
2 <2 


2. Find the absolute value and conjugate of each of the following: 


3~i =i 


aa es 


—2+i; —3; (24+1) (443); 


(1+i)°; it”. 
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3. Show that z is a real number if and only if z = Z. 
4. If z and w are complex numbers, prove the following equations: 


Iz-+wl? = |z|?+2Re zw+|w/?. 
|Iz—w|? = |z|?—2Re zW+|w]?. 
Iz+wl*? + |z—wl? = 2(|z|?+|w|?). 


5. Use induction to prove that for z = z,;+...4+2,; W = WyW2...W,: 
wl = [wy]... |wals Z = Zp +... +27,3 W = W,... W,, 

6. Let R(z) be a rational function of z. Show that R(z) = R(Z) if all the 
coefficients in R(z) are real. 


§3. The complex plane 


From the definition of complex numbers it is clear that each z in C can 
be identified with the unique point (Re z, Im z) in the plane R*. The addition 
of complex numbers is exactly the addition law of the vector space R?’. 
If z and w are in C then draw the straight lines from z and w to 0 (=(0, 0)). 
These form two sides of a parallelogram with 0, z and w as three vertices. 
The fourth vertex turns out to be z+w. 

Note also that |z—w)| is exactly the distance between z and w. With this 
in mind the last equation of Exercise 4 in the preceding section states the 
parallelogram law: The sum of the squares of the lengths of the sides of a 
parallelogram equals the sum of the squares of the lengths of its diagonals. 

A fundamental property of a distance function is that it satisfies the 
triangle inequality (see the next chapter). In this case this inequality becomes 


IZ; —Z| S [21-23] + |Z3—Z2| 


for complex numbers z,, z,, 23. By using z;-—Z, = (2; —23)+(23—Z),), it Is 
easy to see that we need only show 


3.1 Iz+w| < |z| + [w] (z, we C). 
To show this first observe that for any z in C, 
3.2 —|z| < Rez < |z| 
—|z| < Imz < |z| 
Hence, Re (zw) < |zw| = |z| |w|. Thus, 
Iz+wl? = |z|*+2Re (zw) +|w|? 
< |z|?+2|z| |w]+|w|? 
= (z|+|wl)’, 


from which (3.1) follows. (This is called the triangle inequality because, if we 
represent z and w in the plane, (3.1) says that the length of one side of the 
triangle [0, z, z+ w] is less than the sum of the lengths of the other two sides. 
Or, the shortest distance between two points is a straight line.) On encounter- 
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ing an inequality one should always ask for necessary and sufficient conditions 
that equality obtains. From looking at a triangle and considering the geo- 
metrical significance of (3.1) we are led to consider the condition z = tw 
for some te R, t > 0. (or w = fz if w = 0). It is clear that equality will 
occur when the two points are colinear with the origin. In fact, if we look 
at the proof of (3.1) we see that a necessary and sufficient condition for 
iz+w| = |z'+|w) is that |z#| = Re (zw). Equivalently, this is zW > 0 (i.e., zw 
is a real number and is non negative). Multiplying this by w/w we get 
lw|*(z/w) > Oif w # 0. If 
f= ow (23) lwi*(z/w) 
| 
then t > O and z = tw. 
By induction we also get 


3.3 Zp +22 +...4+2,| < |z,|+]z./+...+]z,| 
Also useful is the inequality 
3.4 ‘lz|-[w|| < [z—w| 


Now that we have given a geometric interpretation of the absolute value 
let us see what taking a complex conjugate does to a point in the plane. 
This is also easy; in fact, Z is the point obtained by reflecting z across the 
x-axis (1.e., the real axis). 


Exercises 


1. Prove (3.4) and give necessary and sufficient conditions for equality. 
2. Show that equality occurs in (3.3) if and only if z,/z, => 0 for any integers 
Aand/,1 < k,l < n, for which z, # 0. 

3. Let ae and c > 0 be fixed. Describe the set of points z satisfying 


iz—a|—|z+a| = 2c 


for every possible choice of a and c. Now let a be any complex number 
and, using a rotation of the plane, describe the locus of points satisfying the 
above equation. 


84. Polar representation and roots of complex numbers 


Consider the point z = x+/y in the complex plane C. This point has 
polar coordinates (r, 6): x = r cos 8, y = r sin @. Clearly r = |z| and @ is 
the angle between the positive real axis and the line segment from 0 to z. 
Notice that @ plus any multiple of 27 can be substituted for @ in the above 
equations. The angle @ is called the argument of z and is denoted by @ = arg z. 
Because of the ambiguity of 6, “arg” is not a function. We introduce the 
notation 


4.1 cis @ = cos 6+i sin @. 
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Let z, = 7, cis 9,, 2. =r, cis 6,. Then 242, = r,r, cis 6, cis 0, = ryr, 

[(cos 6, cos 6,—sin 9, sin 6,)+i (sin 6, cos 6,+sin 4, cos @,)]. By the 

formulas for the sine and cosine of the sum of two angles we get 


4.2 225 Pf c1s (6; 0,). 


Alternately, arg(z,z,) = arg z, + arg z,. (What function of a real variable 
takes products into sums?) By induction we get for z, = r,cis@,,1 <k <n, 


4.3 Zits SS 1s aes PIS Op Poe o,)- 
In particular, 
4.4 2" = r" cis (n9), 


for every integer n > 0. Moreover if z # 0, z-[r~* cis (—8] = 1; so that 
(4.4) also holds for all integers n, positive, negative, and zero, if z # 0. Asa 
special case of (4.4) we get de Moivre’s formula: 


(cos 6+i sin 6)’ = cos n@+isin né. 


We are now in a position to consider the following problem: For a given 
complex number a # 0 and an integer n > 2, can you find a number z 
satisfying z” = a? How many such z can you find? In light of (4.4) the 
solution is easy. Let a = [al cis «; by (4.4), z = |a|'” cis (a/n) fills the bill. 


a . _ 
However this is not the only solution because z’ = |a|'/” cis — («+27) also 
n 


satisfies (z')” = a. In fact each of the numbers 
1 

4.5 la|'/" cis —-(a+2nk),0 < k < n-l, 
n 


is an nth root of a. By means of (4.4) we arrive at the following: for each 
non zero number a in C there are n distinct nth roots of a; they are given by 
formula (4.5). 


Example 


Calculate the nth roots of unity. Since 1 = cis 0, (4.5) gives these roots as 
Qn. An Dn 
1, cis —, cis ——,...,cis — (n—1). 
n n n 


In particular, the cube roots of unity are 
| hs face, ] or 
ee Ly 3): 53) 
Exercises 


1. Find the sixth roots of unity. 
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2. Calculate the following: 

(a) the square roots of 7 

(b) the cube roots of / 

(c) the square roots of /3 +3 
3. A primitive nth root of unity is a complex number a such that 
l,a.a’,...,a"~' are distinct nth roots of unity. Show that if a and b are 
primitive nth and mth roots of unity, respectively, then ab is a Ath root of 
unity for some integer k. What is the smallest value of k? What can be said 
if @ and } are nonprimitive roots of unity? 
4. Use the binomial equation 

(a+b) = _ (;) a" *b* 
k=0 

where 


% n!} 

f — kMn—kyt? 

and compare the real and imaginary parts of each side of de Moivre’s 
formula to obtain the formulas: 


cos né = cos” 6— 4 cos"~? sin? 6+ , 


4 


cos’~? @ sin? 6+... 


cos"~* @sin* @—... 


H 


') cos"! @ sin @6— (' 


sin né = (i 


. ome ; 
5. Let z = cis — for an integer n > 2. Show that l+z+...+2"7>' = 0. 
nh 


6. Show that g(t) = cis f is a group homomorphism of the additive group 
R onto the multiplicative group T = {z: [z] = 1}. 

7. If z¢€ and Re(z”)2 0 for every positive integer n, show that z 1s a 
non-negative real number. 


85. Lines and half planes in the complex plane 


Let £ denote a straight line in C. From elementary analytic geometry, 
L is determined by a point in Z and a direction vector. Thus if a is any point 
in L and 6 is its direction vector then 


L= {z=a+tbi:-—-w<t< ow}. 


Since 6 # O this gives, for z in L, 


In fact if z is such that 


then 
a foe 
ir 
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implies that z = a+tb, -©o < ¢t < oo. That is 


' si Shae 


What is the locus of each of the sets 


As a first step in answering this question, observe that since 5 is a direction 
we may assume |b] = 1. For the moment, let us consider the case where 
a=0, and put H, = {z: Im (z/b) > 0}, b= cis 8. If z=r cis @ then 
z/b = rcis (@—8f). Thus, zis in H, if and only if sin (@—§) > 0; that is, when 
B < @< 7+. Hence H, is the half plane lying to the left of the line L if 


we are “walking along L in the direction of 5.” If we put 


m= yeta(")> 


then it is easy to see that H, = a+H, = {a+w: we H,}; that is, H, is the 
translation of Hy, by a. Hence, H, is the half plane lying to the left of L. 


Similarly, 
K, = 2 Im (=) < of 
b 


is the half plane on the right of L. 


Exercise 


1. Let C be the circle {z: |z—c| = r}, r > 0; let a = c+r cis « and put 
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iio a Im (35") _ ! 


where 6 = cis 8. Find necessary and sufficient conditions in terms of 8 that 
L, be tangent to C at a. 


86. The extended plane and its spherical representation 


Often in complex analysis we will be concerned with functions that be- 
come infinite as the variable approaches a given point. To discuss this situa- 
tion we introduce the extended plane which is C U {oo} = C,. We also 
wish to introduce a distance function on C,, in order to discuss continuity 
properties of functions assuming the value infinity. To accomplish this 
and to give a concrete picture of C,, we represent C,, as the unit sphere 
in R°, 

S = {(X1, %2,X3)€ Roi xz ta54+x2 = 1}. 


Let N = (0, 0, 1); that is, V is the north pole on S. Also, identify C with 
{(x,, X2, 0): x,, x, € R} so that C cuts S along the equator. Now for each 
point z in C consider the straight line in R* through z and N. This intersects 


the sphere in exactly one point Z # N. If |z| > | then Z is in the northern 
hemisphere and if |z| < 1 then Z is in the southern hemisphere; also, for 
iz] = 1, Z = z. What happens to Z as |z| - oo? Clearly Z approaches N; 
hence, we identify N and the point o in C,. Thus C,, is represented as 
the sphere S. 

Let us explore this representation. Put z = x+/y and let Z = (x,, x2, x3) 
be the corresponding point on S. We will find equations expressing x,, X., 
and x3 in terms of x and y. The line in R°® through z and N is given by 
{tN+(1—fz: —~0 < t < o}, or by 


6.1 {(l—nx, i-—dy, )): ~0o <t < oo}. 


Hence, we can find the coordinates of Z if we can find the value of f¢ at 
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which this line intersects S. If ¢ is this value then 


l= (l-1)’x?+(1—-a’y* +2 
= (1—1)?|z|? +2? 
From which we get 
1-2? = (1—1*/z/’. 
Since t # 1 (z # ©) we arrive at 
. = 


ae ee 


Thus 
a 2 
jzje+i? 7 |zj2+a? %  [zi?41 


6.2 xi 


But this gives 


BBG. ese oe cee 
7 Ize | Plz eL) 


6.3 e— 
z+ 


If the point Z is given (Z # N) and we wish to find z then by setting 
t = x, and using (6.1), we arrive at 


Xy tix, 
z= ——— 
l—x, 


6.4 


Now let us define a distance function between points in the extended 
plane in the following manner: for z, z’ in C,, define the distance from z to 2’, 
d(z, z’), to be the distance between the corresponding points Z and Z’ in R°. 
If Z = (x1, X2, X3) and Z’ = (x), x3, x3) then 


6.5 dz, 2’) = [(x1— x1)? + 02-3) +03- 5)" F 
Using the fact that Z and Z’ are on S, (6.5) gives 

6.6 [d(z, 2’)? = 2~—2(x,x/ +x5x5+% 3X5) 

By using equation (6.3) we get 


2|z—z'| 


6.7 az, z’) = -—-_--—-—-——. , 
2) = SED d+e DE 


(z,z’eC) 


In a similar manner we get for z in C 


2 


6.8 d(z, co) = (1+lz/?) 


This correspondence between points of S and C,, is called the stereographic 
projection. 
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Exercises 


1. Give the details in the derivation of (6.7) and (6.8). 

2. For each of the following points in C, give the corresponding point of 
S: 0, 14+, 342i. 

3. Which subsets of S correspond to the real and imaginary axes in C? 

4. Let A be a circle lying in S. Then there is a unique plane P in R* such 
that PO S = A. Recall from analytic geometry that 


P = {(X4; Xp, X3)! X1R, + X2B2+%x3R3 = 1} 


where (8,, 8, 8;) is a vector orthogonal to P and / is some real number. It 
can be assumed that Bj + Bf + Bj = 1. Use this information to show that 
if A contains the point N then its stereographic projection on C is a straight 
line. Otherwise, A projects onto a circle in C. 

5. Let Z and Z’ be points on S corresponding to z and z’ respectively. Let 
W be the point on S corresponding to z+z’. Find the coordinates of W in 
terms of the coordinates of Z and 2’. 


Chapter [IT 


Metric Spaces and the Topology of C 


§1. Definition and examples of metric spaces 


A metric space is a pair (X,d) where X is a set and d is a function from 
X x X into R, called a distance function or metric, which satisfies the following 
conditions for x, y, and z in X: 


d(x, y) = 0 
d(x, y) = Oif and only if x = y 
A(x, y) = d(y, x) (symmetry) 
d(x, z) < d(x, y)+d(y, z) (triangle inequality) 
If x andr > 0 are fixed then define 
Bix;r) = {tye X: d(x, y) <r} 
Borin = fyeX: d(x, y) < r}. 


B(x; r) and B(x; r) are called the open and closed balls, respectively, with 
center x and radius r. 


Examples 


1.1 Let X¥ = R or C and define d(z, w) = |z—w). This makes both (R, d) 
and (C, d) metric spaces. In fact, (C, d) will be the example of principal 
interest to us. If the reader has never encountered the concept of a metric 
space before this, he should continually keep (C, d) in mind during the study 
of this chapter. 

1.2 Let (X, d) be a metric space and let Y c X; then (Y, d) is also a metric 
space. 

1.3 Let X¥ = C and define d(x+iy, a+ib) = |x-—al\+|y—b|. Then (C, d) is 
a metric space. 

1.4 Let X = C and define d(x+iy, a+ib) = max {|x—al, |y—5/}. 

1.5 Let X be any set and define d(x, y) = Oif x = yand d(x, y) = lifx # y. 
To show that the function d satisfies the triangle inequality one merely 
considers all possibilities of equality among x, y, and z. Notice here that 
B(x; «) consists only of the point x if e < 1 and B(x; «) = X if e > 1. This 
metric space does not appear in the study of analytic function theory. 

1.6 Let ¥ = R” and for x = (x,,...,%,), y= Oy,.---.» ¥,) in R” define 


d(x, y) = » i-y ry 


il 
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1.7 Let S be any set and denote by B(S) the set of all functions f: S + C 
such that 


filo = sup {| f(s)|: se S} < oo, 


That 1s, BUS) consists of all complex valued functions whose range is con- 
tained inside some disk of finite radius. For f and g in B(S) define d(f, g) = 

| f-g |... We will show that d satisfies the triangle inequality. In fact if f 
g, and ft are in BCS) and s is any point in S then | f(s)—g(s)| = | f(s) —A(s)+ 
h(s)—g(s)) < [f(s)—h(s)| + |h(s)—2(s)| < | f—All,, + |A-g!,,. Thus, when the 
supremum is taken over all s in S, || f—gll,, < || f-—All,4+)|4—@ll,, which is 
the triangle inequality for d. 


1.8 Definition. For a metric space (XY, d) a set G < X is open if for each 
x in G there is an e > O such that B(x; «) € G. 

Thus, a set in C is open if it has no “‘edge.”’ For example, G = {zeC: 
a< Rez < 5} is open; but {z: Rez < 0} U {0} is not because B(O; €) is not 
contained in this set no matter how small we choose e. 

We denote the empty set, the set consisting of no elements, by [_]. 


1.9 Proposition. Let (XY, d) be a metric space; then: 
(a) The sets X and (_| are open; 


(b) If G,,..., G, are open sets in X then so is r) G,; 
k=1 


(c) If {G,: je J} is a collection of open sets in X, J any indexing set, 
then G = U {G,;: j ¢ J} is also open. 


Proof. The proof of (a) is a triviality. To prove (b) let xe G = ()\ G,; then 
k=1 


xeG, fork =1,...,n. Thus, by the definition, for each & there is an g, > 0 
such that B(x; «,) © G,. But ife = min {e,,¢,,...,¢,}thenforl <k <n 
B(x; «) < B(x; «,) © G,. Thus B(x; «) < G and G 1s open. 
The proof of (c) is left as an exercise for the reader. 
There is another class of subsets of a metric space which are distinguished. 
These are the sets which contain all their ““edge’’; alternately, the sets whose 
complements have no “edge.” 


1.10 Definition. A set F < YX is closed if its complement, X—F, is open. 

The following proposition is the complement of Proposition 1.9. The 
proof, whose execution is left to the reader, is accomplished by applying 
de Morgan’s laws to the preceding proposition. 


1.11 Proposition. Let (X, d) be a metric space. Then: 
(a) The sets X and ( are closed; 
(b) If F,,..., F, are closed sets in X then so is U oe 
k= 


(c) If {F,;: je J} is any collection of closed sets in 'Y, J any indexing set, 
then F = O (F;:j¢ J} is also closed. 

The most common error made upon learning of open and closed sets 

is to interpret the definition of closed set to mean that if a set is not open it is 
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closed. This, of course, is false as can be seen by looking at {zeC: Rez > 0} 
U {0}; it is neither open nor closed. 


1.12 Definition. Let A be a subset of Y. Then the interior of A, int A, is the 
set |) {G: G is open and G < A}. The closure of A, A”, is the set () {F: F 
is closed and F > A}. Notice that int A may be empty and A™ may be X. 
If A = {a+bi: a and 5 are rational numbers} then simultaneously A~ = C 
and int A = (]. By Propositions 1.9 and 1.11 we have that A™ is closed and 
int A is open. The boundary of A is denoted by @A and defined by 0A = A™ 
A(X—A)”. 


1.13 Proposition. Let A and B be subsets of a metric space (X, d). Then: 
(a) A is open if and only if A = int A; 
(b) A is closed if and only if A = A”; 
(c) int A = Y¥-—(X—A)°; A™ = X—int (X—A); 0A = A” —int A; 
(d) (AUB) =A’ UB; 
(e) x9 € int A if and only if there is ane > 0 such that B(xo; 6) © A; 
(f) x9 ¢ A if and only if for everye > 0, Bxgoi DOA # OC. 


Proof. The proofs of (a)-(e) are left to the reader. To prove (f) assume 
X9€A = X—int (Y¥—A); thus, x. ¢int (X—A). By part fe), for every 
e>0O A(x; «) is not contained in Y— A. That is, there is a point y¢ B(xg; €) 
which is not in X¥~A. Hence, ye B(x; €) A A. Now suppose x9 ¢ A = 
X—int (Y~A). Then x, €int (Y—A) and, by (e), there is an « > 0 such 
that B(xg; ©) © X—A. That is, B(xp; «)} A A = () so that x9 does not 
satisfy the condition 


Finally, one last definition of a distinguished type of set. 


1.14 Definition. A subset A of a metric space X is dense if AT = X. 
The set of rational numbers Q is dense in R and {x+ip: x, yeQ} Is 
dense in C. 


Exercises 


1. Show that each of the examples of metric spaces given in (1.2)—(1.6) 1s, 
indeed, a metric space. Example (1.6) is the only one likely to give any 
difficulty. Also, describe B(x;r) for each of these examples. 

2. Which of the following subsets of C are open and which are closed: (a) 
{z:|z/<1}; (b) the real axis; (c) {z:z"=1 for some integer n=1}; (d) 
{Ze C:z is real and OSz< 1}; (e) {ze C:z is real and O05zs1}? 

3. If CX, d) is any metric space show that every open ball is, in fact, an open 
set. Also, show that every closed ball is a closed set. 

4. Give the details of the proof of (1.9c). 

. Prove Proposition 1.11. 

. Prove that a set G < YX is open if and only if X —G is closed. 

. Show that (C,,, d) where d is given by (I. 6.7) and (I. 6.8) is a metric space. 
Let (X, d) be a metric space and Y < X. Suppose G < YX is open; show 


COT Dn 
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that GQ Y is open in (Y, d). Conversely, show that if G, © Y is open in 
(Y, d), there is an open set G < X such that G, = GO Y. 

9. Do Exercise 8 with “closed” in place of “‘open.” 

10. Prove Proposition 1.13. 

11. Show that {cis k: k a non-negative integer} is dense in T = {z € C: |z| 
= 1}. For which values of @ is {cis(k@): k a non-negative integer} dense 
in 7? 


§2. Connectedness 


Let us start this section by giving an example. Let ¥ = {zeC: |z| < 1} 
U {z: |z—3] < 1} and give X the metric it inherits from C. (Henceforward, 
whenever we consider subsets X of R or C as metric spaces we will assume, 
unless stated to the contrary, that X has the inherited metric d(z, w) = |z—w).) 
Then the set A = {z: |z| < 1} is simultaneously open and closed. It is closed 
because its complement in X¥, B = X—A = {z: |z—3] < 1} is open; A is 
open because if ae A then Bia; 1) < A. (Notice that it may not happen 
that {ze C: |z—a| < 1} is contained in A—for example, if a = 1. But the 
definition of B(a; 1) is {z¢X: |z—a| < 1} and this is contained in A.) 
Similarly B is also both open and closed in_X. 

This is an example of a non-connected space. 


2.1 Definition. A metric space (XY, d) is connected if the only subsets of XY 
which are both open and closed are (] and X. If A < X then A is a connected 
subset of X if the metric space (A, d) is connected. 

An equivalent formulation of connectedness is to say that X is not 
connected if there are disjoint open sets A and B in X, neither of which is 
empty, such that ¥ = A U B. In fact, if this condition holds then A = X¥—B 
is also closed. 


2.2 Proposition. A set X < R is connected iff X is an interval. 


Proof. Suppose X = [a, 6], a and b elements of R. Let A < X be an open 
subset of X such that a¢ A, and A # X. We will show that A cannot also be 
closed—and hence, X must be connected. Since A is open and ae A there is 
an « > 0 such that [a, ate) < A. Let 
r = sup {e: [a,a+e«) ¢ A} 

Claim.[a,a+r) < A.In fact, ifa < x < a+rthen, puttingh = a+r—x > 0, 
the definition of supremum implies there is an « with r—~h < « < r and 
[a, ate) © A. Buta < x = at+(r—h) < at+e implies x € A and the claim is 
established. 

However, a+r ¢ A; for if, on the contrary, a+re A then, by the openness 
of A, there is a 8 > O with [a+r, a+r+8) © A. But this gives [a, a+r+8) 
< A, contradicting the definition of r. Now if A were also closed thena+reB 
= X—A which is open. Hence we could find a 6 > 0 such that (a+r—6, 
a+r] < B, contradicting the above claim. 

The proof that other types of intervals are connected is similar and it will 
be left as an exercise. 
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The proof of the converse is Exercise 1. 
If w and z are in C then we denote the straight line segment from z to w 
by 


[z,w] = {twt+(l—d)z: 0<¢t< 1} 


A polygon from a to b is a set P = |) [z,, w,] where z, = a, w, = 6 and 
k=1 
w, = 2z,,, forl <k <n—1; or, P = [a,z,...2,, DI. 


2.3 Theorem. An open set G < C is connected iff for any two points a, 6 in 
G there is a polygon from a to b lying entirely inside G. 


Proof. Suppose that G satisfies this condition and let us assume that G is 
not connected. We will obtain a contradiction. From the definition, G = 
AW Bwhere A and B are both open and closed, A M B = (1, and neither 
A nor B is empty. Let ae A and be B; by hypothesis there is a polygon P 
from a to 6 such that P < G. Now a moment’s thought will show that one 
of the segments making up P will have one end point in A and another in B. 
SO we can assume that P = [a, 5]. Define, 


= {se[0, 1]: sh+(U—s)ae A} 
T = {te[0, 1]: 6+(U—dae B} 


Then SOT = (SUT = (0, 1],0¢ Sand 1 e 7. However it can be shown 
that both S and T are open (Exercise 2), contradicting the connectedness of 
[O, 1]. Thus, G must be connected. 

Now suppose that G is connected and fix a point a in G. To show how to 
construct a polygon (lying in G!) from a to a point b in G would be difficult. 
But we don’t have to perform such a construction; we merely show that one 
exists. For a fixed a in G define 


A = {be¢G: there is a polygon P < G froma to b}. 


The plan is to show that A is simultaneously open and closed in G. Since 
ae A and G is connected this will give that A = G and the theorem will be 
proved. 

To show that A is open let b € A and let P = [a, z,,..., Z,,b| be a 
polygon from a to b with P C G. Since G is open (this was not needed in 
the first half), there is an € > 0 such that B(b; €) C G. But if z © B(b; €) 
then [b, z] c B(b; €) C G. Hence the polygon Q = P U [b, z] is inside G 
and goes from a to z. This shows that B(b; €) C A, and so A is open. 

To show that A is closed suppose there is a point z in G— A and let e > 0 
be such that B(z; e) < G. If there is a point 6 in A A B(z; «) then, as above, 
we can construct a polygon from a to z. Thus we must have that B(z;«) MA 


2.4 Corollary. Jf G < C is open and connected and a and b are points in G 
then there is a polygon P in G from a to b which is made up of line segments 
parallel to either the real or imaginary axis. 


Proof. There are two ways of proving this corollary. One could obtain a 
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polygon in G from a to 6 and then modify each of its line segments so that a 
new polygon is obtained with the desired properties. However, this proof 
is more easily executed using compactness (see Exercise 5.7). Another proof 
can be obtained by modifying the proof of Theorem 2.3. Define the set A as 
in the proof of (2.3) but add the restriction that the polygon’s segments are 
all parallel to one of the axes. The remainder of the proof will be valid with 
one exception. If z « B(b; «) then [4, z] may not be parallel to an axis. But it 
is easy to see that if z = x+iy, b = p+ig then the polygon [b, p+iy] U 
[pt+iy, z] < B(b; «) and has segments parallel to an axis. 

It will now be shown that any set S in a metric space can be expressed, 
in a canonical way, as the union of connected pieces. 


2.5 Definition. A subset D of a metric space X is a component of X if it is a 
maximal connected subset of XY. That is, D is connected and there is no 
connected subset of X that properly contains D. 

If the reader examines the example at the beginning of this section he 
will notice that both A and B are components and, furthermore, these are 
the only components of XY. For another example let ¥ = {0, 1, 4, 4,...3. 
Then clearly every component of X is a point and each point is a component. 


, l | 
Notice that while the components ‘t are all open in X, the component {0} 
Hl 
is not. 


2.6 Lemma. Let x9 ¢ X and let {D,: j « J} be a collection of connected subsets 
of X such that x, ¢D; for each j in J. Then D = \} {D,;: j ¢ J} is connected. 


Proof. Let A be a subset of the metric space (D, d) which is both open and 
closed and suppose that A # [). Then A 1 D, is open in (D,, d) for each / 
and it is also closed (Exercises 1.8 and 1.9). Since D, is connected we get that 
either AD; = (] or AN D,; = D,. Since A # (1 there is at least one k 
such that A D, # (]; hence, AM D, = D,. In particular x, ¢ A so that 


Xo €AOD,; for every j. Thus AQ D; = D;, or D; < A, for each index j. 
This gives that D = A, so that D is connected. 


2.7 Theorem. Let (X, d) be a metric space. Then: 
(a) Each x9 in X is contained in a component of X. 
(b) Distinct components of X are disjoint. 
Note that part (a) says that X is the union of its components. 


Proof. (a) Let @ be the collection of connected subsets of X which contain 
the given point x). Notice that {x,}<¢ DY so that DY ~ (1. Also notice that 
the hypotheses of the preceding lemma apply to the collection GY. Hence 
C= ) {D: De GY} is connected and x,y e¢ C. But C must be a component. 
In fact, if D is connected and C < D then x, ¢ D so that De G; but then 
Do C, so that C = D. Thus C is maximal and part (a) is proved. 

(b) Suppose C, and C, are components, C, # C,, and suppose there is 
a point X»9 in Cy A C,. Again the lemma says that C, U C, is connected. 
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Since both C, and C, are components, this gives C; = Cy UC, = C, a 
contradiction. | 


2.8 Proposition. (a) [fA < X is connected and A < B& A, then B is connected. 
(b) If C is a component of X then C is closed. 
The proof is left as an exercise. 


2.9 Theorem. Let G be open in C; then the components of G are open and 
there are only a countable number of them. 


Proof. Let C be a component of G and let x, € C. Since G is open there is 
an ¢ > 0 with B(x); «) C G. By Lemma 2.6, B(x9; €) U C is connected 
and so it must be C. That is B(x,; €) C C and C is, therefore, open. 

To see that the number of components is countable let S = {a+ib: 
a and b are rational and a+bie G}. Then S is countable and each com- 
ponent of G contains a point of S, so that the number of components 1s 
countable. 


Exercises 


1. The purpose of this exercise is to show that a connected subset of R is an 
interval. | 

(a) Show that a set Ac R is an interval iff for any two points a and 5 
in A with a < b, the interval [a, b] < A. 

(b) Use part (a) to show that if a set A < R is connected then it is an 
interval. 

2. Show that the sets S and 7 in the proof of Theorem 2.3 are open. 

3. Which of the following subsets X of C are connected; if X is not connected, 
what are its components: (a) ¥ = {z: |z| < 1} U {z: jz—2| < 1}. (bo) X = 


l 
(0, Nu yte, [nS it (c) X = C-—(A VU B) where A = [0, ©) and B = 
n 


(= 7 C186: FS 0.0 a = OO}! 

4. Prove the following generalization of Lemma 2.6. If {D;: je J} is a 
collection of connected subsets of X and if for each j and k in J we have 
D,;AD, # (then D = |) {D;: je J} is connected. 

5. Show that if F < X is closed and connected then for every pair of points 
a, b in F and each ec > O there are points Zy, Z,;,...,2Z, in F with z> = a, 
z, = band d(z,_,, 2,) < «for 1 < k <n. Is the hypothesis that F be closed 
needed? If F is a set which satisfies this property then F is not necessarily 
connected, even if F is closed. Give an example to illustrate this. 


§3. Sequences and completeness 


One of the most useful concepts in a metric space is that of a convergent 
sequence. Their central role in calculus is duplicated in the study of metric 
spaces and complex analysis. 


3.1 Definition. If {x,, x.,...} is a sequence in a metric space (X, d) then 
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{x,} converges to x—in symbols x = lim x, or x, > x—if for every « > 0 
there is an integer N such that d(x, x,) < « whenever n > N. 

Alternately, x = lim x, if 0 = lim d(x, x,). 

If X = C then z = lim z, means that for each « > O there is an N such 
that jz—z,| < « whenn > N. 

Many concepts in the theory of metric spaces can be phrased in terms 
of sequences. The following is an example. 


3.2 Proposition. A set F < X is closed iff for each sequence {x,\ in F with 
x = lim x, we have x «€ F. 


Proof. Suppose F is closed and x = lim x, where each x, is in F. So for 
every € > QO, there is a point x, in B(x; €); that is B(x; «) ON F # (1), so that 
x © F” = F by Proposition 1.13(f). 

Now suppose F is not closed; so there is a point x, in F~ which is not 
in F. By Proposition 1.13(f), for every « > 0 we have B(xo; PAF 4 0. 


, , , , I 
In particular for every integer n there is a point x, in af 4 OF. Thus, 
n 


A(Xo, X,) < - which implies that x, — x9. Since x, ¢F, this says the con- 
n 


dition fails. 


3.3 Definition. If A < X then a point x in X is a limit point of A if there 
is a sequence {x,} of distinct points in A such that x = lim x,. 

The reason for the word “‘distinct’’ in this definition can be illustrated 
by the following example. Let ¥ = C and let A = [0, 1] U {7}; each point 
in [0, 1] is a limit point of A but iis not. We do not wish to call a point such 
as i a limit point; but if “distinct” were dropped from the definition we 
could taken x, = i for each i and have i = lim x,. 


3.4 Proposition. (a) A set is closed iff it contains all its limit points. 

(b) If A < X then AT = AYU {x: x is a limit point of A}. 

The proof is left as an exercise. 

From real analysis we know that a basic property of R is that any sequence 
whose terms get closer together as 1 gets large, must be convergent. Such 
sequences are called Cauchy sequences. One of their attributes is that you 
know the limit will exist even though you can’t produce it. 


3.5 Definition. A sequence {x,} is called a Cauchy sequence if for every 
« > O there is an integer N such that d(x,, x,) < ¢ for all n, m > N. 

If (X, d) has the property that each Cauchy sequence has a limit in Y 
then CY, d) is complete. 


3.6 Proposition. C is complete. 


Proof. If {x,+iy,} is a Cauchy sequence in C then {x,} and {y,} are Cauchy 
sequences in R. Since R is complete, x, —> x and y, — y for points x, yin R. 
It follows that x+iy = lim (x,+/iy,), and so C is complete. 

Consider C,, with its metric d (1. 6.7 and I. 6.8). Let z,, z be points in C; 
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it can be shown that d(z,, z) > 0 if and only if |z,—z| — 0. In spite of this, 
any sequence {z,} with lim |z,| = oo is Cauchy in C,,, but, of course, is not 
Cauchy in C. 

If A < X we define the diameter of A by diam A = sup {d(x, y): x and 
y are in A}. 


3.7 Cantor’s Theorem. A metric space (X, d) is complete iff for any sequence 


{F,} of non-empty closed sets with F, > F, >... and diam F, > 0, () F, 
consists of a single point. n=] 


Proof. Suppose CX, d) is complete and let {F,} be a sequence of closed sets 
having the properties: (i) F, > F, >... and (1) lim diam F, = 0. For each 
n, let x, be an arbitrary point in F,;ifn,m > N then x,, x,, are in Fy so that, 
by definition, d(x,, x,,) < diam Fy. By the hypothesis N can be chosen 
sufficiently large that diam Fy < «; this shows that {x,} is a Cauchy sequence. 
Since XY 1s complete, x9 = lim x, exists. Also, x, is in Fy for all zn => N 
since F, < Fy; hence, x9 is in F, for every N and this gives x9 € ( Poa 
n=] 
So F contains at least one point; if, also, y1s in F then both x, and y are in 
F, for each w and this gives d(x, y) < diam F, > 0. Therefore d(xg, y) = 0, 
Or Xp = jy. 

Now let us show that X is complete if it satisfies the stated condition. 
Let {x,} be a Cauchy sequence in X and put F, = {x,, X,41,..-} 3 then 
PF, > F,>.... If «€ > 0, choose N such that d(x,, x,,) < « for each n, 
m > N; this gives that diam {x,, x,4,,...} < ¢« for n => N and so diam 
F, < « forn = N (Exercise 3). Thus diam F, ~ 0 and, by hypothesis, there 
is a point x9 in X with {xp} = F, OF,O.... In particular xo is in F,, 
and so d(xo, x,) < diam F,-—>0. Therefore, x) = lim x,. 

There is a standard exercise associated with this theorem. It is to find a 
sequence of sets {F,,} in R which satisfies two of the conditions: 

(a) each F, is closed, 

(6) Fy 2 Fy Saws 

(c) diam F, > 0; . 
but which has F= F, ON F,O... either empty or consisting of more than 
one point. Everyone should get examples satisfying the possible combina- 
tions. 


5] 


3.8 Proposition. Let (X,d) be a complete metric space and let Y < X. Then 
(Y,d) is a complete metric space iff Y is closed in X. 


Proof. It ts left as an exercise to show that (Y,d) is complete whenever Y is 
a closed subset. Now assume (Y,d) to be complete; let x, be a limit point 
of Y. Then there is a sequence {y,} of points in Y such that x)=limy,. 
Hence {y,} 1s a Cauchy sequence (Exercise 5) and must converge to a 
point yp in Y, since (Y,d) is complete. It follows that yp>=x, and so Y 
contains all its limit points. Hence Y is closed by Proposition 3.4. 
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Exercises 


1. Prove Proposition 3.4. 

2. Furnish the details of the proof of Proposition 3.8. 

3. Show that diam A = diam A™. 

4. Let z,, z be points in C and let d be the metric on C,,. Show that |z, —z| > 0 
if and only if d(z,, z) + 0. Also show that if |z,| — oo then {z,} is Cauchy 
in C,,. (Must {z,} converge in C,,?) 

5. Show that every convergent sequence in (X, d) is a Cauchy sequence. 
6. Give three examples of non complete metric spaces. 

7. Put a metric d on R such that |x,—x| 0 if and only if d(x,, x) > 0, 
but that {x,} 1s a Cauchy sequence in (R, d) when |x,| — oo. (Hint: Take 
inspiration from C,,.) 

8. Suppose {x,} is a Cauchy sequence and {x,,} is a subsequence that is 
convergent. Show that {x,} must be convergent. 


§4. Compactness 


The concept of compactness is an extension of the benefits of finiteness to 
infinite sets. Most properties of compact sets are analogues of properties 
of finite sets which are quite trivial. For example, every sequence in a finite 
set has a convergent subsequence. This is quite trivial since there must be at 
least one point which is repeated an infinite number of times. However the 
same statement remains true if “finite” 1s replaced by ““compact.”’ 


4.1 Definition. A subset K of a metric space X is compact if for every collec- 
tion Y of open sets in Y with the property 
4.2 Kc \J {G:Ge ¥}, 


there is a finite number of sets G,,..., G, in Y such that K © G; UG, VU 
...UG,. A collection of sets & satisfying (4.2) is called a cover of K; if 
each member of Y is an open set it is called an open cover of K. 

Clearly the empty set and all finite sets are compact. An example of a 


l 
non compact set is D = {zeC: jz] < 1}. If G, = {7 jz) < 1 — t forn = 


2, 3,..., then {G,, G3,...} is an open cover of D for which there is no 
finite subcover. 


4.3 Proposition. Let K be a compact subset of X; then: 
(a) K is closed; 
(b) If F is closed and F — K then F is compact. 


Proof. To prove part (a) we will show that K = K~. Let xg eK; by Pro- 


is 1 
position 1.13(f), B(x); ©) O K # ( for each e > 0. Let G, = x= B( x "| 


and suppose that x, ¢K. Then each G, is open and K < |) G, (because (| 
n=1 


n=] 
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a ] , , 
A(x 7) = {x,}). Since K is compact there is an integer m such that 
n 
fe ws 1 
Kc\JG,. But G, © G, < ... so that K ¢ G,, = vB x0: *) . But this 
n=] ml 


] 
gives that af =) OK = [j, a contradiction. Thus K = K~. 
m 


To prove part (b) let Y be an open cover of F. Then, since F is closed, 
G UW {X—F} is an open cover of K. Let G,,..., G, be sets in Y such that 
KoG,U...UG,U(X—-F). Clearly, Fo G,;U...UG, and so F is 
compact. — 

If F is a collection of subsets of X we say that ¥ has the finite inter- 
section Gils (f.i.p.) if whenever {F,, F,,..., Fi} © FF, OF, NAN... 
F,# |. An example of such a collection is (D- G,, D—G,,...} where 
the eis 'G, are as in the example preceding Proposition 4.3. 


4.4 Proposition. A set K < X is compact iff every collection F of closed 
subsets of K with the fii.p. has Plt {F: Fe F #0. 


Proof. Suppose K is compact and ¥ is a collection of closed subsets of K 
having the f.i.p. Assume that [{ ) F- Fe F}=[( and let G = {X-—F: 
FeF},. Then, |) {X-F: Fe F}=X—(\ {F: Fe F}=X by the 
assumption; in paneulal G is an open cover of K. Thus, there are F,, . 


Fie such that K < U (X-F,) = X - a F,. But this gives that AR F, 


< X— K, and since aes F. is a subset of K it must be that 0 B=, This 
contradicts the f.i.p. 
The proof of the converse is left as an exercise. 


4.5 Corollary. Every compact metric space is complete. 


Proof. This follows easily by applying the above proposition and Theorem 
3.7. 3 


4.6. Corollary. Jf X is compact then every infinite set has a limit point in X. 


Proof. Let S be an infinite subset of X and suppose S has no limit points. 
Let {a,, a,,...} be a sequence of distinct points in S; then F, = {a,, 
Qn+i5---} also has no limit points. But if a set has no limit points it contains 
all its limits points and must be closed! Thus, each F,, is closed and {F,: 


CO 
> 1} has the f.i.p. However, since the points a,, a,,... are distinct, (\ F, 
= (|, contradicting the above proposition. n= 


4.7 Definition. A metric space CX, d) is sequentially compact if every sequence 
in X has a convergent subsequence. 

It will be shown that compact and sequentially compact metric spaces 
are the same. To do this the following is needed. 


4.8 Lebesgue’s Covering Lemma. /f (X, d) is sequentially compact and 
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G is an open cover of X then there is an « > O such that if x is in X, there is a 
set Gin & with B(x; ©) < G. 


Proof. The proof is by contradiction; suppose that ¥ is an open cover of XY 
and no such e« > O can be found. In particular, for every integer n there is a 


\ 


point x, in X such that al x4 : is not contained in any set G in &. Since X 
n 


is sequentially compact there is a point Xg in X¥ and a subsequence {X,, } 
such that x, = lim x,,. Let Gg¢@ such that x9 ¢ Gp and choose « > 0 
such that B(x); ©) © Gy. Now let N be such that d(%o, x,,) < ¢/2 for all 
n, = N. Let n, be any integer larger than both N and 2/e, and let y « B(x,,; 
1/n,). Then d(xo, y) < (Xo, Xn) +d Xn, VY) < €/2+1/n, < €. That is, BO,,; 
I/n,) < B(xo; ©) © Go, contradicting the choice of x,,. 

There are two common misinterpretations of Lebesgue’s Covering 
Lemma; one implies that it says nothing and the other that it says too much. 
Since G is an open covering of X it follows that each x in X is contained in 
some G in &Y. Thus there is an e > O such that B(x; «) < G since G Is open. 
The lemma, however, gives one « > 0 such that for any x, B(x; €) is con- 
tained in some member of &. The other misinterpretation is to believe that 
for the « > O obtained in the lemma, B(x; «) is contained in each G in Y 
such that x eG. 


4.9. Theorem. Let (X, d) be a metric space; then the following are equivalent 
statements: 
(a) X is compact; 
(b) Every infinite set in X has a limit point; 
(c) X is sequentially compact; 
(d) X is complete and for every « > 0 there are a finite number of points 
X,,..+,X, in X such that 


A = 7 B(x,5 €). 
k=1 
(The property mentioned in (d) is called total boundedness.) 


Proof. That (a) implies (b) is the statement of Corollary 4.6. 

(b) implies (c): Let {x,} be a sequence in X and suppose, without loss of 
generality, that the points x,, x2,... are all distinct. By (b), the set (x, 
xX5,...} has a limit point x9. Thus there is a point x,, ¢ B(x9; 1); similarly, 
there is an integer n, > n, with x,, ¢ B(xg; 1/2). Continuing we get integers 
Ny < My <..., With x,, ¢ B(xo; 1/k). Thus, xo = lim x,, and X is sequen- 
tially compact. 

(c) implies (d): To see that X is complete let {x,} be a Cauchy 
sequence, apply the definition of sequential compactness, and appeal to 
Exercise 3.8. 

Now let « > 0 and fix x, ¢ X. If ¥ = B(x,; «) then we are done; other- 
wise choose x, ¢ X— B(x,; €). Again, if ¥ = B(x,; «) U B(x; «) we are done; 
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if not, let x, ¢ X—[B(x,; ©) U B(x; ©)]. If this process never stops we find a 
sequence {x,} such that 


Mea = S) B(x, ; €)- 
k= 1 


But this implies that for n # m, d(x,, X_) 2 € > 0. Thus {x,} can have no 
convergent subsequence, contradicting (c). 

(d) implies (c): This part of the proof will use a variation of the “pigeon 
hole principle.”’ This principle states that if you have more objects than you 
have receptacles then at least one receptacle must hold more than one 
object. Moreover, if you have an infinite number of points contained in a 
finite number of balls then one ball contains infinitely many points. So 
part (d) says that for every « > 0 and any infinite set in X, there is a point 
ye X such that B(y; «) contains infinitely many points of this set. Let {x,} 
be a sequence of distinct points. There is a point y, in X¥ and a subsequence 
{x} of {x,} such that {x0} < B(y,; 1). Also, there is a point y, in XY 
and a subsequence {x@} of {x} such that {x} < B(y,; 4). Continuing, 
for each integer k > 2 there is a point y, in X¥ and a subsequence {x} of 
{x*-D) such that £} ¢ By,; 1/k). Let F, = {x}; then diam F, < 2/k 
and F,; > F, >... . By Theorem 3.7, ial F, = {Xo}. We claim that x? > 
Xo (and {x} is a subsequence of {x, i). in fact, xo ¢ F, so that d(x, x) < 
diam F, < 2/k, and x) = lim x. 


(c) implies (a): Let Y be an open cover of X. The preceding lemma gives 
an « > 0 such that for every x « X there is a Gin Y with B(x; «) <¢ G. Now 


(c) also implies (d); hence there are points x,,...,x, in X such that 
Ve U Bis e). Now for | < k < nthere isa set G, ¢ Y with B(x,; «) — G. 
Be Y= U G,; that is, {G,,..., G,} is a finite subcover of Y. 


4.10 Heine-Borel Theorem. A subset K of R" (n > 1) is compact iff K is closed 
and bounded. 


Proof. If K is compact then K is totally bounded by part (d) of the 
preceding theorem. It follows that K must be closed (Proposition 4.3); 
also, it is easy to show that a totally bounded set is also bounded. 

Now suppose that K is closed and bounded. Hence there are real 
numbers a,,...,a, and b,,...,6, such that K < F=[a,,b,]*... X[q,,8,]. Tf 
it can be shown that F is compact then, because K is closed, it follows that 
K is compact (Proposition 4.3(b)). Since R” is complete and F is closed it 
follows that F is complete. Hence, again using part (d) of the preceding 
theorem we need only show that F is totally bounded. This. is easy 
although somewhat “messy” to write down. Let e >0; we now will write F 
as the union of v-dimensional rectangles each of diameter less than e. 


After doing this we will have F < |) B(x,;€) where each x, belongs to 
k=l 
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one of the aforementioned rectangles. The execution of the details of this 
Strategy is left to the reader (Exercise 3). 


Exercises 


1, Finish the proof of Proposition 4.4. 
2. Let p = (p;,...,p,) and g = (q,,...,49,) be points in R” with p, < q, 
for each k. Let R = [p,, q,|x...x[p,, 9,] and show that 


rn + 
diam R= dlp, 4) = | ¥ (au-P0) 
3. Let F = [a,, b,)x...x [a,, 5,] < R" and let « > 0; use Exercise 2 to 


show that there are rectangles R,,..., R,, such that F = |} R, and diam 
k=1 


R, < € for each k. If x, ¢ RK, then it follows that R, < B(x,; «). 

4. Show that the union of a finite number of compact sets is compact. 

3. Let X be the set of all bounded sequences of complex numbers. That is, 
{x,}¢X iff sup {lx,|: 2 = 1} < o. If x = {x,} and y = {y,}, define 
a(x, y) = sup {|x,—y,|: 2 = 1}. Show that for each x in ¥ and e > 0, B(x; ©) 
is not totally bounded although it is complete. (Hint: you might have an 
easier time of it if you first show that you can assume x = (0, 0,...).) 

6. Show that the closure of a totally bounded set is totally bounded. 


§5. Continuity 


One of the most elementary properties of a function is continuity. The 
presence of continuity guarantees a certain degree of regularity and smooth- 
ness without which it is difficult to obtain any theory of functions on a metric 
space. Since the main subject of this book is the theory of functions of a 
complex variable which possess derivatives (and so are continuous), the study 
of continuity is basic. 


5.1 Definition. Let (X, d) and (Q, p) be metric spaces and let f: ¥ — 9 be 
a function. If ae X and we Q, then lim /(x) = w if for every « > O there isa 


6 > 0 such that p(/(x), w) < « whenever 0 < d(x, a) < 6. The function fis 
continuous at the point a if lim f(x) = f(a). If fis continuous at each point of 


xX—>G 


X then f is a continuous function from X to Q. . 


5.2 Proposition. Let f: (X, d) > (Q, p) be a function and ae X, « = f(a). 
The following are equivalent statements: 

(a) fis continuous at a; 

(b) For every « > 0, f~'(B(@; €)) contains a ball with center at a; 

(c) « = lim f(x,) whenever a = lim x,,. 

The proof will be left as an exercise for the reader. 

That was the last proposition concerning continuity of a function at a 
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point. From now on we will concern ourselves only with functions continuous 
on all of X. 


5.3 Proposition. Let f: (X, d)— (Q, p) be a function. The following are 
equivalent statements: 

(a) f is continuous; 

(b) If A is open in Q then f~*(A) is open in X; 

(c) If T is closed in Q then f~'(V) is closed in X. 


Proof. (a) implies (b): Let A be open in Q and let x ef '(A). If w = f(x) 
then w is in A; by definition, there is an e > 0 with B(w; «) < A. Since fis 
continuous, part (b) of the preceding proposition gives a 6 > 0 with B(x; 4) 
< f~'(B(w; ©) < f~'(A). Hence, f~'(A) is open. 

(b) implies (c): If f < Q is closed then let A = Q-—T. By (b), f~?(A) = 
X—f-~'(T) is open, so that f~'(T) is closed. 

(c) implies (a): Suppose there is a point x in X at which fis not continuous. 
Then there is an e > 0 and a sequence {x,} such that p(/(x,), f(x)) = « 
for every » while x = lim x,. Let T = Q— B(f(x); €); then Tis closed and 
each x, is in f~4(1"). Since (6y (c)) f 7 (1) is closed we have x ef ~'(). But 
this implies p( f(x), f(x)) = « > O, a contradiction. 

The following type of result 1s probably well understood by the reader 
and so the proof is left as an exercise. 


5.4 Proposition. Let f and g be continuous functions from X into C and let 
a, BeC. Then «f+B8g and fg are both continuous. Also, fig is continuous 
provided g(x) # 0 for every x in X. 


5.5 Proposition. Let f: X —- Y and g: Y — Z be continuous functions. Then go f 
(where go f(x) = g(f(x))) is a continuous function from X into Z. 


Proof. If U is open in Z then g~'(U) is open in Y; hence, f~'(g7'(U)) = 
(gof)~'(U) is open in X. 


5.6 Definition. A function f: CX, d) > (Q, p) is uniformly continuous if for 
every « > 0 there is a6 > O (depending only on «) such that p( f(x), f(y)) < « 
whenever d(x, y) < 6. We say that fis a Lipschitz function if there is a constant 
M > 0 such that p(f(x), f(y)) < Md(x, y) for all x and y in X. 

It 1s easy to see that every Lipschitz function is uniformly continuous. 
In fact, if eis given, take 6 = «/M. It is even easier to see that every uniformly 
continuous function is continuous. What are some examples of such func- 
tions? If X¥ = Q=R then f(x) = x’ is continuous but not uniformly 
continuous. If X = Q = [0, 1] then f(x) = x? is uniformly continuous but 
is not a Lipschitz function. The following provides a wealthy supply of 
Lipschitz functions. 

Let A be a non-empty subset of X and x € X; define the distance from x 
to the set A, d(x, A), by 

d(x, A) = inf {d(x, a): ae€ A}. 

5.7 Proposition. Let A be a non-empty subset of X; then: 

(a) d(x, A) = d(x, A’); 
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(b) d(x, A) = Oiffxe A; 
(c) |d(x, A)—d(y, A)| < d(x, y) for all x, y in X. 


Proof. (a) If A < B then it is clear from the definition that d(x, B) < d(x, A). 
Hence, d(x, A’) < d(x, A). On the other hand, if « > O there is a point 
yin A~ such that d(x, A~) > d(x, y)—«/2. Also, there is a point ain A with 
d(y, a) < ¢/2. But |d(x, y)—d(x, a)| < d(y, a) < «/2 by the triangle inequality. 
In particular, d(x, y) > d(x, a)—e«/2. This gives, d(x, A’) > d(x, a)—e = 
d(x, A)-—e. Since e was arbitrary d(x, A”) > d(x, A), so that (a) is proved. 

(b) If xe A~ then 0 = d(x, A”) = d(x, A). Now for any x in X there ts 
a minimizing sequence {a,} in A such that d(x, A) = lim d(x, a,). So if 
d(x, A) = 0, lim d(x, a,) = 0; that is, x = lima, and so xe A’. 

(c) For ain A d(x, a) < d(x, y)+ dy, a). Hence, d(x, A) = inf {d(x, a): 
ae A} < inf {d(x, y)+dy, a): ae A} = d(x, y)+dy, A). This gives d(x, A)— 
d(y, A) < d(x, y). Similarly d(y, A)—d(x, A) < d(x, y) so the desired in- 
equality follows. HJ 

Notice that part (c) of the proposition says that f: X¥ > R defined by 
f(x) = d(x, A) is a Lipschitz function. If we vary the set A we get a large 
supply of these functions. 

It is not true that the product of two uniformly continuous (Lipschitz) 
functions is again uniformly continuous (Lipschitz). For example, f(x) = x 
is Lipschitz but f- fis not even uniformly continuous. However if both fand 
g are bounded then the conclusion is valid (see Exercise 3). 

Two of the most important properties of continuous functions are 
contained in the following result. 


5.8 Theorem. Let f: (X, d) > (Q, p) be a continuous function. 
(a) If X is compact then f(X) is a compact subset of Q. 
(b) If X is connected then f(X) is a connected subset of Q. 


Proof. To prove (a) and (b) it may be supposed, without loss of generality, 
that f(X) = Q. (a) Let {w,} be a sequence in ©; then there is, for each 
n> 1, a point x, in X with w, = f(x,). Since X is compact there is a point 
x in X and a subsequence {x,,} such that x = lim x,,. But if w = f(x), then 
the continuity of f gives that w = lim w,,; hence 2 is compact by Theorem 
4.9. (b) Suppose 2 <¢ © is both open and closed in @ and that 2 4 (1). 
Then, because f(X) = 2, (1) # f7'(2); also, f~'(2) is both open and closed 
because f is continuous. By connectivity, f~*(=) = X and this gives Q = %. 
Thus, 02 is connected. 


5.9 Corollary. [/f f: X -Q is continuous and K < X is either compact or 
connected in X then f(K) is compact or connected, respectively, in Q. 


5.10 Corollary. [f f: X — R is continuous and X is connected then f( X ) is an 
interval. 

This follows from the characterization of connected subsets of R as 
intervals. 
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5.11 Intermediate Value Theorem. /f f: [a, b] — R is continuous and f(a) < & 
< f(b) then there is a point x,a < x < 6, with f(x) = &. 


5.12 Corollary. Jf f: X — R is continuous and K < X is compact then there are 
points X, and y, in K with f(x9) = sup {f(x): x ¢ K} and f(yo) = inf {f(@): 
xe K}. 


Proof. If « = sup {f(x): x ¢ K} then « is in f(K) because /(K) is closed and 
bounded in R. Similarly 8 = inf { f(x): x ¢ K} is in f(K). @ 


5.13 Corollary. /f K < X is compact and f: X -> C is continuous then there 
are points X,. and Yo in K with 


[f(%o)| = sup {|f()|: x © K} and | f(yo)| = inf {)fQx)|: x eK}. 


Proof. This corollary follows from the preceding one because g(x) = | f(x)| 
defines a continuous function from X into R. 


5.14 Corollary. /f K is anon-empty compact subset of X and x is in X then there 
is a point y in K with d(x, y) = d(x, K). 


Proof. Define f: X +R by f(y) = d(x, y). Then f is continuous and, by 
Corollary 5.12, assumes a minimum value on K. That is, there is a point 
y in K with f(y) < f(z) for every ze K. This gives d(x, y) = d(x, K). 

The next two theorems are extremely important and will be used re- 
peatedly throughout this book with no specific reference to the theorem 
numbers. 


5.15. Theorem. Suppose f: X —> Q is continuous and X is compact; then f is 
uniformly continuous. 


Proof. Let « > 0; we wish to find a 6 > 0 such that d(x, y) < 6 implies 
e( f(x), f(v)) < «. Suppose there is no such 6; in particular, each 6 = I/n 
will fail to work. Then for every n = 1 there are points x, and y, in X with 
[Xn Vn) < Ifn but pC(f(x,), fO,)) = «. Since X is compact there is a sub- 
sequence {x,,} and a point x¢ X with x = lim x,,. 


Claim. x = lim y,,. In fact, d(x, y,,) < d(x, X,,)+1/n, and this tends to zero 
as k goes to 0. 
But if w = f(x), w = lim f(,,) = lim /Q,,) so that 


ES AS %,), On) 
PLL (%n,)s 2) + PCs Vn, )) 


and the right hand side of this inequality goes to zero. This is a contradiction 


IA 


5.16. Definition. If A and B are non-empty subsets of X then define the 
distance from A to B, d(A, B), by 


d(A, B) = inf {d(a, b): ae A, be B}. 
Notice that if B is the single-point set {x} then d(A, {x}) = d(x, A). If 
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A= {ty} and B= {x} then d({x}, {y}) = d(x, y). Also, if ANBAT 
then d(A, B) = 0, but we can have d(A, B) = 0 with A and B disjoint. The 
most popular type of example is to take A = {(x, 0): xe R} <¢ R* and 
B= {(x, e*): x eR}. Notice that A and B are both closed and disjoint and 
still d(A, B) = 0. 


5.17 Theorem. /f A and B are non-empty disjoint sets in X with B closed and 
A compact then d(A, B) > 0. 


Proof. Define f: X — R by f(x) = d(x, B). Since A NO B = (and Bis closed, 
(a) > 0 for each a in A. But since A is compact there is a point a in A such 
that 0 < f(a) = inf {f(x): xe A} = dA, B). 


Exercises 


1. Prove Proposition 5.2. 

2. Show that if fand g are uniformly continuous (Lipschitz) functions from 
X into C then so is f+g. 

3. We say that f: X —C is bounded if there is a constant M > 0 with 
[f0)| < M for all x in X. Show that if f and g are bounded uniformly 
continuous (Lipschitz) functions from X into C then so is fg. 

4. Is the composition of two uniformly continuous (Lipschitz) functions 
again uniformly continuous (Lipschitz)? 

5. Suppose f: ¥ — © is uniformly continuous; show that if {x,} is a Cauchy 
sequence in X then {/f(x,)} is a Cauchy sequence in Q. Is this still true if we 
only assume that fis continuous? (Prove or give a counterexample.) 

6. Recall the definition of a dense set (1.14). Suppose that Q is a complete 
metric space and that f: (D, d) — (Q; p) is uniformly continuous, where D is 
dense in CX, d). Use Exercise 5 to show that there is a uniformly continuous 
function g: X — © with g(x) = f(x) for every x in D. 

7. Let G be an open subset of C and let P be a polygon in G from a to b. 
Use Theorems 5.15 and 5.17 to show that there is a polygon O < G from a 
to 6 which is composed of line segments which are parallel to either the real 
or imaginary axes. 

8. Use Lebesgue’s Covering Lemma (4.8) to give another proof of Theorem 
S15: 

9. Prove the following converse to Exercise 2.5. Suppose CX, d) is a compact 
metric space having the property that for every « > 0 and for any points a, 
b in X, there are points Zyg, Z,,...,2Z, in X with Zz) = a, z, = b, and d(z,_;, 
z,) < efor 1 < k <n. Then (X, d) is connected. (Hint: Use Theorem 5.17.) 
10. Let f and g be continuous functions from CX, d) to (, p) and Jet D be 
a dense subset of X. Prove that if f(x) = g(x) for x in D then f = g. Use 
this to show that the function g obtained in Exercise 6 is unique. 


86. Uniform convergence 


Let X be a set and (Q, p) a metric space and suppose ff f;, fo,... are 
functions from X into Q. The sequence {f,,} converges uniformly to f—written 
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f=u-—lim f,—if for every « > 0 there is an integer N (depending on « 
alone) such that p( f(x), f,(x)) < ¢ for all x in _X, whenever n > N. Hence, 


sup {p(f(x), fi): xe X; Se 


whenever n > N. 


The first problem is this: If X is not just a set but a metric space and each 
f, is continuous does it follow that fis continuous? The answer is yes. 


6.1 Theorem. Suppose f,: (X, d) — (Q, p) is continuous for each n and that 
f = u-—lim f; then f is continuous. 


Proof. Fix xg in X and « > 0; we wish to find a 6 > 0 such that p(f(*9), 
f(x) < © when d(xo, x) < 6. Since f = u—lim f,, there is a function f, with 
e( f(x), f,(0)) < «/3 for all x in X. Since f, is continuous there is a 6 > 0 
such that p(f,(%o), f,(x)) < «/3 when d(x, x) < 6. Therefore, if d(x9, x) <4, 


pCF(Xo), 0X) < e(f(% 0), Sal%0)) + PCa (% 0), ful) + PCA), F0)) < €. 
Let us consider the special case where 2 = C. If u,: X¥ > C, let f(x) = 


u(x)+...+u,(x). We say f(x) = y u,(x) iff f(x) = lim f(x) for each x in X. 
The series 3 u, is uniformly sone creel to f iff f= u—lim fF. 


6.2 Weierstrass M-Test. Let u,: X > C be a be such that \u, Co < M, 
for every x in X and suppose the constants satisfy 3 M, < «. Then ) u, is 


uniformly convergent. 


Proof. Let f(x) = u,(x)+...+u,(x). Then for n > m, 
fal) fn] = |Ume 1 O)+...+u,0)| < > M, for each x. Since ) M, 
k=m+1 i 


converges, { f,(x)} 1s a Cauchy sequence in C. Thus there is a number €¢€ C 
with € = lim f(x). Define f(x) = €; this gives a function f: X > C. Now 


FOO =| Ym < Ys Ye Me 


=n+l 
00 co 
since » M,, is convergent, for any « > Othere is aninteger Nsuchthat ) 
k=n+1 


M, < « whenever n > N. This gives | f(x) f(x) < e« for all x in X when 
n> N. 


Exercise 


1. Let { f,} be a sequence of uniformly continuous functions from (X, d) 
into (Q, p) and suppose that f=u—lim/, exists. Prove that f is uni- 
formly continuous. If each f, 1s a Lipschitz function with constant M, and 
sup M, < oo, show that f is a Lipschitz function. If sup M7, = 00, show that 
f may fail to be Lipschitz. 


Chapter If] 


Elementary Properties and Examples of 
Analytic Functions 


$1. Power series 


In this section the definition and basic properties of a power series will 
be given. The power series will then be used to give examples of analytic 
functions. Before doing this it is necessary to give some elementary facts on 
infinite series in C whose statements for infinite series in R should be well 


ie @) 
known to the reader. If a, is in C for every n = 0 then the series ¥° a, 
m n=O 
converges to z iff for every « > 0 there is an integer N such that | ) a,—z| < « 
n=0 
whenever m > N. The series §’ a, converges absolutely if ¥ |a,| converges. 


1.1 Proposition. [f > a, converges absolutely then S| a, converges. 
Proof. Let « > 0 and put z, = ap +a,+...+a,. Since } |a,| converges 


oO 


there is an integer N such that > |a,| < «. Thus, ifm > k = N, 


naN 
m m 00 
l2m—Ze =| d Gl S dL lal = Dd lal < e. 
n=k+1 n=k+1 n=N 
That is, {z,} is a Cauchy sequence and so there is a z in C with z = lim z,. 
Hence > a, = z. 


Also recall the definitions of limit inferior and superior of a sequence in 
R. If {a,} is a sequence in R then define 


limint @. == lim [int 40 G gpa ef] 
n-> 

lim sup a, = lim [sup {a,, a,4,,-. 3] 
1 Sana’. @) 


An alternate notation for lim inf a, and lim sup a, is lim a, and lim a,. If 
b, = inf {a,, d.41,-.-..-} then {b,} is an increasing sequence of real numbers 
or {— oo}. Hence, lim inf a, always exists although it may be + oo. Similarly 
lim sup a, always exists although it may be + oo. 

A number of properties of lim inf and lim sup are included in the exercises 
of this section. - 

A power series about a is an infinite series of the form ) | a,(z—a)". One 


n=9 
of the easiest examples of a power series (and one of the most useful) is the 


co 


geometric series ) z". For which values of z does this series converge and 
n=0 
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when does it diverge? It is easy to see that 1—z"** = (1—z) 1+z+...+2”), 
so that 

] — it 1 


1.2 l+z+...4¢27 = 
1—z 


If |z| < 1 then 0 = lim z” and so the geometric series is convergent with 


| 
Pad var 


If |z| > 1 then lim |z)" = oo and the series diverges. Not only is this result 
an archetype for what happens to a general power series, but it can be used 
to explore the convergence properties of power series. 


© 
bam | 


1.3 Theorem. For a given power Series 7: a,(z—a)" define the number R, 
0O< R< ow, by eae 


] 

— = lim sup la,|*”, 

: P |a,| 
then: 


(a) if |z—a\ < R, the series converges absolutely: 


(b) if |z—a, > R, the terms of the series become unbounded and so the 
series diverges; 


(c) if 0 <r < RK then the series converges uniformly on {z: |z — al <r}. 
Moreover, the number R is the only number having properties (a) and (b). 


Proof. We may suppose that a = 0. If |z| < Rthere is anr with |z| <r < R. 


I ] 
Thus, there is an integer N such that |a,|'" < - e108 alln => N|{ because ao 


| I 
RY But then |a,| ae - and so |a,z”| < (iy for all n = N. This says that 


the tail end + a,z" is dominated by the series ¥ ( | , and since Zl <1 
r 


the power series converges absolutely for each |z| < R. 
Now suppose r < R and choose p such that r < p < R. As above, let 


i n 
N be such that |a,| < — for all x > N. Then if |z] < r, |a,z"| < (*) and 
P P 


(<) < 1. Hence the Weierstrass M-test gives that the power series converges 
eal on {z: |z| < r}. This proves parts (a) and (c). 

To prove (b), let [z] > R and choose r with |z| > r > R. Hence - < : ; 
from the definition of lim sup, this gives infinitely many integers n with 
< la,|'/". It follows that |a,z"| > (2) and, since (= } > 1, these terms 


become unbounded. 
The number R is called the radius of convergence of the power series. 
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1.4 Proposition. /f )° a,(z—a)" is a given power series with radius of con- 
vergence R, then 

R = lim |a,/Qn +1 
if this limit exists. 


Proof. Again assume that a = 0 and let « = lim |a,/a,.,|, which we suppose 

to exist. Suppose that |[z) < r < « and find an integer N such that r < 

1a,/Qn+1| for all Hn = N, Let B oa lay|r’; then laQuaqir — ayaa er < 

lay|r” = B; layaair%*? = lays o|rr¥*! < layy,|r%*! < B; continuing we get 
i 

Z < pel for alln > N. 


n r" 


" 


la,¢"| < Bforalln > N. But then la,z"| = |a,r"| 
7 


oO 
Since |z| < r we get that }' |a,z"| is dominated by a convergent series and 
n= | 


hence converges. Since r < « was arbitrary this gives that « < R. 

On the other hand if |z| > r > «, then |a,| < rja,,,| for all m larger than 
some integer N. As before, we get |a,r"| > B= |ayr"| for n > N. This 
gives |a,z”| > B= which approaches oo as n does. Hence, } a,z” diverges 


and so R< a. Thus R= «a. 


i] 


:S.¢) vA . 
Consider the series )’ — ; by Proposition 1.4 we have that this series 
n=0M 


has radius of convergence oo. Hence it converges at every complex number 
and the convergence is uniform on each compact subset of C. Maintaining a 
parallel with calculus, we designate this series by 


co 


ait 
e = expz = > —_ 
n!} 


n=O 
the exponential series or function. 
Recall the following proposition from the theory of infinite series (the 
proof will not be given). 


1.5 Proposition. Let 5’ a, and >" b, be two absolutely convergent series and put 


Then ¥\ c, is absolutely convergent with sum 
CD, an) (X bn)- 


1.6 Proposition. Let }' a,(z—a)" and S° b,(z—a)" be power series with radius 
of convergence =r > 0. Put 


n 
Ch = » CH 
k=O 


then both power series )| (a,+6,) (z—a)" and ¥° c,{z—a)" have radius of con- 
vergence >r, and 
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y (a, + Dis (2 _ a)" ra [>. a,{z ~ a)” > b,(2 = a)"| 
¥¢,(z—ay" = [¥ a,(z—a)"] [} 6,(z—@)"| 


for |z—a| <r. 


Proof. We only give an outline of the proof. If 0 < s < r then for |z| < s, 


we get Y |a,+5,] lel" < ¥ lagls"+¥; [bls” < 005 D [eal [zl < CS lauls”) 


(> |b,|s") < co. From here the proof can easily be completed. 


Exercises 


1. Prove Proposition 1.5. 

2. Give the details of the proof of Proposition 1.6. 

3. Prove that limsup(a, + 5,) < limsupa, + limsup b, and liminf(a,, + 

b ) = liminf a, + liminf b, for bounded sequences of real numbers {a, } 

and { 5b, }. 

4. Show that liminf a, < limsupa, for any sequence in R. 

5. If {a,} is a convergent sequence in R and a = lim a,, show that a = lim 

inf a, = lim sup a,. 

6. Find the radius of CONC lecuge for each of the following power series: 

(a) at" aeC; (b) > a z",aeC; (©) kee kK an integer 40; (a) ¥ 2" 
n=0 

ie Show that the eine of a -: the power series 


= Cay gin + 1) 
rt 


n= 1 
is 1, and discuss convergence for z = 1, —1, and i. (Hint: The nth co- 
efficient of this series is not (—1)"/n.) 


§2. Analytic functions 


In this section analytic functions are defined and some examples are 
given. It is also shown that the Cauchy-Riemann equations hold for the real 
and imaginary parts of an analytic function. 


2.1 Definition. If G is an open set in C and f: G->C then / is differentiable 


ata pointain Gif 
flath)—-f(@) 
m ee eg as a ee 
h-0 h 
exists; the value of this limit is denoted by /’(a) and is called the derivative of 
‘fat a. If fis differentiable at each point of G we say that fis differentiable 
on G. Notice that if fis differentiable on G then /’(a) defines a function 
f':G ~C.Iff’ is continuous then we say that fis continuously differentiable. 
If f’ is differentiable then fis twice differentiable; continuing, a differentiable 
function such that each successive derivative is again differentiable is called 
infinitely differentiable. 
(Henceforward, all functions will be assumed to take their values in C 
unless it is stated to the contrary.) 
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The following was surely predicted by the reader. 


2.2 Proposition. /f f: G—>C is differentiable at a point a in G then f is 
continuous at a. 


Proof. In fact, 


tims) fant = | in APT [me — 


2.3 Definition. A function f: GC is analytic if f is continuously differen- 
tiable on G. 

It follows readily, as in calculus, that sums and products of functions 
analytic on G are analytic. Also, if f and g are analytic on G and G, is the 
set of points in G where g doesn’t vanish, then f/g is analytic on G,. 

Since constant functions and the function z are clearly analytic it 
follows that all rational functions are analytic on the complement of the 
set of zeros of the denominator. 

Moreover, the usual laws for differentiating sums, products, and 
quotients remain valid. 


2.4 Chain Rule. Let f and g be analytic on G and Q respectively and suppose 
F(G)cQ. Then gef is analytic on G and 

(Se) (ae (ie) 12) 
for all z in G. 


Proof. Fix z in G and choose a positive number r such that B(zgir)cG. 
We must show that if O<|h,|<r and limé, =0 then lim{hA, '[g( f(z) +A,)) 
— g(f(2Z9))]} exists and equals g’( f(z,)) f'(zo). (Why will this suffice for a 
proof?) 


Case 1 Suppose f(Z))# f(z) +A,,) for all vn. 
In this case 


B°f (Zot h,) — g°f (Zp) _ g(f(zo+ h,)) -2( f(2o)) flzgt+h,) =f'(Zq) 


RF AEE CEP a AC syn ori ini a in i 


h, I (29+ h,) —f (Zo) h, | 
Since lim[ f(z) + A,) — f(Z9)] =0 by (2.2) we have that 


limh, ‘| g°f(zo+h,) ~ 8°f (Zo) | =8'(f (20) F(Z) 


Case 2 f(Zo)=f(Zo+A,) for infinitely many values of vn. 

Write {h,} as the union of two sequences {k,} and {/,} where f(zp)# 
S(zZgo+k,,) and f(z 9)=/(Zo+ 4.) for all n. Since f is differentiable, f’(z,)= 
ims, "Ef (zo+4,)—f(zo)]=0. Also limd,"[gof (z+ J,)— g°f(zo)]=0. By 
Case 1, limk, '[g°f (Zo + k,) ~ 8°f(Zo)]=8'(f (Zo) f'(Zo) =0. Therefore 
limh, '[gef(zo+ h,) — g°f (Zo)] = 0= 8'(f(20)) f (Zo). 


In order to define the derivative, the function was assumed to be defined 
on an open set. If we say fis analytic on a set A and A is not open, we mean 
that fis analytic on an open set containing A. 
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Perhaps the definition of analytic function has been anticlimatic to many 
readers. After seeing books written on analytic functions and year-long 
courses and seminars on the theory of analytic functions, one can excuse a 
certain degree of disappointment in discovering that the definition has 
already been encountered in calculus. Is this theory to be a simple generaliza- 
tion of calculus? The answer is a resounding no. To show how vastly different 
the two subjects are let us mention that we will show that a differentiable 
function is analytic. This is truly a remarkable result and one for which there 
is no analogue in the theory of functions of a real variable (e.g., consider 


| 
x? sin :] . Another equally remarkable result is that every analytic function 
x 


is infinitely differentiable and, furthermore, has a power series expansion 
about each point of its domain. How can such a humble hypothesis give such 
far-reaching results? One can get some indication of what produces this 
phenomenon if one considers the definition of derivative. 

In the complex variable case there are any infinity of directions in which 
a variable can approach a point a. In the real case, however, there are only 
two avenues of approach. Continuity of a function defined on R, for 
example, can be discussed in terms of right and left continuity; this is far 
from the case for functions of a complex variable. So the statement that a 
function of a complex variable has a derivative is stronger than the same 
statement about a function of a real variable. Even more, if we consider a 
function f defined on G c C as a function of two real variables by putting 
g(x,y) =f(x+ iy) for (x,y)eG, then requiring that g be Frechet 
differentiable will not ensure that f has a derivative in our sense. 

In an exercise we ask the reader to show that f(z) = |z|* has a derivative 
only at z = 0; but, g(x, y) = f(x+iy) = x*+y” is Frechet differentiable. 

That differentiability implies analyticity is proved in Chapter IV; but 
right now we prove that power series are analytic functions. 


2.5 Proposition. Let f(z) = py a,(z—a)" have radius of convergence R > 0. 
Then: 
(a) For each k > 1 the series 
2.6 ¥ ntn—l)...(n—k+)a,(z—ay"™ 
n=k 
has radius of convergence R; 
(b) The function f is infinitely differentiable on B(a; R) and, furthermore, 
f(z) is given by the series (2.6) for allk > 1 and |\z—a| < R; 
(c) Forn > 0, 


l 
2.7 a, = —f (aq). 
n} 


Proof. Again assume that a = 0. 

(a) We first remark that if (a) is proved fork = I thenthecasesk = 2,... 
will follow. In fact, the case k = 2 can be obtained by applying part (a) for 
k = 1 to the series }' na,(z—a)"~'. We have that R7' = lim sup |a,|'/"; we 
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wish to show that R~* = lim sup |na,/|'“"~’”. Now it follows from l’ Hépital’s 


lo 
rule that lim ia = 0, so that lim n!/“"7!) = |. The result will follow from 


n+a Am n-* 0O 
Exercise 2 if it can be shown that lim sup |a,|!/"" P= R71. 
Let (R’) | = limsup |a,|'/“"~); then R’ is the radius of convergence of 


ae SD dnaz", Nouce thatz Ya" ay = ),a,z"; hence if 


1 0 
Iz] < R’ then ) |a,z"| = [aol + [z| % Ja,.12"| < 00. This gives R’ < R. If 


1 
zi < R and z #0 then la,z"|< oo and )> (eer a jel >» a2”) 
ale jz 40! < oo, so that R < R’. This gives that R = R’ and completes the 
proof of part (a). - 
(b) For |z| < R put g(z) = ¥ na,z"*, s(z) = ey az*,and R,(z) = > 
k=n+1 
a,z*. Fix a point w in B(O; R) nnd fix r with [w] 2 r < R; we wish to show 
that f’(w) exists and is equal to g(w). To do this let 6 > 0 be arbitrary except 
for the restriction that B(w; 8) < B(O; r). (We will further restrict 5 later in 


the proof.) Let z « B(w; 8); then 


(Z2- (w) 5,(Z) — 5,(W) ’ ? 
2g ADIN) aw = beeen — syn) | + [s%00) -200)] 
+ | ASIA 
Now R(w) 
R,(z) — R,(w es 
ee — mee ee a,(z* — w*) 
7 S (2) 
i kentl ‘\ z-w 
u 
kk 
7 _ iz tk 2 cp + zwk> 24 who < kpko} 
zZ-W 
Hence, 


R,{Z) = R,(w) 
LW 


< ¥ ja|kr*~? 


kK=n+i 


Since r < R, y la,|kr*~! converges and so for any « > O there is an integer 
= 
N, such that for n> WN, 


R,{Z) _ R,(w) 2 
LW 


€ 


3 (z € B(w; 8)). 


Also, lim s,(w) = g(v) so there is an integer N, such that |s,(w)—g(w)| < 


whenever n > N,. Let n = the maximum of the two integers N, and N3. 
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Then we can choose 6 > 0 such that 


S,{(Z) — $,(W) _ s'(w) < © 
i 3 


2—-W 


whenever 0 < |z—w| < 56. Putting these inequalities together with equation 
(2.8) we have that 


f(z)—f) 


eran aaa — g(w) <€ 


for 0 < jz—w| < 8. That is, f’(w) = ge(w). 
ny By a ae ee evaluation we get (0) = if ao = Mo. Using 


2.9 orovary: If the series ‘ya A(z — a)" has radius of convergence R > 0 then 
f(z) = p a,(z—a)" is didlo in B(a; R). 
=0 


Hence, expz = ys "/n!is analytic in C. Before further examining the 
n=O 
exponential function and defining cosz and sinz, the following result must 
be proved. 


2.10 Proposition. /f G is open and connected and f:G — C is differentiable 
with f'(z) = 0 for all z in G, then f is constant. 


Proof. Fix z) in G and let wo = f(zo). Put A = {zeG: f(z) = wo}; we will 
show that A = G by showing that A is both open and closed in G. Let ze G 
and let {z,} © A be such that z = lim z,. Since f(z,) = wo for each n > 1 
and fis continuous we get f(z) = w 9, or z¢ A. Thus, A is closed in G. Now 
fix ain A, and let « > O be such that B(a; «) < G. If ze B(a; ©), set 2(t)= 
f(tz+(U—ta), 0 < t < 1. Then 


211 s—s(s)_ a) 8s) -s)z + —-Da 
t—s (t—s)z+(s—fa t—s 
Thus, if we let ts we get (A.4(b), Appendix A) 
lim aoe sees = f'(sz+(1—s)a)-(z—a) = 0. 


fs 


That is, g’(s) = 0 for 0 < s < 1, implying that g is a constant. Hence, 
f() = gVi)=2(0) = f(a) = wo. That i is, B(a; ©) < A and A is also open. @ 


Now differentiate f(z) = e*; we do this by Proposition 2.5. This gives 


that 
f'(2) = >a “ -> eit “2 — 2" = fie) 


Thus the eoniplex eepanena function has the same property as its real 
counterpart. That is 


2.12 —- e* = @’ 
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Put g(z) = e’e*”* for some fixed a in C; then g'(z) = e7e*~*+e7(—e*7*) = 0. 
ee g(z) = w for all z in C and some constant w. In particular, using 

= 1 we get w = 9(0) = e*. Then e*e*~* = e* for all z. Thus e278 = e%e? 
ie all a and 6 in C. This also gives 1 = e’e”” which implies that e7 4 0 
for any z and e-* = I/e’. Returning to the power series expansion of e’, 
since all the coefficients of this series are real we have exp Z = exp z. In 
particular, for 6 a real number we get |e'®|* = e%e7!® = e° = 1. More 
generally, |e7|" = ee = e7*? = exp (2 Re z). Thus, 


2.13 lexp z| = exp (Rez). 


We see, therefore, that e*? has the same properties that the real function e* 
has. Again by analogy with the real power series we define the functions 
cos z and sin z by the power series 


ae . zen 

a ae ea ee ae 
Zz a z2n-l 

sin Z = ZL nae i Ea + pase + ce + eae | a ne 
31S! oni 


Each of the series has infinite radius of convergence and so cos z and sin z 
are analytic in C. By using Proposition 2.5 we find that (cos z)’ = —sin z 
and (sin z)’ = cos z. By manipulating power series (which is justified since 
these series converge absolutely) 


ae | ae 

2.14 cos z = t{e*+e "”) sinz = 5; (e*—e '*) 
i 

This gives for z in C, cos* z+sin? z = 1 and 

2.15 e” = cosz+isinz. 


In particular if we let z = a real number @ in (2.15) we get e!® = cis @. 
Hence, for zin C 


2.16 ge izie 


where 9=argz. Since e**” =e*e” we have |e*|=exp(Rez) and arge’= 
Imz. 

A function f is periodic with period c if f(z+c)=f(z) for all z in C. If c 
is a period of e’ then e’=e’**°=e%e° implies that e°=1. Since 1 =|e°|= 
exp Re(c), Re(c)=0. Thus c= 6 for some @ in R. But 1 =e =e” =cos6+ 
isin@ gives that the periods of e* are the multiples of 27/. Thus, if we 
divide the plane into infinitely many horizontal strips by the lines Imz= 
m(2k—1), k any integer, the exponential function behaves the same in 
each of these strips. This property of periodicity is one which is not present 
in the real exponential function. Notice that by examining complex func- 
tions we have demonstrated a relationship (2.15) between the exponential 
function and the trigonometric functions which was not expected from our 
knowledge of the real case. 
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Now let us define log z. We could adopt the same procedure as before 
and let log z be the power series expansion of the real logarithm about some 
point. But this only gives log z in some disk. The method of defining the 
logarithm as the integral of ¢~' from 1 to x, x > 0, is a possibility, but 
proves to be risky and unsatisfying in the complex case. Also, since e’ is not 
a one-one map as in the real case, log z cannot be defined as the inverse of e*. 
We can, however, do something similar. 

We want to define log w so that it satisfies w = e* when z = log w. 
Now since e* # 0 for any z we cannot define log 0. Therefore, suppose e* = w 
and w # 0; if z = x+iy then jw) = e* and y = arg w+2mk, for some k. 
Hence 


2.17 {log |w| + i(arg w+27k): k is any integer } 
is the solution set for e* = w. (Note that log |w| is the usual real logarithm.) 


2.18 Definition. If G is an open connected set in C and f: G > C is a con- 
tinuous function such that z = exp f(z) for all z in G then fis a branch of 
the logarithm. 

Notice that 0 ¢ G. 

Suppose f is a given branch of the logarithm on the connected set G 
and suppose & is an integer. Let g(z) = f(z)+2mki. Then exp g(z) = exp f(z) 
= Z, $0 g is also a branch of the logarithm. Conversely, if f and g are both 
branches of log z then for each z in G, f(z) = g(z)+ 2rki for some integer k, 
where & depends on z. Does the same & work for each z in G? The answer is 


| 
yes. In fact, if A(z) = i [ f(z) —g(z)] then A is continuous on G and A(G) 
vis 


< Z, the integers. Since G is connected, A(G) must also be connected 
(Theorem II. 5.8). Hence there is a k in Z with f(z)+2ki = g(z) for all z in 
G. This gives 


2.19 Proposition. /f G < C is open and connected and f is a branch of log z 
on G then the totality of branches of log z are the functions f(z) +2aki, k € Z. 

Now let us manufacture at least one branch of log z on some open 
connected set. Let 

G=C-{zER:2z <0}; 

that is, “‘slit’”’ the plane along the negative real axis. Clearly G is connected 
and each z in G can be uniquely represented by z = |z|e’® where —7 < 6 < 7, 
For @ in this range, define f(re'®) = log r+i9. We leave the proof of con- 
tinuity to the reader (Exercise 9). It follows that fis a branch of the logarithm 
on G, 


Is f analytic? To answer this we first prove a general fact. 


2.20 Proposition. Let G and Q be open subsets of C. Suppose that f: G > C 
and g: Q-—>C are continuous functions such that f(G) < Q and g(f(z)) = z 
for all z in G. If g is differentiable and g'(z) # 0, f is differentiable and 


f'@) = 


1 
g'(f@)) 
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If g is analytic, f is analytic. 


Proof. Fix ain G and let he C such that A 4 0 and a+heG. Hence a = 
g(f(@)) and at+h = g(f(a+h)) implies f(a) # f(a+h). Also 


1 — Se +4) 8(f@) 


h 
_ s(flath))—s%@)  flath)— Ja) 
f(at+h)—f(a) h 


Now the limit of the left hand side as A ~ 0 is, of course, 1; so the limit 
of the right hand side exists. Since | an [f(a+h)—f(a)] = 0, 


stflath) B(f(@)) _ 
eo, ee 


Hence we get that 
hin fla+h)—fla) 
So a des ON hd 
h->0 h 
exists since g'(/(a)) # 0, and 1 = g’(f(a) f(a. 
Thus, f(z) = [g’(f/(z))]*. If g is analytic then g’ is continuous and this 
gives that fis analytic. B 


2.21 Corollary. A branch of the logarithm function is analytic and its derivative 
ig 

We designate the particular branch of the logarithm defined above on 
C — {z © R: z < 0} to be the principal branch of the logarithm. If we write 
log z as a function we will always take it to be the principal branch of the 
logarithm unless otherwise stated. 

If fis a branch of the logarithm on an open connected set G and if b in C 
is fixed then define g: G— C by g(z) = exp (bf(z)). If 6 is an integer, then 
g(z) = z’. In this manner we define a branch of z°, 6 in C, for an open con- 
nected set on which there is a branch of log z. If we write g(z) = z° as a 
function we will always understand that z? = exp (4 log z) where log z is 
the principal branch of the logarithm; z? is analytic since log z is. 

As is evident from the considerations just concluded, connectedness 
plays an important role in analytic function theory. For example, Proposition 
2.10 is false unless G is connected. This is analogous to the role played by 
intervals in calculus. Because of this it is convenient to introduce the term 
“region.” A region is an open connected subset of the plane. 

This section concludes with a discussion of the Cauchy-Riemann equa- 
tions. Let f: G -— C be analytic and let u(x, y) = Re f(x+iy), v(x, y) = Im 
J(x+iy) for x+iy in G. Let us evaluate the limit 


h 
fetas tim LEEK) 


in two different ways. First let ; —> QO through real values of 4. For h # 0 
and # real we get 
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fZ+h—-f@) _ fxthtiy)-fxty) 


h h 
uUx+h, y»—ulx, y) v(x +h, y)—v(x, y) 
me NO Esse 
h h 
Letting h — 0 gives 
2.2 @= wy ti2Zey 
° A eer a x,y 


Now let # — 0 through purely imaginary values; that is, for h # 0 and 
h real, 
{Z+ih)-f]@) _ _ ues y+h)—u, y) A v(x, y+h) —v(x, y) 
ih - h h 
Thus, 


; _ Cu Ov 
2.23 f(j=-i es (x,y) + — (x, y) 
y oy 


Equating the real and imaginary parts of (2.22) and (2.23) we get the 
Cauchy- Riemann equations 


2.24 =-—- and 
Suppose that u and v have continuous second partial derivatives (we will 


eventually show that they are infinitely differentiable). Differentiating the 
Cauchy-Riemann equations again we get 


a*y é*p é7u a*p 
s3 =a «Cand == - 
Ox éxey ey Oyex 
Hence, 
2 2 
Cu O“Uu 
2.25 ee. 4.2 — 0. 
Ox cy 


Any real-valued function with continuous second derivatives satisfying (2.25) 
is said to be harmonic. In a similar fashion, v is also harmonic. We will study 
harmonic functions in Chapter X. 

Let G be a region in the plane and let wu and v be functions defined on 
G with continuous partial derivatives. Furthermore, suppose that u and v 
satisfy the Cauchy-Riemann equations. If f(z)=u(z)+ iv(z) then f can be 
shown to be analytic in G. To see this, let z=x+iy ¢ G and let B(zir)c 
G. If h=s+it ¢ B(O;r) then 


u(xt+s, Yat) =x, y) = [u(xt+s, VP =u, yto]+[u, VU Hue, y)] 


Applying the mean value theorem for the derivative of a function of one 
variable to each of these bracketed expressions, yields for each s+it in 
B(O; r) numbers s, and ¢, such that |s,| < |s| and |r,| < |f) and 


2.26 woe ytt—ux, y+) = u(xts,, ytd 


u(x, ytt—ux, y) nr U(x, yrt,)t 


42 Elementary Properties and Examples of Analytic Functions 
Letting 

Ps, = [u(x+s, y+ t1)—ulx, y)]—[u., ys tuys, y)Z] 
(2.26) gives that 


g(s,t) = S 
St+ it S+ ut 


[ 
Stil 


[a let sy +) —u,(oy)]+ Ae [wy (ay tn) —u (xy) 


But |s| < |s+it|, |¢| < |s+itl, |s,| < |}, |t,| < |f], and the fact that wu, and u, 
are continuous gives that 


2.27 lin. 22 =0 


Hence 

Ux+s, ytt)—ulx, y) = u(x, yst+u,(x, y)t+o(s, 1) 
where » satisfies (2.27). Similarly 

U(xt+s, y+ —Uux, y) = v(x, p)stou,(x, yt+u(s, D 


where y satisfies 


2.28 lim —2- = 0 


Using the fact that u and v satisfy the Cauchy-Riemann equations it is easy to 
see that 
f(z+stit)—f) . p(s, t) + ip(x, 0) 
aaaaDarG sana = u,(z)+iv, : 
S+it he) lUe(e) Sat 
In light of (2.27) and (2.28), f is differentiable and f’(z) = u,(z)+iv,(z). 
Since u, and v, are continuous, f’ is continuous and f is analytic. These 
results are summarized as follows. 


2.29. Theorem. Let u and v be real-valued functions defined on a region G 
and suppose that u and v have continuous partial derivatives. Then f: G—->C 
defined by f(z) = u(z)+iv(z) is analytic iff u and v satisfy the Cauchy-Riemann 
equations. 


Example. Is u(x, y) = log (x*+y*)? harmonic on G = C— {0}? The answer 
is yes! This could be shown by differentiating wu to see that it satisfies (2.25). 
However, it can also be shown by observing that in a neighborhood of each 
point of G, wu is the real part of an analytic function defined in that neighbor- 
hood. (Which function?) 

Another problem concerning harmonic functions which will be taken 
up in more detail in Section VIII. 3, is the following. Suppose G is a region 
in the plane and uw: G — R is harmonic. Does there exist a harmonic function 
v: G > R such that f = w+iv is analytic in G? If such a function v exists it is 
called a harmonic conjugate of u. If v, and v, are two harmonic conjugates 
of u then i(v,—vz) = (ut+iv,)—(u+iv,) is analytic on G and only takes on 
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purely imaginary values. It follows that two harmonic conjugates of a 
harmonic function differ by a constant (see Exercise 14). 

Returning to the question of the existence of a harmonic conjugate, the 
above example u(z) = log |z| of a harmonic function on the region G = C— 
{0} has no harmonic conjugate. Indeed, if it did then it would be possible to 
define an analytic branch of the logarithm on G and this cannot be done. 
(Exercise 21.) However, there are some regions for which every harmonic 
function has a conjugate. In particular, it will now be shown that this is the 
case when G is any disk or the whole plane. 


2.30 Theorem. Let G be either the whole plane C or some open disk. If 
u: G-—>R is a harmonic function then u has a harmonic conjugate. 


Proof. To carry out the proof of this theorem, Leibniz’s rule for differentiating 
under the integral sign is needed (this is stated and proved in Proposition IV. 
2.1). Let G = B(O; R),0 < R < o,and let vu: G -> R bea harmonic function. 
The proof will be accomplished by finding a harmonic function v such that 
u and v satisfy the Cauchy-Riemann equations. So define 


y 


(x,y) = | u(x, det g(x) 


0 


and determine ¢ so that v, = —u,. Differentiating both sides of this equation 
with respect to x gives 


Y 
2%, 9) = | taal, 1) dt + o'(x) 
0 
Jy 
= —| uy,(x, 1) dt+o(x) 
0 
= —U,(x, y)+u,(x, 0)+ 9") 
So it must be that p(x) = —u,(x, 0). It is easily checked that u and 


¥ x 


u(x, ») = | u(x, Ndt—[ u,(s, O)ds 


0 


do satisfy the Cauchy-Riemann equations. | 

Where was the fact that G is a disk or C used? Why can’t this method of 
proof be doctored sufficiently that it holds for general regions G? Where 
does the proof break down when G = C— {0} and u(z) = log |z/? 


Exercises 


1. Show that f(z) = |z|° = x* + y* has a derivative only at the origin. 

2. Prove that if 5,, a, are real and positive and 0 < b= limb, < o, 
a = limsupa,, then ab = limsup(a,b,). Does this remain true if the re- 
quirement of positivity is dropped? 

3. Show that lim n!/" = 1. 
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4. Show that (cos z)’ = —sin z and (sin z)’ = cos z. 
5. Derive formulas (2.14). 
6. Describe the following sets: {z: e?7 = i}, {z: & = —1}, {2: e = —i}, 


iz: cos. 2 = QO}, 42: sin z = 0}. 

7. Prove formulas for cos (z+w) and sin (z+). 

8. Define tan z = —— ; where is this function defined and analytic? 

9. Suppose that z,,z¢G = C—{z:z < 0} and z, =r,e", z = re'® where 
—a < 6,8, < 7. Prove that if z, > z then 6, > @ andr, —r. 

10. Prove the following generalization of Proposition 2.20. Let G and Q be 
open in C and suppose f and A are functions defined on G, g:Q-—€ and 
suppose that f(G)<. Suppose that g and # are analytic, g’(w) #0 for any 
w, that fis continuous, A is one-one, and that they satisfy A(z) = e(f(z)) for 
z in G. Show that fis analytic. Give a formula for f’(z). 

li. Suppose that f: G—C is a branch of the logarithm and that n is an 
integer. Prove that z” = exp (nf(z)) for all z in G. 

12. Show that the real part of the function z? is always positive. 

13. Let G=C — {z © R: z < 0} and let n be a positive integer. Find all 
analytic functions f: G > C such that z = ( f(z))”" for all z € G. 

14. Suppose f: G — C 1s analytic and that G is connected. Show that if 
f(z) is real for all z in G then f is constant. 

15. Forr > Olet A = Je w = EXP (*) where 0 < |z] < H ; determine the 


set A. 

16. Find an open connected set G < C and two continuous functions f and 
g defined on G such that f(z)’ = g(z)* = 1 —2z? for all zin G. Can you make 
G maximal? Are f and g analytic? 

17. Give the principal branch of //1 —z. 

18. Let f: G > C and g: G ->C be branches of z* and z” respectively. Show 
that fg is a branch of z**? and f/g is a branch of z*~°. Suppose that /(G) < G 
and g(G) < G and prove that both fo g and go f are branches of 27°. 

19. Let G be a region and define G* = {z:z¢«G}. If f: G>C is analytic 
prove that f*: G* —> C, defined by f*(z) = f(z), is also analytic. 

20. Let 2,,25....,2, be complex numbers such that Rez, > 0 and 
Re(z,...2,) > 0 for 1<k <n. Show that log(z,...z,) = log z, 
+ ... +log z,, where log z is the principal branch of the logarithm. If the 
restrictions on the z, are removed, does the formula remain valid? 

21. Prove that there is no branch of the logarithm defined on G = C — {0}. 
(Hint: Suppose such a branch exists and compare this with the principal 
branch.) 


§3. Analytic functions as mappings. Mébius transformations 


Consider the function defined by f(z) = z*. If z = x+iy and p+iv=f(z) 
then » = x*—y*, »v = 2xy. Hence, the hyperbolas x*—y* = c and 2xy = d 
are mapped by / into the straight lines » = c, v = d. One interesting fact is 
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that for c and d not zero, these hyperbolas intersect at right angles, just as 
their images do. This is not an isolated phenomenon and this property will 
be explored in general later in this section. 

Now examine what happens to the lines x = c and y = d. First consider 
x = c(yarbitrary); fmaps this line into» = c?—y? andv = 2cy. Eliminating 
y we get that x = cis mapped onto the parabolav? = —4c7(u—c*). Similarly, 
f takes the line y = d onto the parabola v? = 4d?(u+d*). These parabolas 
intersect at fe —d*, +2jcd|). It is relevant to point out that as c—>0 the 


parabola v* = — Ac2(n — ¢*) gets closer and closer to the negative real axis. 
This corresponds to the fact that the function z? maps G=C-{zER: 
z <0} onto {z: Rez > 0}. Notice also that x =c and x = —c (and 
y = d, y = ~—d) are mapped onto the same parabolas. 


What happens to a circle centered at the origin? If z = re’® then f(z) = 
r?e?'®- thus, the circle of radius r about the origin is mapped onto the circle 
of radius r* in a two to one fashion. 

Finally, what happens to the sector S(«, 8) = {z: « < arg z < §}, for 
a < 8? It is easily seen that the image of S(«, 8) is the sector S(2«, 28). The 
restriction of f to S(a, 8) will be one-one exactly when B—« < 7m. 

The above discussion sheds some light on the nature of f(z) = 2° and, 
likewise, it is useful to study the mapping properties of other analytic 
functions. In the theory of analytic functions the following problem holds a 
paramount position: given two open connected sets G and &, is there an 
analytic function f defined on G such that f(G) = Q? Besides being 
intrinsically interesting, the solution (or rather, the information about the 
existence of a solution) of this problem is very useful. 


3.1. Definition. A path in a region GC C is a continuous function y: 
[a, b] ~ G for some interval [a, b] in R. If y’(r) exists for each ¢ in [a, 5] 
and y’: [a,b] C is continuous then y is a smooth path. Also y 1s 
piecewise smooth if there is a partition of [a, b], a= tg <t,< ... <1, = 5, 
such that y is smooth on each subinterval [7,_,,¢;], 1 <j <n. 

To say that a function y: [a,b] ~ C has a derivative y’(t) for each 
point ¢ in [a, b] means that 


nee =7 


exists for a<t<b and that the right and left sided limits exist for ‘=a and 
t= b, respectively. This is, of course, equivalent to saying that Rey and 
Imy have a derivative (see Appendix A). 

Suppose y:[a,5]-+G is a smooth path and that for some fy 1n (a,b), 
y'(f9) #0. Then y has a tangent line at the point zy)= y(%)). This line goes 
through the point z, in the direction of (the vector) y’(¢)); or, the slope of 
the line is tan(argy’(t,)). If y, and y, are two smooth paths with y,(¢,)= 
Y(t) = Zp, and y\(1,)#9, y3(7,)#0, then define the angle between the paths 
y, and y, at Z, to be 


h-+0 


arg y>(1,) —argy,(t,). 
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Suppose y is a smooth path in G and f: G>C is analytic. Then o = fey 
is also a smooth path and o/()=/f'(y(t)y'(2). Let z)= y(t,), and suppose 
that y'(%))#O and f’(z.)#0; then o(t.)#0 and argo’(t,.)=argf(z.)+ 
argy (tf). That is, 


3.2 argo’ (to) ~ arg y'(to) = ares (Zo). 


Now let y, and y, be smooth paths with y,(t,)= y(t.) =Z, and y,(t,)# 
0# y3(1); leto, = fey, and o,=f°y,. Also, suppose that the paths y, and y, 
are not tangent to each other at zy; that is, suppose yj(t,)# y5(t,). Equa- 
tion (3.2) gives 


3.3 arg y2(t2)—arg y(0,) = arg o(¢,)—arg o;(t)). 


This says that given any two paths through z,, f maps these paths onto two 
paths through wy = f(z,) and, when f(z.) # 0, the angles between the curves 
are preserved both in magnitude and direction. This summarizes as follows. 


3.4 Theorem. /f f: G—C is analytic then f preserves angles at each point 
Zq Of G where f'(z9) # 9. 

A function f: G > C which has the angle preserving property and also has 
_ f2)-f@) 


lim 
z-@ Iz—a| 


existing 1s called a conformal map. If f is analytic and f'(z) # 0 for any z 
then fis conformal. The converse of this statement is also true. 

if f(z) = e’ then fis conformal throughout C; let us look at the expo- 
nential function more closely. If z = c+iy where c is fixed then f(z) = re” 
for r = e°. That is, f maps the line x = c onto the circle with center at the 


origin and of radius e°. Also, f maps the line y = d onto the infinite ray 
fre@. 0 <r < coh}. 


We have already seen that e” is one-one on any horizontal strip of width 
<2n7. Let G={z: ~7<Imz<qa}. Then f(G)=Q=C-—-{zeER: z 
< 0}; also f maps the vertical segments {z = c + ly, -~7 <p <a} onto 
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the circle { e‘e*: —a < 6 < 7}, and the horizontal line y = d, -7 < d <a, 
goes onto the ray making an angle d with the positive real axis. 

Notice that log z, the principal branch of the logarithm, does the opposite. 
It maps Q onto the strip G, circles onto vertical segments in G, rays onto 
horizontal lines in G. 

The exploration of the mapping properties of cos z, sin z, and other 
analytic functions will be done in the exercises. We now proceed to an 
amazing class of mappings, the Mobius transformations. 


b 
3.5 Definition. A mapping of the form S(z) = ci 
cz+d 


is called a linear frac- 


tional transformation. If a, b, c, and d also satisfy ad—bc # 0 then S(z) is 
called a Mobius transformation. 


dz—b 
If S is a Mdébius transformation then S7'(z) eat satisfies 


S(S~'(z)) = S7}(S(z)) = z; that is, S~' is the inverse mapping of S. If 
S and T are both linear fractional transformations then it follows that So T 
is also. Hence, the set of MGbius maps forms a group under composition. 
Unless otherwise stated, the only linear fractional transformations we will 
consider are M@bius transformations. 


b 
Let S(z) = a 7 ; if Ais any non-zero complex number, then 
A rb 
sq) = OO2HO8) 
(Ac)z + (Ad) 


That is, the coefficients a, 6, c, d are not unique (see Exercise 20). 

We may also consider S as defined on C,, with S(oo) = a/c and S(—d/c) 
= 00. (Notice that we cannot have a = 0 =c or d=0=c since either 
situation would contradict ad—bc # 0.) Since S has an inverse it maps C, 
onto C,. 

If S(z) = z + a then S is called a translation; if S(z) = az with a > 0 
then S is a dilation; if S(z) = e'*z then it is a rotation; finally, if S(z) = 1/z 
it is the inversion. 


3.6 Proposition. [f S is a Mébius transformation then S is the composition of 
translations, dilations, and the inversion. (Of course, some of these may be 
missing.) 
Proof. First, suppose c = 0. Hence S(z) = (a/d)z+-(6/d) so if S,(z) = (a/d)z, 
S,(z) = z+(b/d), then S,°o S, = S and we are done. 

(bc —ad) ; 


Now let c ¥ 0 and put S,(z) = z+d/c, S,(z) = 1/z, S3(z) = ae 


S4(z) = zt+a/c. Then Ss = S4 o S3 ° S'5 9 S',. He 
What are the finite fixed points of S? That is, what are the points z 
satisfying S(z)=z. If z satisfies this condition then 


cz? +(d—a)z—b = 0. 
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Hence, a MGbius transformation can have at most two fixed points unless 
S(z)=z for all z. (Why?) 

Now let S be a Mobius transformation and let a, 6, c be distinct points 
in C,, with « = S(a), B = S(b), y = S(c). Suppose that T is another map 
with this property. Then T~' o S has a, b, and c as fixed points and, there- 
fore, T~'o S = J = the identity. That is, S = 7. Hence, a Mébius map is 
uniquely determined by its action on any three given points in C,. 

Let Z,, 23, z, be points in C,. Define S: C,, > C,, by 


i—Zy4 2 ~—24 : 
S§(z) = | ——- if 22,23,Z74€C; 
Oo ee 227 <4 


S(z) =——= if z, = 0; 
iam 

S(z) = ~-—* if z; = 0; 
z£—Lg 
zZ—Z 

S(z) = —= if AZ ge 
25°23 


In any case S(z,) = 1, S(z,) = 0, S(z4) = oc and Sis the only transforma- 
tion having this property. 
3.7 Definition. If z,;<@C, then (z,, 25, 23,2,) (The cross ratio of 
Z,, 25, 23, and z,) is the image of z, under the unique MObius transforma- 
tion which takes z, to 1, z, to 0, and z, to oo. 

For example: (z,, 25, 23, 74) = | and (z, 1, 0, o) = z. Also, if M 1s any 
MObius map and w,, w;, w4 are the points such that Mw, = 1, Mw; = 0, 
Mw, = o then Mz = (2, W2, W3, W4).- 


3.8 Proposition. /f z,, 23, 24 are distinct points and T is any Mobius trans- 
formation then 


for any point Z,. 
Proof. Let Sz = (z, 25, 23, Z4); then S is a MObius map. If M = ST7! 
then M(Tz,) = 1, M(Tz3) = 0, M(Tz,) = 00; hence, ST™'z = (z, Tz), 
Tz,, Tz,4) for all zin C,,. In particular, ifz = Tz, the desired result follows. 


3.9 Proposition. /fz,, 23, 24 are distinct points in C,, and w,, w 3, w4 are also 
distinct points of C,,, then there is one and only one Mébius transformation S 
such that Sz, = w,, SZ, = w3, SZ4 = wy 


Proof. Let Tz = (z, Z3, 23, 24), Mz = (z, wz, w3, w4) and put S = M7'T. 
Clearly S has the desired property. If R is another M6bius map with Rz, = 
w,forj = 2, 3,4 then R~'o S has three fixed points (z), z3, and z,). Hence 
Re S = 1or S =k; 

It is well known from high school geometry that three points in the plane 
determine a circle. (Recall that a circle in C,, passing through oo corresponds 
to a straight line in C. Hence there is no need to inject in the previous state- 
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ment the word “non-colinear”. A straight line in the plane will be called a 
circle. The next result explains when four points lie on a circle. 


3.10 Proposition. Let z,, Zz, 23,24 be four distinct points in C,,. Then (2, 22, 
Z3, Z4) is a real number iff all four points lie on a circle. 


Proof. Let S:C,, > C,, be defined by Sz = (z, 22, 23,24); then S~'(R) = the 
set of z such that (z, z,, 273, Z4) is real. Hence, we will be finished if we can 
show that the image of R,, under a MGbius transformation is a circle. 


az + b 
Let Sz = ———:; if z=x ER and w=S (x) # o then x = Sw 
es oa 


implies that S(w) = S(w). That is, 


Cross multiplying this gives 
3.11 (aé— dc) |w|* + (ad—bc)w+(bé—da)a +(bd—bd) = 0. 


If aé is real then aé—dc = 0; putting « = 2(ad—bc), B = i(bd—bd) and 
multiplying (3.11) by 7 gives 


3.12 0 = Im(aw)—8 = Im (aw—§) 


since 8 is real. That is, w lies on the line determined by (3.12) for fixed « and 
8. If aé is not real then (3.11) becomes 


lw]? +7ot+ya—s = Q 


for some constants y in C, 6 in R. Hence, 


3.13 lw+y| = A 
where 
d—b 
A = (|v? +8)! = ==! > 0. 
dc—aé 


Since y and A are independent of x and since (3.13) is the equation of a circle, 
the proof is finished. 


3.14 Theorem. A Mobius transformation takes circles onto circles. 


Proof. Let [ be any circle in C,, and let S be any Mobius transformation. 
Let z2, 23, Z4 be three distinct points on and put w, = Sz, forj = 2, 3, 4. 
Then w,, w3, w, determine a circle T°’. We claim that S(1’) = IT’. In fact, 
for any zin C, 


3.15 (Z, Z2, 23, Z4) = (SZ, wa, w3, wy) 


by Proposition 3.8. By the preceding proposition, if z is on I’ then both 


Now let I and [’ be two circles in C, and let z,, 73, 74 € 13 wy, w3, wy € 
i Pier Put Rz = (z, 245 Z 35 24). Sz = (z, 7, W4, w4). Then T as So o R maps 
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P onto P’. In fact, Tz; = w, for j = 2, 3, 4 and, as in the above proof, it 
follows that F(0) = [’. 


3.16 Proposition. For any given circles T and (’ in C,, there is a Mobius 
transformation T such that T(V) =’. Furthermore we can specify that T 
take any three points on \\ onto any three points of 1’. If we do specify Tz; 
for j = 2, 3, 4 (distinct z; in 1) then T is unique. 


Proof. The proof, except for the uniqueness statement, is given in the previous 
paragraph. The uniqueness part is a trivial exercise for the reader. 

Now that we know that a MGbius map takes circles to circles, the next 
question is: What happens to the inside and the outside of these circles? 
To answer this we introduce some new concepts. 


3.17 Definition. Let [ be a circle through points z,, z3, z4. The points z, 
z* in C, are said to be symmetric with respect to [if 


3.18 (2 Z75 235 24) a (z, 225 £35 Z4). 


As it stands, this definition not only depends on the circle but also on the 
points 25, 73, 24.,/t is left as an exercise for the reader to show that symmetry 
is independent of the points chosen (Exercise 11). 

Also, by Proposition 3.10 z is symmetric to itself with respect to Tif 
and only ifzel. 


Let us investigate what it means for z and z* to be symmetric. If Tis a 
straight line then our linguistic prejudices lead us to believe that z and z* 
are symmetric with respect to I if the line through z and z* is perpendicular 
to [ and z and z* are the same distance from I’ but on opposite sides of I’. 
This is indeed the case. 

If Tf is a straight line then, choosing z4 = 0, equation (3.18) becomes 


This gives |z*—z3| = |z—z3]; since z, was not specified, we have that z 
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and z* are equidistant from each point on LT. Also 


* se — 
z*—Z, Z—-Z, 
Im —— = Im —— 
Z4—Z3 Z4—Z3 
Z—Z3 
= —[m——— 
Z4—-Z3 


Hence, we have (unless z <1) that z and 2” lie in different half planes deter- 
mined by I. It now follows that [z, z*] is perpendicular to I’. 

Now suppose that Pr = {z: |z—a| = R} (0 < R < o). Let 2p, 23, 24 be 
points in I’; using (3.18) and Proposition 3.8 for a number of MSbius trans- 
formations gives 


(2, £25 235 Z4) a, (z, 225235 Z4) 


eer 


R? R* R? 
= | 2-~-d, 3 ae 
257 Z2377a 2477a 


a 

R? 
=| t+ 4, 22, 23, 24 

24 


Hence, z* = a+ R*(Z—4)"! or (2*~a) (Z—-@) = R’. From this it follows that 


gta R? 


so that z* lies on the ray {a+t(z—a): 0 < t < «} from a through z. Using 
the fact that |z—a| |z*—a| = R® we can obtain z* from z (if z lies inside P) 
as in the figure below. That is: Let L be the ray from a through z. Construct 


a line P perpendicular to L at z and at the point where P intersects IT’ con- 
struct the tangent to I’. The point of intersection of this tangent with L is 
the point z*. Thus, the points a and oo are symmetric with respect to I’. 


3.19 Symmetry Principle. Jf a Mébius transformation T takes a circle T, 
onto the circle T, then any pair of points symmetric with respect to I, are 
mapped by T onto a pair of points symmetric with respect to D5 
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Proof. Let z2, 23, z4¢1,; it follows that if z and z* are symmetric with 
respect to [’, then 


(T2™. Zo, i bare Tz,) ad (2% 25 £3, Z4) 
= (Z, Z2, 23, 24) 


ad (Tz, P25; IZ, TZ) 


by Proposition 3.8. Hence 7z* and 7z are symmetric with respect to T,. 

Now we will discuss orientation for circles in C,,; this will enable us to 
distinguish between the “inside”? and “outside” of a circle in C,. Notice 
that on C,, (the sphere) there is no obvious choice for the inside and outside 
of a circle. 


3.20 Definition. If I is a circle then an orientation for V is an ordered triple 
of points (z;, Z, 73) such that each z, is in LF. 

Intuitively, these three points give a direction to [. That is we “go” 
from z, to z, to z,. If only two points were given, this would, of course, be 
ambiguous. 


az+b 
Let [ = R and let z,, z,, z, ¢ R; also, put 7z = (z, z,, 2,23) = nee : 
cz+d 
Since 7(R,,) = R,, it follows that a, 6, c, d can be chosen to be real numbers 
(see Exercise 8). Hence, 
az+b 
Tz = 
cz+d 
az-+b 
SS CZ ad 
waar SP 
1 


= cya lnelel? +ba+ bea + ade 


Hence, 
(ad —bc) , 


Ti (2322 5325524) = ezaede m z. 


Thus, {z: Im (z, 2,;, 22, 23) < 0} is either the upper or lower half plane 
depending on whether (ad--bc) > 0 or (ad—bc) < 0. (Mote that ad—bc is 
the “determinant” of 7.) 

Now let I be arbitrary, and suppose that z,, z,, z, are on lV’; for any 
Mobius transformation S we have (by Proposition 3.8) 


(2? We GS Zs 82'S 253.9725) 0} 
iS 7 Gy S74 S755 25) OF 


I 


22 Am (2.2 44.25,-25). > 0} 


In particular, if S is chosen so that S maps V onto R,,, then {z: Im (<, 2, 
Z>, Z3) > 0} is equal to S~* of either the upper or lower half plane. 
If (2, 2, Z3) is an orientation of [ then we define the right side of T 


(with respect to (z,, Z5, z;)) to be 


122 Lim, Zee) Oy. 
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Similarly, we define the /eft side of T° to be 
{z: Im (2, 2,, 22, 23) < O}. 
The proof of the following theorem is left as an exercise. 


3.21 Orientation Principle. Let [, and [, be two circles in C,, and let T be 
a Mobius transformation such that T(V,) = 1. Let (z;, 22, 23) be an orienta- 
tion for T,. Then T takes the right side and the left side of 1, onto the right 
side and left side of T, with respect to the orientation (Tz,, Tz,, Tz3). 
Consider the orientation (1, 0, 00) of R. By the definition of the cross 
ratio, (z, 1, 0, 00) = z. Hence, the right side of R with respect to (1, 0, 0) 
is the upper half plane. This fits our intuition that the right side lies on our 
right as we walk along R from I to 0 to oo. 
As an example consider the following problem: Find an analytic function 
f: G > C, where G = {z: Rez > 0}, such that f(G) = D = {z: |z| < 1}. We 
solve this problem by finding a Mébius transformation which takes the 
imaginary axis onto the unit circle and, by the Orientation Principle, takes 
G onto D (that is, we must choose this map carefully in order that it does not 
send G onto {z: |z] > 1}). 
If we give the imaginary axis the orientation (—i, 0, i) then {z: Re z > 0} 
is on the right of this axis. In fact, 
(z, -i,0,i) = ie 
z-i 
2z Z+i 
Z=12+1 
yi 
= zi? : (2/7 + iz) 
Hence, {z: Im (z, —i, 0, i) > 0} = {z: Im (iz) > 0} = {z: Re z > O}. 
Giving I the orientation (—i, —1, i) we have that D lies on the right of I. 
Also, 


(z, =; —I, i) ox pe 


If 


then T = R7~!S maps G onto D (and the imaginary axis onto I’). By algebraic 
manipulations we have 


z 


e 
Combining this with previous results we have that g(z) = S| maps 
= 


the infinite strip {z: [Im z| < 7/2} onto the open unit disk D. (It is worth 


-~ 


Z| 
mentioning that —-—— = tanh (z/2).) 
e+] 
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Let G,, G, be open connected sets; to try to find an analytic function f 
such that f(G,) = G, we try to map both G, and G, onto the open unit disk. 
If this can be done, f can be obtained by taking the composition of one 
function with the inverse of the other. 


As an example, let G be the open set inside two circles [, and [’,, inter- 
secting at points a and 5 (a ¥ b). Let L be the line passing through a and 6 


and give L the orientation (0, a, b). Then 7z = (z, «, a, b) = ( ae 
Zz 


maps L onto the real axis (Too = 1, Ta = 0, Tb = oc). Since T must map 
circles onto circles, T maps IT’, and T, onto circles through 0 and oo. That is, 
T(T,) and 7(T,) are straight lines. By the use of orientation we have that 
T(G) = {w: —a < argw < a} for some a > 0, or the complement of some 
such closed sector. By the use of an appropriate power of z and possibly a 
rotation we can map this wedge onto the right half plane. Now, composing 
with the map (z — 1)(z + 1)! gives a map of G onto D = {2:|z| < 1}. 


Exercises 


1. Find the image of {z: Re z < 0, {Im z] < 7} under the exponential 
function. 

2. Do exercise | for the set {z: |Im z] < 7/2}. 

3. Discuss the mapping properties of cos z and sin z. 

4, Discuss the mapping properties of z” and z!/" for n > 2. (Hint: use polar 
coordinates.) 

5. Find the fixed points of a dilation, a translation and the inversion on C,. 
6. Evaluate the following cross ratios: (a) (7+7, 1, 0, 0) (b) 2, 1-7, 1, 14+ 
(c) (0, 1, 7, —1) (d) G—1, 00, 1+, 0). 


b 
7. Mf Tz = —— find z,, z3, Za (in terms of a, 6, c, d) such that Tz = (c, 
CZ 


22,23, 24). 
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ge Te = et? 
cz+d 


show that 7(R.,) = R,, iff we can choose a, b, c, d to be 


real numbers. 


9. If Tz = ae 
cz+d 


, find necessary and sufficient conditions that T(L) = [ 


where I is the unit circle {z: |z| = 1}. 
10. Let D = {z: |z| < 1} and find all Mébius transformations T such that 
T(D) = D. 
11. Show that the definition of symmetry (3.17) does not depend on the 
choice of points z,, 23, 24. That is, show that if w., w3, w, are also in [° then 
equation (3.18) is satisfied iff (z*, w., w3, w4) = (Z, wz, w3, w4). (Hint: Use 
Exercise 8.) 
12. Prove Theorem 3.4. 
13. Give a discussion of the mapping f(z) = $(z+1/z). 
14. Suppose that one circle is contained inside another and that they are 
tangent at the point a. Let G be the region between the two circles and 
map G conformally onto the open unit disk. (Hint: first try (z-a)~!.) 
15. Can you map the open unit disk conformally onto {z:0<|z|<1}? 
16. Map G = C—{z: —1 < z < 1} onto the open unit disk by an analytic 
function f. Can f be one-one? 
17. Let G be a region and suppose that f: G — C is analytic such that /(G) 
is a Subset of a circle. Show that fis constant. 

z—ia 


18. Let ~c <a<5< © and put Mz = . Define the lines L, = 


z—i 
{z: Im z = bd}, L, = {z: Im z = a} and L, = {z: Re z = 0}. Determine 
which of the regions A, B, C, D, E, F in Figure 1, are mapped by M onto the 
regions U, V, W, X, Y, Z in Figure 2. 


Figure 1 Figure 2 


19. Let a, b, and M be as in Exercise 18 and let log be the principal branch of 
the logarithm. 
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(a) Show that log (Mz) is defined for all z except z = ic, a < c < b; and 
if A(z) = Im [log Mz] then 0 < A(z) < w for Rez > 0. 
(b) Show that log (z—ic) is defined for Re z > O and any real number c; 


also prove that |Im log (z—ic)| < ; if Rez > 0. 
(c) Let A be as in (a) and prove that A(z) = Im [log (z—ia)—log (z—ib)}. 


(d) Show that 
b 


| 2 = HiesetanOxial 


z~it 
(Hint: Use the Fundamental Theorem of Calculus.) 
(ce) Combine (c) and (d) to get that 


b 
_ —b 
A(x+iy) = | Tm dt = arctan (=) — arctan (=) 


a 


(f) Interpret part (e) geometrically and show that for Rez > 0, A(z) 1s the 
angle depicted in the figure. 


a and 7z = ae 
cz+d yZt+o 
complex number A such that a = Aa, 8B = Ab, y = Ac, 8 = dd. 

21. Let 7 be a Mobius transformation with fixed points z, and z,. If Sis a 
Mobius transformation show that S~*7S has fixed points S~'z, and S~'z,. 
22. (a) Show that a Mébius transformation has 0 and oo as its only fixed 
points iff it is a dilation, but not the identity. 


20. Let Sz = ; show that S = 7 iff there is a non zero 
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(b) Show that a Mébius transformation has oo as its only fixed point iff it is 
a translation, but not the identity. 

23. Show that a Mobius transformation T satisfies 7(0) = oo and T(co) = 0 
iff Tz = az™! for some a in C. 

24. Let T be a Mobius transformation, T # the identity. Show that a 
Mobius transformation S commutes with T if S and T have the same fixed 
points. (Hint: Use Exercises 21 and 22.) 

25. Find all the abelian subgroups of the group of MGbius transformations. 
26. (a) Let GL,(C) = all invertible 2x2 matrices with entries in C and 
let .@ be the group of Mobius transformations. Define »: GL,(C) > @ by 


b +5 
(3 4 = ae . Show that g is a group homomorphism of GL,(C) onto #. 


Find the kernel of ». 

(b) Let SL,(C) be the subgroup of GL,(C) consisting of all matrices of 
determinant |. Show that the image of SL,(C) under ¢ is all of .&. What 
part of the kernel of ¢ is in SL,(C)? 

27. If Y isa group and.” is a subgroup then is said to be a normal subgroup 
of Y if S~'TS¢eW whenever Te V and Se Y. G is a simple group if the 
only normal subgroups of Y are {/} (/ = the identity of Y) and @ itself. 
Prove that the group .@ of Mobius transformations is a simple group. 

28. Discuss the mapping properties of (1 — zy’. 

29. For complex numbers a and 6 with |al?+| B/?=1 


az ~ B 2 3 
Ha, pl2) = Boe and let U= {ug lel + [6] =1}, 


(a) Show that U is a group under composition. 

(b) If SU, is the set of all unitary matrices with determinant 1, show that 
SU, 1s a group under matrix multiplication and that for each A in SU, 
there are unique complex numbers a and f with |al’?+|B|’=1 and 


4-( : a) 
— B a 


(c) Show that ( a BP 
—B 


jou, g is a homomorphism of the group SU, onto 
a 


U. What is its kernel? 

(d) If / <{0,5,1,5,...} let H,=all the polynomials of degree <2/. For 
u, g=u in U define T{°: H,+H, by (T{f)(z)=( Bz +ay4(u(z)). Show 
that 7!” is an invertible linear transformation on H, and uj>T“ is an 
injective homomorphism of U into the group of invertible linear transfor- 
mations of H, onto H,. 


30. For |z|< 1 define f(z) bv 


f\2)=exp| ~ log! zy)", 


(a) Show that f maps D={z:|z|<1} conformally onto an annulus G. 
(b) Find all Mobius transformations S(z) that map D onto D and such 
that f(S(z))=f(z) when |[z/ <1. 


Chapter IV 


Complex Integration 


In this chapter results are derived which are fundamental in the study of 
analytic functions. The theorems presented here constitute one of the pillars 
of Mathematics and have far ranging applications. 


§17. Riemann-Stieltjes integrals 


We will begin by defining the Riemann-Stieltjes integral in order to 
define the integral of a function along a path in C. The discussion of this 
integral is by no means complete, but is limited to those results essential to 
a cogent exposition of line integrals. 


1.1 Definition. A function y: [a, b] — C, for [a, b] < R, is of bounded variation 
if there is a constant M > 0 such that for any partition P = {a = fy < ¢t, 
<...<t, = 6} of [a, 5] 


u(y; P) = by Wt) —v(-1)] < M. 


The total variation of y, V(y), is defined by 
V(y) = sup {v(y; P): Pa partition of [a, d]}. 


Clearly V(y) < M < o. 

It is easily shown that y is of bounded variation if and only if Re y 
and Im y are of bounded variation. If y is real valued and is non-decreasing 
then -y is of bounded variation and V(y) = y(b)—y(a). (Exercise 1) Other 
examples will be given, but first let us give some easily deduced properties of 
these functions. 


1.2 Proposition. Let y: [a, b] - C be of bounded variation. Then: 

(a) If P and QO are partitions of [a, b] and P < Q then u(y; P) < vy; Q); 

(b) If c: [a, b] > C is also of bounded variation and «, B¢ C then ay+ Be 

is of bounded variation and V(ay+ Be) < |«| V(y)+|8| V(e). 

The proof is left to the reader. 

The next proposition gives a wealthy collection of functions of bounded 
variation. In actuality this is the set of functions which is of principal concern 
to us. 


1.3 Proposition. If y:[a,b]—C is piecewise smooth then y is of bounded 
variation and 


b 
Vy) = | ly'@l at 
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Proof. Assume that y is smooth (the complete proof is easily deduced from 
this). Recall that when we say that y is smooth this means y’ is continuous. 
Let P=({a=t)<t,<...<1,,=5}. Then, from the definition, 


l(t.) ~ v(t - 1) 


| 
13 


v(y; P) = 


1 


ll 
a E: 


| f y(t) dt| 


: bem 


1 


IA 


2 { ly’(O| dt 


tk~1 


b 
| ly’'(O| dt 


Hence V(y) < [° |y’(d| dt, so that y is of bounded variation. 

Since y’ is continuous it is uniformly continuous; so if « > 0 is given we 
can choose 8, > 0 such that |s—zt| < 8, implies that |y’(s)—y’()| < «. Also, 
we may choose 6, > 0 such that if P= {a =¢%) <t,<...<¢,, = 6} and 
WPil = max {(t,-4,-,): 1 < k < m} < 6, then 


<e€ 


b 
fOlat -— ¥ b’Col G40) 


where 7, is any point in [f,_,, ¢,]. Hence 


IA 


b m 
| ly(Ol dt se + De lyr] (a te 1) 


th 


= € + > | y'(7;) dt 
k= 1 rae 
m bie m tie 

<e+ Yl [ Y'd-y'Ola] + YL] [ Oar 
co tk—1 on tk—1 


If ||P || <<6=min(6,,6,) then |y'(7,) — y'(d)| <e for ¢ in [t,_),4,] and 
b 


[ '@ldt < e+b-a) + Y WM) 


a 


A 


e[1+(b—a)]+v(y; P) 
e[1+(6—a)]+ Vy). 


IA 
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Letting « > 0+, gives 


[ la s vo, 


which yields equality. 


1.4 Theorem. Let y: [a, b] > C be of bounded variation and suppose that 
f: [a, b] > C is continuous. Then there is a complex number I such that for 
every « > O there is a 8 > O such that when P = {ty < t, <...<t,} is @ 
partition of {a, 6] with \|P\| = max (—t-,): 1 < k < m} < 6 then 


<€ 


1 Y fl bt) 


for whatever choice of points t,, thoy S Th S tye 
This number J is called the Riemann-Stieljes integral of f with respect to y 
over [a, b] and 1s designated by 


b 6 
T= [fay = | AO a0. 


Proof. Since f is continuous it is uniformly continuous; thus, we can find 
(inductively) positive numbers 5, > 6, > 6, >... such that if |js—t| < 6,, 


1 
If(i)-f()| < ee, For each m > | let A,, = the collection of all partitions P 


of [a, 6] with ||P|| < 6,; so A, > A, > ---. Finally define F,, to be the 
closure of the set: 


1.5 ay fodld-vVth-Di Pe Fn, and -; S % Sh}. 


The following are claimed to hold: 
la — F, ees and 


Be ren ieee 20 
m 
If this is done then, by Cantor’s Theorem (II. 3.7), there 1s exactly one com- 
plex number / such that /e F,, for every m > 1. Let us show that this will 
complete the proof. If « > 0 let m > (2/e) V(y); then « > (2/m) V(y) = 
diam F,,. Since Je F,,, F,, < BU; «). Thus, if 6 = 6, the theorem is proved. 
Now to prove (1.6). The fact that F, > F, >... follows trivially from 


2 
the fact that 7, > F, >... . To show that diam F,, < — V(y) it suffices 
m 


2 
to show that the diameter of the set in (1.5) is < — V(y). This is done in two 
m 


stages, each of which is easy although the first is tedious. 
If P={t)<...<1¢,} is a partition we will denote by S(P) a sum of the 


form > f(7,)[y(@,)—y(,_,)] where 7, is any point with 4_, <1 S&. 
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Fix m > 1 and let P € #; the first step will be to show that if P C Q (and 


hence O € # ) then |S(P) — S(Q)| < —V(y). We only give the proof for 
m 


the case where Q is obtained by adding one extra partition point to P. Let 
1<p<~m and let t,_, <¢* <1¢,; suppose that PU {7*#}=Q. lft, . 
O21, D0 = T,. and 


S(Q)= 2 fo) YG) — i -) | +f) 1) - 1-1) | 


#9 (0) | ve") |; 
then, using the fact that | f(r)—f(0)| < < for |r—o|<6,, 


|S(P)-S(Q)|= Ra Kr) Sen] Dt) — Ae DIAS tp) A) — 7 - DI] 


~f(0) (At) —yty-I-Flo’) [At (0) 
< - Ee) H+ I) SM 0) H-) 
+Ufle,)—S] Lt, — (OVI 


l l 
= i » Id — v4 - 1) 1 ae lv(*) — y(t, - 1)! 
1 
ee y(t) — v(t*)| 


< + Vy) 
im 


For the second and final stage let P and R be any two partitions in Y,,. Then 
QO = Pw Risa partition and contains both P and R. Using the first part 
we get ; 

|S(P)—S(R)|S|S(P)— S(Q)|+|S(Q)— S(R)S— Vy). 


2 
It now follows that the diameter of (1.5) is < . V(y). @ 
The next result follows from the definitions by a routine «—46 argument. 


1.7 Proposition. Let f and g be continuous functions on |a, b| and let y and o 
be functions of bounded variation on [a,b]. Then for any complex scalars a 
and B: 

(a) ff (af+Be) dy = « [a fdy+B J. gdy 

(b) 2 fd(ay +Bo) = aff fdy+B Jo fade. 

The following is a very useful result in calculating these integrals. 
1.8 Proposition. Let y: [a, b] > C be of bounded variation and let f: [a, b] > C 
be continuous. If a = ty < t, <°°-+< t, = 6 then 
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The proof is left as an exercise. 

As was mentioned before, we will mainly be concerned with those y 
which are piecewise smooth. The following theorem says that in this case 
we can find {fdy by the methods of integration learned in calculus. 


1.9 Theorem. [f y is piecewise smooth and f:[a,b]->C is continuous then 


[far= f fora 


Proof. Again we only consider the case where y is smooth. Also, by 
looking at the real and imaginary parts of y, we reduce the proof to the 
case where y([a,6])<R. Let e>0 and choose 6 >0 such that if P={a=1 
<...<¢,=6} has || P||<6 then 


b 
1.10 fy — ¥. fla) AW) < 4 
and 
1.11 [Mov @ dt — ¥ fevy'@d (4-4-0) < 


for any choice of 7, in [t,_,, t,]. If we apply the Mean Value Theorem for 
derivatives we get that there is a 7, in [t,_,, 4] with y'(7,) = P(t) -—y(,_ 1] 
(t,—t,-,)~*. (Note that the fact that y is real valued is needed to apply the 
Mean Value Theorem.) Thus, 


y I) (Wt) — V4- DI = by Ity Cd) (te — ty 1). 


Combining this with inequalities (1.10) and (1.11) gives 


< €, 


| pty ~ oxo dt 


Since « > 0 was arbitrary, this completes the proof of the theorem. & 

We have already defined a path as a continuous function y: [a, b} - —>C. 
If y: [a, b] > C is a path then the set {y(1): a < t < b} is called the trace of y 
and is denoted by {y}. Notice that the trace of a path is always a compact 
set. y iS a rectifiable path if y is a function of bounded variation. If P is a 
partition of [a, b] then u(y; P) is exactly the sum of lengths of line segments 
connecting points on the trace of y. To say that y is rectifiable is to say that 
y has finite length and its length is V(y). In particular, if y is piecewise 
smooth then y is rectifiable and its length is [® |y’| dt. 

If y: [a, b] > C is a rectifiable path with {y} © E< C and f: E>C 
is a continuous function then fo y is a continuous function on [a, b]. With 
this in mind the following definition makes sense. 
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1.12 Definition. If y: [a, b}] > C is a rectifiable path and f is a function 
defined and continuous on the trace of y then the (/ine) integral of f along y is 


b 
| fo@) a. 


This line integral is also denoted by f, f = |, f(z) dz. | 
As an example let us take y: (0, 27] > C to be y(t) = e” and define 


f(z) = : for z # 0. Now y is differentiable so, by Theorem 1.9 we have 
2 


l dad 
(,- dz = [Re (ie) dt = 2zi. 
z 


Using the same definition of y and letting m be any integer 2 0 gives 
fz" dz = fore" Cie) dt = for exp (i(m+1)1) dt=if2” cos (m+1)t dt— 
fo” sin(m + I)tdr=0. 

Now let a,b €C and put y(t) = th + —tja for 0 <¢ <1. Then 
y(t) = 6 — a, and using the Fundamental Theorem of Calculus we get that 
for 
n>0, |, 2"dz = (b—a) fj [th+(1—da]" dt = a (b"*} —@"*}), 

There are more examples in the exercises, but now we will prove a certain 
“invariance” result which, besides being useful in computations, forms the 
basis for our definition of a curve. 

If y: [a, 5] > C is a rectifiable path and ¢: [c, d] —> [a, 5] is a continuous 
non-decreasing function whose image is all of [a, 5] (1.e., ~(c) = @ and 
g(d) = b) then y o my: [c, d] > C is a path with the same trace as y. Moreover, 
yo is rectifiable because if c = 5) < 5, <°'+< 5, = d then a = ¢(So) < 
g(s,) <°-: < o(s,) = 6 is a partition of [a, b]. Hence 


Y, Wold) Hols-))] < VO) 


so that Viyoo) < V(y) < o. So if f is continuous on {y} = {yo} then 
|, oS is well defined. 


1.13 Proposition. /f y: [a, b] > C is a rectifiable path and ¢: [c, d] —> [a, 5) 
is a continuous non-decreasing function with o(c) = a, o(d) = b; then for any 


function f continuous on {y} 
{r= [or 
Y yo@ 


Proof. Let « > 0 and choose 8, > 0 such that for {s9 < s, <---< 5,}, a 
partition of [c, d] with (s,—s,_,) < 6,, and s,_, < o, < s, we have 


1.14 < te 


[ FE SO > oo by © 65) -7 © -D) 


yo¢? 


Similarly choose 6, > 0 such that if {tg < t; <--:< ¢,} is a partition of 
[a, 5] with (t, -t,-,) < 8, andt,_, < % < 4, then 
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1.15 | [f- ¥ foe iXt)—s-) < fe. 


But ¢ is uniformly continuous on [c, d]; hence there is a 8 > 0, which can be 
chosen with 6 < 6,, such that |p(s)—¢(s’)| < 5, whenever 's—s’| < 8. So if 
{Sg < 5; <***<-5,} is a partition of [c, d] with (s,—s,.,) < 5 < 8, and 
t, = o(s,), then {fo < t; <-++-+< t,} is a partition of [a@, 4] with (t,—1,_,) 
< 6). If 5; < 0, < s, and +, = y(c,) then both (1.14) and (1.15) hold. 


Moreover, the right hand parts of these two differences are equal! It follows 


that 
Ee 


yoe 


< € 


Since « > 0 was arbitrary, equality is proved. 

We wish to define an equivalence relation on the collection of rectifiable 
paths so that each member of an equivalence class has the same trace and 
so that the line integral of a function continuous on this trace is the same for 
each path in the class. It would seem that we should define o and y to be 
equivalent if ¢ = yo@ for some function » as above. However, this is not 
an equivalence relation! 


1.16 Definition. Let o: [c, d]-> C and y: [a, b] >C be rectifiable paths. 
The path o is equivalent to y if there is a function 9: [c, d] — [a, b] which is 
continuous, strictly increasing, and with o{c) = a, g(d) = b; such that 
o = yog. We call the function » a change of parameter. 

A curve is an equivalence class of paths. The trace of a curve is the trace 
of any one of its members. If fis continuous on the trace of the curve then the 
integral of f over the curve is the integral of f over any member of the curve. 

A curve is smooth (piecewise smooth) if and only if some one of its 
representatives 1s smooth (piecewise smooth). 

Henceforward, we will not make this distinction between a curve and its 
representative. In fact, expressions such as “let y be the unit circle tra- 
versed once in the counter-clockwise direction” will be used to indicate a 
curve. The reader is asked to trust that a result for curves which is, in fact, 
a result only about paths will not be stated. 

Let y: [a, b] > C be a rectifiable path and for a < t < 5, let [y| (£) be 
Vy; [a, t]). That is, 


yi (t) = sup { 3 v(t.) — V(t, 1): {fo,..., ¢,} 18 a partition of [a, ¢]}. 


Clearly |y|(2) is increasing and so |[y|: [a, 5] > R is of bounded variation. If 
fis continuous on {y} define 


{ fldzl = [ 0M) dir @. 


If y is a rectifiable curve then denote by —y the curve defined by (—y) (4) = 
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»(—1) for —b < t < —a. Another notation for this is y~*. Also if ce C 
let y-+c denote the curve defined by (y+c) (4) = y()+c. The following 
proposition gives many basic properties of the line integral. 


1.17 Proposition. Let y be a rectifiable curve and suppose that f is a function 
continuous on fy}. Then: 


a) J,f=—-Jof 

(b) if, fl < J, Li lazl < VO) sup (FI: 2 € Oh 

(c) If ceC then f, f(z) dz = J,,.f(z—c¢) dz. 

The proof is left as an exercise. 

The next result is the analogue of the Fundamental Theorem of Calculus 
for line integrais. 


1.18 Theorem. Let G be open in C and let y be a rectifiable path in G with 
initial and end points « and B respectively. If f: G — C is a continuous function 
with a primitive F: G > C, then 


[f= F®@-Fe) 


(Recall that Fis a primitive of f when F’ = f.) 


The following useful fact will be needed in the proof of this theorem. 


1.19 Lemma. Jf G is an open set in C, y:[a,5]>G is a rectifiable path, and 
f:G—>C is continuous then for every «>0 there is a polygonal path Y in G 
such that T(a)= y(a), T(b) = y(6), and |f, f-frfi<e. 


Proof. Case I. Suppose G is an open disk. Since {y} 1s a compact set, 
d= dist(( y};, 0G) > 0. It follows that if G= B(c;r) then {y}< B(c; p) where 
p=r-—4d. The reason for passing to this smaller disk is that fis uniformly 
continuous in B(c: p)<G. Hence without loss of generality it can be 
assumed that f is uniformly continuous on G. Choose 6 >0 such that 
| f(z)—f(w)|<e whenever |z—w|<6. If y:[a,5]-C then y is uniformly 
continuous so there is a partition {tg<t,<...<4,} of [a,5] such that 


1.19a ly(s) — y(t)| < 6/2 
if t, ,<s,t<t¢,; and such that for 4,_, <7, <t, we have 


1.20 


le = fy) VG) acre D <€ 
Define l:[a,b]-C by 
P= [a D1) #140] 


if t,_, <t<z,. So on [4,_,,4,], T() traces out the straight line segment 
from y(t, _,) to y(t,); that is, [ is a polygonal path in G. From (1.19a) 
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1.21 TQ)-ya)/<6 fori, ,<tst. 


Since [- f= (°F ())T'(a)dt it follows that 


YG) ~— WK) 
Ey TE | 


i‘ f(LCd)) at 


A 4 


Using (1.20) we obtain 


-fs 


sSée+ 


3 seer] fF 


SOSH Jou STO) fry) a. 


k= | 


Applying (1.21) to the integrand gives 


cage, 


The proof of Case I now follows. 


n 


> W717 a) Se VG). 
k=! 


tc... 


Case II. G is arbitrary. Since {y} is compact there is a number r with 
O0<r<dist({y},dG). Choose 6 >0 such that |y(s)— y(9)| <r when |s—¢|< 
6. If P={t)<4,<...<4,} is a partition of [a,5] with ||P||<6 then 
ly(O-yk_pi<r for t,_,<¢t<t,. That is if y,:[4,_,,4,|-~G 1s defined by 
‘y,(@)= yd) then {y,}<o B(y(@,_,):7) for [sk Sn. By Case I there is a 
polygonal path [, :[¢,_,,¢,] ~ B(y(,_,); 7) such that ,(¢,_,) = y(@,_ 1), 
i = YU), and | {,,f— — <e/n. Tf P(t) = E(t) on [t,_ , ¢,] then 


Proof of Theorem 1.18. Case I. y:[a,b|-C is Piece smooth. Then j_f = 


fhaMyOdad = CFO) @d = (2(FevMdt = F(y(6)) = 
F(y(a))= F(B)— F(a) by the Fundamental Theorem of Calculus 


Case II The General Case. lf €>0 then Lemma 1.19 implies there is a 
polygonal path I from a to £ such that |/,f-- J; f|}<e. But [ is piecewise 
smooth, SO by Case I fy, f= F(B)— F(a). Hence gl [F( B)— F(a)]| <e; 


The use of Lemma 1.19 in ‘the proof of coven 1.18 to pass from the 
piecewise smooth case to the rectifiable case is typical of many proofs of 
results on line integrals. We shall see applications of Lemma 1.19 in the 
future. 

A curve y: [a, 6] ~ C is said to be closed if y(a) = y(6). 


1.22 Corollary. Let G, y, and f satisfy the same hypothesis as in Theorem 
1.18. If y is a closed curve then 


[r=c 
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The Fundamental Theorem of Calculus says that each continuous 
function has a primitive. This is far from being true for functions of a 
complex variable. For example let f(z) = |z|* = x*+y*. If F is a primitive 
of f then F is analytic. So if F = U+iV then x*+y* = F'(x+iy). Now, 
using the Cauchy-Riemann equations, 


ou 
But = 0 implies that U(x, y) = u(x) for some differentiable function u. 


acs ee ee ae alk 
But this gives x°+y* = —- = u(x), a clear contradiction. Another way to 
Cc 
see that |z|* does not have a primitive is to apply Theorem 1.18 (see Exercise 
8). 


Exercises 


1. Let y: [a, b] > R be non decreasing. Show that y is of bounded variation 
and V(y) = y()—y(@). 

2. Prove Proposition 1.2. 

3. Prove Proposition 1.7. 

4. Prove Proposition 1.8 (Use induction). 

5. Let y(t) = exp ((—1+/)t7') for 0 < ¢ < 1 and (0) = 0. Show that y is 
a rectifiable path and find V(y). Give a rough sketch of the trace of y. 

6. Show that if y; [a, 5] ~ C is a Lipschitz function then y is of bounded 
variation. 


I 
7. Show that y: [0, 1] ~ C, defined by y() = ¢+it sin 7 for ¢ #0 and 


y(0) = 0, is a path but is not rectifiable. Sketch this path. 
8. Let » and o be the two polygons [1, i] and [1, 1+/, i]. Express y and o as 
paths and calculate [, f and |, f where f(z) = |z]’. 


9. Define y: [0, 27] ~ C by y(t) = exp (int) where n is some integer (positive, 


1 
negative, or zero). Show that | ~ dz = 2zin. 
Z 
y 
10. Define y(t) = e for 0 < t < 2 and find (, z" dz for every integer n. 
11. Let y be the closed polygon [1—7, 1+i, —1+i, —1—i, 1—i]. Find 


l 
| tae 
02 


12. Let /(r) = | a dz where y: [0, 7] -> C is defined by y(t) = re’. Show 

Zz 
¥ 

that lim /(r) = 0. 


13. Find {, z * dz where: (a) y is the upper half of the unit circle from 
+1 to —1: (b) y1s the lower half of the unit circle from +1 to —1. 
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14. Prove that if @: [a, 6] > [c, d] is continuous and g(a) = c, o(6) = d 
then ¢ is one-one iff ¢ is strictly increasing. 

15. Show that the relation in Definition 1.16 is an equivalence relation. 
16. Show that if y and o are equivalent rectifiable paths then V(y) = V(c). 
17. Show that if y: [a, 6] > C is a path then there is an equivalent path 
ao: {0, 1] > C. 

18. Prove Proposition 1.17. 

19. Let y(t) = 1+ e" for0 <1 < 2m and find [, 

20. Let y(t) = 2e" for —7 <¢ < m and find f,(z* — 1)7' dz. 

21. Show that if F, and F;, are primitives for f: G — C and G is open and 
connected then there is a constant ¢ such that F,(z) = c + F,(z) for each z 
in G. 

22. Let y be a closed rectifiable curve in an open set G and a € G. Show 
that for n> 2, Jo (2 a)" dz = 0. 

23. Prove the following integration by parts formula. Let f and g be 
analytic in G and let y be a rectifiable curve from a to b in G. Then 


Lie =F) 20) = (a) ea) =f 8. 


(2? — 1) ' az. 
: 


§2. Power series representation of analytic functions 


In this section we will see that a function {, analytic in an open set G, 
has a power series expansion about each point of G. In particular, an analytic 
function is infinitely differentiable. 

We begin by proving Leibniz’s rule from Advanced Calculus. 


2.1 Proposition. Let ~: [a, b] x [c, d] > C be a continuous function and define 
g:[c, dJ> C by 


b 
2.2 g(t) = | ys, t) ds. 


op 
Then g is continuous. Moreover, if oF exists and is a continuous function on 


[a, b] x [c, d] then g is continuously differentiable and 


b 


2.3 ro= | Fone 


& 


Proof. The proof that g is continuous is left as an exercise. Notice that if we 
prove that g is differentiable with g’ given by formula (2.3) then it will follow 


; op . , 
from the first part that g’ is continuous since 7 is continuous. Hence, we 


need only verify formula (2.3). 
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Fix a point ty in [c, d] and let « > 0, Denote 7 by ¢,; it follows 


that », must be uniformly continuous on [a, b] x [c, d]. Thus, there is a 5 > 0 
such that |p,(s’, t’))—@2(s, D| < « whenever (s—s’)?+(t—t’)* < 6%. In 
particular 


2.4 lp2(s, t)~ 92(5, to)| < « 


whenever |t—?t,| < 86 and a < s < b. This gives that for |t—f)| < 6 and 
a<s<b, 


2.5 | [p2(s, 7)— als, to)] dr] < lt to). 


But for a fixed s in [a, 5] O(t) = o(s, t)—~te~,(s, to) is a primitive of ~,(s, t)— 
(Ss, to). By combining the Fundamental Theorem of Calculus with in- 
equality (2.5), it follows that 


p(s, t)— (5, to) —(t—- to) pals, to)| S€ |t—To| 


for any s when |t—f,)| < 5. But from the definition of g this gives 


5 
- — | 2s, to) ds} < (6-2) 
t—to 7 


when 0 < [f—f,/ < 4. 
This result can be used to prove that 


|x ds=2n if |z| <1. 
iA 


0 


Actually, we will need this formula in the proof of the next proposition. 


is 


Let ofs, t) = 


s_ forO < ¢ < 1,0 < s < 27; (Note that » is continuously 
e*— tz 

differentiable because |z| < 1.) Hence g(t) = {§" (s, 1) ds is continuously 
differentiable. Also, g(0) = 27; so if it can be shown that g is a constant, 


then 27 = g(1) and the desired result is obtained. 


Now 
2k . 
ze’ 
“(t) = | ———- ds: 
g(t) igs 
0 


but for ¢ fixed, ®(s) = zi(e*—1z)~' has '(s) = —zi(e"*—12)~*(ie*) = 
ze(e’—1z)~*. Hence g’(t) = ®(27)—®(0) = 0, so g must be a constant. 
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The next result, although very important, is transitory. We will see a 
much more general result than this—Cauchy’s Integral Formula; a formula 
which is one of the essential facts of the theory. 


2.6 Proposition. Let f: G > C be analytic and suppose Bia; r) < G(r > 0). 
If x(t) = atre", 0 < t < 2x, then 


fl) = = ae 
w- a 


? 


for |z—al <r. 


l 
Proof. By considering G, = '; (z—a): Ze | and the function g(z) = f(a+ 


rz) we see that, without loss of generality, it may be assumed that a = 0 
and r = 1. That is we may assume that B(0; 1) < G. 


Fix z, |z| < 1; it must be shown that 


fe) = + |. aw 


ari J}w—zZ 
7 
2n 
] < is\ is 
re Caer 
an} es—z 
0 
that is, we want to show that 
2n ° « 
F(e)e”* 
are ds — 2nf(z) 


leona 
e's 


We will apply Leibniz’s rule by letting 


f(z+t(e'S—z))e's 


g(s,t) = as 


— f(); 


forO <¢+<1and0<s < 27m. Since |z + t(e’’ — z)| = |z(1 —t) + te”| < 
1, qg is well defined and is continuously differentiable. Let g(t) = 
i” p(s, t) ds; so g has a continuous derivative. 

The proposition will be proved if it can be shown that g(1) = 0; this is 
done by showing that 2(0) = 0 and that g is constant. To see that (0) = 0 


Power series representation of analytic functions 71 


compute: 


2n 


g(0) = | os, 0) ds 


2n is 


ds = 2m prior to the statement of this pro- 


since we showed that | - 
‘ene 

position. 
To show that g is constant compute g’. By Leibniz’s rule, g’(1) = (7 


p(s, t) ds where 
g2(s, t) = ef'(z+t(e*—2z)). 


However, for 0 < t <1 we have that ®(s) = —it7'f(z+t(e"—z)) is a 
primitive of ¢,(s, t). So g’(t) = (27) —®(0) = 0 for 0 < t < 1. Since g’ is 
continuous we have g’ = 0 and g must be a constant. 

How is this result used to get the power series expansion? The answer is 
that we use a geometric series. Let |z—a| < r and suppose that w is on the 
circle |w—a| = r. Then 


] I I 


1 oO 
ee ae DO OO Cia Z—aQ % 
Ww—-Z wWw-a 1-| 2) (w—a) - (=) 


Ww—-da 


since |z—a| < r = |w—a|. Now, multiplying both sides by [f(w)/2zi] and 
integrating around the circle y: |w—a| = r, the left hand side yields f(z) by the 
preceding proposition. The right hand side becomes—what? To find the 
answer we must know that we can distribute the integral through the infinite 
sum. 


2.7 Lemma. Let y be a rectifiable curve in C and suppose that F,, and F are 
continuous functions on {y}. If F = u-—lim F, on {y} then 


| F = lim | F,. 
Y Y 
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Proof. Let « > 0; then there is an integer N such that |F,(w)—F(w)| < «/V(y) 
for all w on {y} anda > N. But this Ae by Proposition 1.17(b), 


~ F,,) 


< | [F(")—F,0») law] 


? 


. 


whenever n > N. @& 


2.8 Theorem. Let f be analytic in Bla; R); then f(z) = > a,(z—a)" for 


A= 


l 
iz—al < R where a, = aes (a) and this series has radius of convergence > R. 
n! 


Proof. Let 0 <r < Rso that Bla; r) < Bla; R). If y(t) = at+re",0 <1 < 2z, 
then by Proposition 2.6, 
Jy = 5) i dw tor |z—al <r. 


Wi 
? 


But, since |[z—a] < r and w is on the circle {y}, 


|fQw)| |z—a" ot ( “y 


lw—a| ae 7 


z-al 


where M = max {|f(Gv)); |w-a) =r}. Since ~—— < I, the Weierstrass 
r 


M-test gives that S’ f(v) (z—a)"/(v—a)"*! converges uniformly for w on 
ty}. By Lemma 2.7 and the discussion preceding it 


2.9 f(z) = > [5 Jw (w i aw (z—a)" 
If we set 
a fw) 
n iJ w= ay! d Ww 


then a, is independent of z, and so eo) iS a power series which converges 
for |[z—al <r. 


| 
It follows (Proposition IIT. 2.5) that a, = = f(a), so that the value of a, 
n! 


is independent of y; that is, it is independent of r. So 


2.10 f{() = 3 a,(z—ay" 


for |z—a| < r. Since r was chosen arbitrarily, r < R, we have that (2.10) 
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holds for |z—a| < R; giving that the radius of convergence of (2.10) must 
be at least R. 


2.11 Corollary. If f: G > C is analytic and a¢ G then f(z) = > a,(z—a)" for 
lz—a| < R where R = d(a, 0G). : 


Proof. Since R = d(a, 8G), B(a; R) < G so that f is analytic on B(a; R). 
The result now follows from the theorem. 


2.12 Corollary. If f: G— C is analytic then f is infinitely differentiable. 
2.13 Corollary. If f: G —> C is analytic and B(a; r) < G then 


ni | f) 


2ni | (w—ay*! 
? 


f@) = 


where y(t) = at+re",0 <t < 2n. 


2.14 Cauchy’s Estimate. Let f be analytic in B(a; R) and suppose | f(z)| < M 
for all z in Bla; R). Then 


SPO) <a 


Proof. Since Corollary 2.13 applies with r < R, Proposition 1.17 implies 
that 


ni\ M J 
| f% Xa)| < ( sas -2er = as 


We will conclude this section by proving a proposition which is a special 
case of a more general result which will be presented later in this chapter. 


2.15 Proposition. Let f be analytic in the disk B( a; R) and suppose that y is 
a closed rectifiable curve in B(a; R). Then f has a primitive and hence 


[f=0. 


Proof. This is proved by showing that f has a primitive (Corollary 1.22). 
Now, by Theorem 2.8, f(z) = )) a,(z—a)" for |z—a| < R. Let 


F(z) = > (4 ) ear" = @-a) > (-* )e-ar 
0 


n=O 


Since lim (n+1)'” = 1, it follows that this power series has the same radius 
of convergence as ) a,(z—a)". Hence, F is defined on B(a; R). Moreover, 
F'(z) = f(z) for |z—a| < R. 


Exercises 


1. Show that the function defined by (2.2) is continuous. 
2. Prove the following analogue of Leibniz’s rule (this exercise will be 
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frequently used in the later sections.) Let G be an open set and let y be a 
rectifiable curve in C. Suppose that ~: {y}x G > C is a continuous function 
and define g: G-—>C by 


g(z) = | ow, 2) dw 


¥ 


G ; ; 
then g is continuous. If = exists for each (w, z) in {y} x G and is continuous 
Z 


then g is analytic and 


g(z) = | a (w, Zz) dw. 
OZ 
Y 


3. Suppose that y is a rectifiable curve in C and ¢ is defined and continuous 
on {y}. Use Exercise 2 to show that 


ete) = | 2 dw 
w—-Z 
y 
is analytic on C— {y} and 
n p(w) 
g' (z) = n! (w—2y""! dw. 
Y 
4. (a) Prove Abel’s Theorem: Let }'a, (z—a)”" have radius of convergence 1 
and suppose that }’ a, converges to A. Prove that 
lim ) a," = A. 
r-7i-— 
(Hint: Find a summation formula which is the analogue of integration by 
parts.) 
(b) Use Abel’s Theorem to prove that log 2 = 1-4+4-... 
5. Give the power series expansion of log z about z = i and find its radius of 
convergence. 7 
6. Give the power series expansion of \/z about z = 1 and find its radius of 
convergence. 
7. Use the results of this section to evaluate the following integrals: 


(a) | = dz, y(t) = e", O<t < 2z; 
¥ 
az ; 
(b) | : y(t) = at+re", O<t<2z; 
z—a 
y 
(c) [= dz, y(t) = e", O<t<2z; 
Zz 
? 


yA 


| 
(d) | Erde, y(t)=1+he", O<t < 20 andn20. 
? 
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8. Use a Mébius transformation to show that Proposition 2.15 holds if the 
disk B(a; R) is replaced by a half plane. 
9. Evaluate the — integrals: 


0 [8 


(b) lor ~ where n is a positive integer and y(t) =3 Lte! 0<t<2m; 


-- where n is a positive integer and y(r) = e",0 < t < 2n; 


iA 


(c) i where y(t) = 2e, 0 < ¢ < 2m. (Hint: expand (z7+1)7! 


y 
means of partial fractions); 


IA 


t< 20; 


(d) E ee dz where y(t) = e*, 0 
© ey — dz where y(t) = l+4te",0 < ¢ < 2r. 


z*+] 
10. Evaluate | 22244) 


¥ 
values of f,O0 <r <2and2 <r< o. 
11. Find the domain of analyticity of 


l 1+iz 
fe) = =. log(7) 


also, show that tan f(z) = z (i.e., fis a branch of arctan z). Show that 


dz where y(t) = re’, 0 < t < 2m, for all possible 


f(z) = yr - for Iz) <1 
(Hint: see Exercise III. 3.19.) 
12. Show that 
sccz=1+ Pz i 
¥ (2k)! 
for some constants E,, E,,---. These numbers are called Euler’s numbers. 


What is the radius of convergence of this series? Use the fact that 1 = cos z 
sec z to show that 


an 2n 
En-(5." 9) Bae +(,, ” Banat a 6 Ee) =(). 


Evaluate E,, E,, Eg, Eg. (Eyo = 50521 and E,, = 2702765). 
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e* —] 


about zero and determine its radius 


13. Find the series expansion of 


of convergence. Consider f(z) = a and let 
eC. a 


fa=> 


ee 
k! 
k=0 


be its power series expansion about zero. What is the radius of convergence? 


Show that 
O= da) + e ‘Jar pied +("F ay 


Using the fact that f(z)+4z is an even function show that a, = 0 for k odd 
and k > 1. The numbers B,, = (—1)"~‘a,, are called the Bernoulli numbers 
form > 1. Calculate B,, By,- +B, o. 
i4. Find the power series expansion of tan z about z = 0, expressing the 
coefficients in terms of Bernoulli numbers. (Hint: use Exercise 13 and the 
formula cot 2z = 4 cot z—4 tan z.) 


§3. Zeros of an analytic function 


If p(z) and g(z) are two polynomials then it is well known that 
P(Z) = 5 (Z)q(z)+7r(z) where s(z) and r(z) are also polynomials and the degree 
of r(z) is less than the degree of q(z). In particular, if a is such that p(a) = 0 
then choose (z—a) for g(z). Hence, p(z) = (z—a)s(z)+r(z) and r(z) must 
be a constant polynomial. But letting z = a gives 0 = p(a) = r(a). Thus, 
p(z) = (z—a)s(z). If we also have that s(a) = 0 we can factor (z—a) from 
s(z). Continuing we get p(z) = (z—a)” t(z) where 1 < m < degree of p(z), 
and f(z) is a polynomial such that t(a) 4 0. Also, degree t(z) = degree 
p(z)—m. 


3.1 Definition. If f: G — C is analytic and a in G satisfies f(a) = 0 then a 
is a zero of f of multiplicity m > | if there is an analytic function g: G > C 
such that f(z) = (z—a)"s(z) where g(a) # 0. 

Returning to the discussion of polynomials, we have that the multiplicity 
of a zero of a polynomial must be less than the degree of the polynomial. 
If n = the degree of the polynomial p(z) and a,,..., a, are all the distinct 
zeros of p(z) then p(z) = (z~—a,)"'- + -(z2—a,)""s(z) where s(z) is a polynomial 
with no zeros. Now the Fundamental Theorem of Algebra says that a 
polynomial with no zeros is constant. Hence, if we can prove this result we 
will have succeeded in completely factoring p(z) into the product of first 
degree polynomials. The reader might be pleasantly surprised to know that 
after many years of studying Mathematics he is right now on the threshold 
of proving the Fundamental Theorem of Algebra. But first it is necessary to 
prove a famous result about analytic functions. It is also convenient to 
introduce some new terminology. 
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3.2 Definition. An entire function is a function which is defined and analytic 
in the whole complex plane C. (The term “integral function” js also used.) 

The following result follows from Theorem 2.8 and the fact that C 
contains B(O; R) for arbitrarily large RK. 


3.3 Proposition. Jf f is an entire function then f has a power series expansion 


with infinite radius of convergence. 

In light of the preceding proposition, entire functions can be considered 
as polynomials of “infinite degree’. So the question arises: can the theory of 
polynomials be generalized to entire functions? For example, can an entire 
function be factored? The answer to this is difficult and is postponed to 
Section VII. 5. Another property of polynomials is that no non constant 
polynomial is bounded. Indeed, if p(z) = z"+a,_,2" '+-:-+++a@o then 
lim p(z) = lim z” [l+a,_,z > '+°+-°*+a9z "] = o. The fact that this also 


Z—> @ 2~> D 


holds for entire functions is an extremely useful result. 


3.4 Liouville’s Theorem. Jf f is a bounded entire function then f is constant. 
Proof. Suppose | f(z)| < M for all z in C. We will show that f(z) = 0 for 
all z in C. To do this use Cauchy’s Estimate (Corollary 2.14). Since / is 
analytic in any disk B(z; R) we have that | f’(z)| < M/R. Since R was arbi- 
trary, it follows that f(z) = 0 for each z in C. 

The reader should not be deceived into thinking that this theorem is 
insignificant because it has such a short proof. We have expended a great 
deal of effort building up machinery and increasing our knowledge of analytic 
functions. We have plowed, planted, and fertilized; we shouldn’t be surprised 
if, occasionally, something is available for easy picking. 

Liouville’s Theorem will be better appreciated in the following applica- 
tion. 


3.5 Fundamental Theorem of Algebra. If p(z) is a non constant polynomial 
then there is a complex number a with p(a) = 0. 


Proof. Suppose p(z) # 0 for all z and let f(z) = [p(z)]~'; then fis an entire 
function. If p is not constant then, as was shown above, lim p(z) = ©; 


so lim f(z) = 0. In particular, there is a number R > 0 such that | /(z)| < 1 


Z2->D 
if |z| > R. But fis continuous on B(O; R) so there is a constant M such that 
|f(z)| < M for |zZ| < R. Hence fis bounded and, therefore, must be constant 
by Liouville’s theorem. It follows that p must be constant, contradicting our 
assumption. 


3.6 Corollary. [f p(z) is a polynomial and a,,..., G, are its zeros with a, 
having multiplicity k, then p(z) = c(z—a,)"- + -(z—a,,)*™ for some constant c 
and k,+--+-+k,, is the degree of p. 

Returning to the analogy between entire functions and polynomials, the 
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reader should be warned that this cannot be taken too far. For example, if p 
is a polynomial and ae C then there is a number z with p(z) = a. In fact, 
this follows from the Fundamental Theorem of Algebra by considering the 
polynomial p(z)—a. However the exponential function fails to have this 
property since it does not assume the value zero. (Nevertheless, we are able 
to show that this is the worst that can happen. That is, a function analytic 
in C omits at most one value. This is known as Picard’s Little Theorem and 
will be proved later.) Moreover, no one should begin to make an analogy 
between analytic functions in an open set G and a polynomial p defined on 
C; rather, you should only think of the polynomials as defined on G. 
For example, let 


f(z) = cos te! Iz] < 1, 


+ 
maps D = {z: |z|< 1} onto G= {z: Rez > 0}. The 
soe 


na — 2 
zeros of f are the points 5 : nis odd and positive): so f has in- 


] 
Notice that j 


nw + 
finitely many zeros. However, as n — oo the zeros approach 1 which is not 


in the domain of analyticity D. This is the story for the most general case. 


3.7 Theorem. Let G be a connected open set and let f: G -> C be an analytic 
function. Then the following are equivalent statements: 

(a) f = 0; 

(b) there is a point a in G such that f(a) = 0 for each n > 0; 

(c) {zeG: f(z) = 0} has a limit point in G. 


Proof. Clearly (a) implies both (b) and (c). (c) implies (b): Let ae G and a 
limit point of Z = {zeG: f(z) = 0}, and let R > 0 be such that B(a; R) < 
G. Since a is a limit point of Z and fis continuous it follows that f(a) = 0. 
Suppose there is an integer n > 1 such that f(a) = f(a) =--- = f(a) 
= 0 and f(a) # 0. Expanding f in power series about a gives that 


fe) = ¥, a(e—a 
for |z—al| < R.If 


g(z) = d a,(z—a)*~" 

then g is analytic in B(a; R), f(z) = (z—a)"2(z), and g(a) = a, # 0. Since 
g is analytic (and therefore continuous) in B(a; R) we can find anr,0 < r < 
R, such that g(z) # 0 for |z—a| < r. But since a is a limit point of Z there 
is a point b with f(b) = 0 and 0 < |b—al| < r. This gives 0 = (b—a)"g(b) 
and so g(b) = 0, a contradiction. Hence no such integer can be found; 
this proves part (b). 

(b) implies (a): Let A = {zeG: f(z) = 0 for all » > 03. From the 
hypothesis of (b) we have that A # (]. We will show that A is both open 
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and closed in G; by the connectedness of G it will follow that A must be G 
and so f = 0. To see that A is closed let ze A~ and let z, be a sequence in 
A such that z= lim z, Since each f” is continuous it follows that 
f(z) = lim f(z,) = 0. So ze A and A is closed. 

To see that A is open, let a¢ A and let R > O be such that Bia; R) < G. 


1 
Then f(z) = 2 a,(z—a)" for |z—a| < R where a, = f(a) = 0 for each 
n> 0. Hence f(z) =0 for all z in B(a; R) and, yeaa Bla; R) 


3.8 Corollary. Jf f and g are analytic on a region G then f = g iff {zeG: 
F(z) = g(z)} has a limit point in G. 

This follows by applying the preceding theorem to the analytic function 
=e. 
3.9 Corollary. If f is analytic on an open connected set G and f is not identi- 
cally zero then for each a in G with f(a) = 0 there is an integer n > 1 and an 
analytic function g: G > C such that g(a) # 0 and f(z) = (z—a)"g(z) for all 
z in G. That is, each zero of f has finite multiplicity. 


Proof. Let n be the largest integer (= 1) such that f(a) = Ofor0 <k <n 
and define g(z) = (z — a) "f(z) for z # a and g(a) = f(a). Then g 


is clearly analytic in G — {a}; to see that g is analytic in G it need only be 
shown to be analytic in a a eat of a. ‘This 1 18 sag ts by using 


3.10 Corollary. /f f: G — C is analytic and not constant, ae G, and f(a) = 0 
then there isan R > O such that B(a; R) ¢ iced # Ofor0 < |z—al < R. 


There is one instance where the analogy between polynomials and analytic 
functions works in reverse. That is, there is a property of analytic functions 
which is not so transparent for polynomials. 


3.11 Maximum Modulus Theorem. /f G is a region and f: G — C is an analytic 
function such that there is a point a in G with | f(a)| = |f(2)| for all z in G, then 
f is constant. 


Proof. Let B(a; r) < G, y(t) = atre" for 0 < t < 27; according to Pro- 
position 2.6 


fa) = = | 2 dw 
2ni | w—-a 


2 
= 5, | fate dt 
20 
0 
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Hence 


25 


sa) <b | iflatre")| dt < [f(a) 


since | f(a+re'')| < | f(a)| for all #. This gives that 


0 =| [f(@|-|flatre')|] ar; 


but since the integrand is non-negative it follows that | f(a)! = |f(a+re")| 
for all ¢. Moreover, since r was arbitrary, we have that f maps any disk 
Bia; R) < G into the circle |z| = |x| where « = f(a). But this implies that £ 
is constant on B(a; R) (Exercise II. 3.17). In particular f(z) = « for |z—al 
< R. According to Corollary 3.8, f = «a. 

According to the Maximum Modulus Theorem, a non-constant analytic 
function on a region cannot assume its maximum modulus; this fact is far 
from obvious even in the case of polynomials. The consequences of this 
theorem are far reaching; some of these, along with a closer examination of 
the Maximum Modulus Theorem, are presented in Chapter VI. (Actually, 
the reader at this point can proceed to Sections VI. 1 and VI. 2.) 


Exercises 


1. Let f be an entire function and suppose there is a constant M, an R > 0, 
and an integer n > 1 such that | f(z)} < M|z|" for |z| > R. Show that fis a 
polynomial of degree < n. 

2. Give an example to show that G must be assumed to be connected in 
Theorem 3.7. 

3. Find all entire functions f such that f(x) = e* for x in R. 

4. Prove that e**° = e*e* by applying Corollary 3.8. 

5. Prove that cos (a+ 6) = cos acos b—sin asin 5 by applying Corollary 3.8. 
6. Let G be a region and suppose that f: G > C is analytic and ae G such 
that | f(a)| < |/f(z)| for all z in G. Show that either f(a) = 0 or fis constant. 
7. Give an elementary proof of the Maximum Modulus Theorem for 
polynomials. 

8. Let G be a region and let f and g be analytic functions on G such that 
f(z)g(z) = 0 for all z in G. Show that either f = 0 or g = 0. 

9. Let U: C — R be a harmonic function such that U(z) > 0 for all z in C: 
prove that U is constant. 

10. Show that if f and g are analytic functions on a region G such that fg is 
analytic then either fis constant or g = 0. 


§4. The index of a closed curve 


It is easy to see that |,(z — a)~' dz = 2nin if y(t) =at+e?™",O0<1t< 1. 
The following result shows that this is not peculiar to the path y. 
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4.1 Proposition. /f y:[0, 1]>C is a closed rectifiable curve and a ¢ {y} then 
l dz 


ami } z2-a 
Y 


is an integer. 


Proof. An easy argument using Lemma 1.19 shows that it suffices to prove 
this proposition under the additional assumption that y is smooth. In this 
case define g: [0,1] ~ C by 


ys) 
= | ——-q 
g(t) leas s 


Hence, g(0)=0 and g(1)=J,(z— a) ‘dz. We also have that 
yO 


(t= 7 for O<7r<l. 
g(t) Cea 


But this gives 
ae WY Gae ye ey a) 


=e *{y'—y'(y-a) '(y-a)| 

= () 
So e 8(y-a) is the constant function e 8%y(0)—a)= y(0)-—a= 
e 8 y(1)— a). Since y(0)= y(1) we have that e ~8") = | or that g(1) = 2aik 


4.2 Definition. If y is a closed rectifiable curve in C then for a ¢ {y} 
ae ee ae 
n(y;a)= = Kc a) dz 


is called the index of y with respect to the point a. It is also sometimes 
called the winding number of y around a. 

Recall that if y:[0,1]>C is a curve, —y or y~' is the curve defined by 
(—yt)=yU—2) (this is actually a reparametrization of the original 
definition). Also if y and o are curves defined on [0, 1] with y(1)=o(0) then 
y+o is the curve (y+o)(t)=y(2t) if O<¢<4 and (y+o)(t)=o(2t—1) if 
+<t< 1. The proof of the following proposition is left to the reader. 


4.3 Proposition. If y and o are closed rectifiable curves having the same 
initial points then 

(a) n(y;a)= —n(— y:a) for every a ¢ {y}; 

(b) n(y + 0;a)=n(y;a)+n(o0;a) for every a ¢ {y} Ufo}. 

Why is n(y; a) called the winding number of y about a? As was said 
before if y(t)=a+e?"'" for OS1S1 then n(y; a)=n. In fact if |lb-al<l 
then n(y;5)=n and if |b—a|>1 then n(y;b)=0. This can be shown 
directly or one can invoke Theorem 4.4 below. So at least in this case 
n(y; 6) measures the number of times y wraps around b— with the minus 
sign indicating that the curve goes in the clockwise direction. 
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The following discussion is intuitive and mathematically imprecise. 
Actually, with a little more sophistication this discussion can be corrected 
and gives insight into the Argument Principle (V.3). 

If y 1s smooth then 


ey oe 
[era de= | rer 


Taking inspiration from calculus one is tempted to write /,(z — a) ‘dz = 
logly(t) — a]j{=j. Since y(1) = y(0), this would always give zero. The 
difficulty lies in the fact that y(t) — @ is complex valued and unless 
y(t) — a lies in a region on which a branch of the logarithm can be defined, 
the above inspiration turns out to be only so much hot air. In fact if y 
wraps around the point a then we cannot define log( y(t) — a) since there is 
no analytic branch of the logarithm defined on C — {a}. 

Nevertheless there is a correct interpretation of the preceding discus- 
sion. If we think of logz=logiz|+iargz as defined then 


[@-a la =log| y(1)— a] —log[ y(0)—a]= 
{log} y(1) — a| —log|y(0)— a|} +i { arg] y(1)—a] ~arg[ y(0)—a]}. 


Since the difficulty in defining logz is in choosing the correct value of 
argz, we can think of the real part of the last expression as equal to zero. 
Since y(1)= y(O) it must be that even with the ambiguity in defining argz, 
arg[y(1)— a]—arg[y(0)— a] must equal an integral multiple of 27, and 
furthermore this integer counts the number of times y wraps around a. 

Let y be a closed rectifiable curve and consider the open set G=C — 
{y}. Since {y} 1s compact {z:|z|>R}cG for some sufficiently large R. 
This says that G has one, and only one, unbounded component. 


4.4 Theorem. Let y be a closed rectifiable curve in ©. Then n(y;a) is 
constant for a belonging to a component of G= C— {y}. Also, n(y;a)=0 for 
a belonging to the unbounded component of G. 


Proof. Define f: GC by f(a)=n(y;a). It will be shown that fis continu- 
ous. If this is done then it follows that f(D) is connected for each 
component D of G. But since f(G) is contained in the set of integers it 
follows that f(D) reduces to a single point. That is, f is constant on D. 
To show that f is continuous recall that the components of G are open 
(Theorem II. 2.9). Fix a in G and let r=d(a,{y}). If |a—b|<8<$r then 


f(a)— f(b) = se | [ [(e-a)"'= (2b) ae 
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But for ja~b|<5r and z on {y} we have that |z—al2r> jr and 


|z~b|>4r. It follows that f(a) — f(b) < 2% V(y). So if €>0 1s given 
ur 


then, by choosing 6 to be smaller than 57 and (ar’e)/2V(y), we see that f 
must be continuous. (Also, see Exercise 2.3.) 

Now let U be the unbounded component of G. As was mentioned before 
the theorem there is an R > 0 such that U > {z: |z| > R}. Ife > 0 choose 
a with |a| > R and |z — al > (27€)"'V(y) uniformly for z on {y}; then 
In(y; a)| < e. That is, n(y; a) > 0 as a > oo. Since n(y; a) is constant on 


U/, it must be zero. & 


Exercises 


1. Prove Proposition 4.3. 

2. Give an example of a closed rectifiable curve y in C such that for any 
integer k there is a point a € {y} with n(y; a)=k 

3. Let p(z) be a polynomial of degree n and let R > 0 be sufficiently large 
so that p never vanishes in {z:|z| > R}. If y(t) = Re", O< t < 2x, show 


that pre 2D iy. 
“pz 


4. Fix w=re”#0 and let y be a rectifiable pat in C— {0} from | to w. 
Show that there is an integer A such that /,z~'dz =logr + i@ + 27ik. 


85. Cauchy's Theorem and Integral Formula 


We have already proved Cauchy’s Theorem for functions analytic in a 
disk: if G is an open disk then /,f=0 for any analytic function f on G and 
any closed rectifiable curve y in G (Proposition 2.15). For which regions G 
does this result remain valid? There are regions for which the result is 
false. For example, if G=C— {0} and f(z)=z7~! then y(t)=e" for OS 74 
2m gives that {,f=27i. The difficulty with C — {0} is the presence of a hole 
(namely {0}). In the next section it will be shown that {,f=0 for every 
analytic function f and every closed rectifiable curve y in regions G that 
have no “holes.” 

In the present section we adopt a different approach. Fix a region G 
and an analytic function f on G. Is there a condition on a closed rectifiable 
curve y such that /,f=0? The answer is furnished by the index of y with 
respect to points outside G. Before presenting this result we need the 
following lemma. (This has already been seen in Exercise 2.3.) 


3.1 Lemma. Let y be a rectifiable curve and suppose » is a function defined 
and continuous on {y}. For each m2 1 let F_,(z)= fyPplw)(w — z)~" dw for 
z ¢ {y}. Then each F,, is analytic on C ~ {y} and F‘ ” (z) = mF, (2). 


Proof. We first claim that each F,, is continuous. In fact, this follows in the 
Same way that we showed that the index was continuous (see the proof of 
Theorem 4.4). One need only observe that, since {y} is compact, @ is 
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bounded there: and use the factorization. 


a Sa a 
(wa) pea) eee 
1 a, 
(w—z)”"(w-a) (w—z)""'(w-aly 


§.2 =(z—a) 


(w=7e=a)e 
The details are left to the reader. 
Now fix ain G=C-— {y} and let z e¢ G, z#a. It follows from (5.2) that 


Por. Gs rea ee 
53 F(Z) ~ Fa (a) -[(—— oe o +f p(w)(w — a) 7 
z—-a >. ree) w—-2Z 


k 


a 


Since a ¢{y}, p(w)(w— a)“ 1s continuous on (y} for each k. By the first 
part of this proof (the part left to the reader), each integral on the nght 
hand side of (5.3) defines a continuous function of z,z in G. Hence letting 
z—a, (5.3) gives that the limit exists and 


(is ae ae 
ad : (w—a)"*! 


F,, (a) 


5.4 Cauchy’s Integral Formula (First Version). Le: G be an open subset of 
the plane and f:G—>C an analytic function. If y is a closed rectifiable curve 
in G such that n(y;w)=0 for all w in C—G, then for a in G—(y} 


n(y:a)flaj= se [22 


dz. 
Deon 

; 
Proof. Define 9: G X GC by o(z.w)=[f(z)—f(w)]|/(z — w) if zw and 
p(z,z)=f(z). It follows that gm is continuous; and for each w in G, 
z—g(z,w) is analytic (Exercise 1). Let H={we C:n(y;w)=0}. Since 
n(y;w) iS a continuous integer-valued function of w, H 1s open. Moreover 
HUG=C by the hypothesis. 

Define g:C--C by g(z)=J/,p(z,w)dw if zeG and g(z)=f,(w- 
z) 'f(w)ydw if ze H. If ze GOH then 


[e(z.w) dw = [Pee ay 


=f “- dw — f(z)n(y;z)2a 


f(w) 


Hence g is a well-defined function. 


dw. 
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By Lemma 5.1 gis analytic on H and by an analogue of Leibniz’s rule (for 
example, see Exercise 2.2) g is analytic on G; that is, g is an entire function. But 
Theorem 4.4 implies that H contains a neighborhood of o in C,,. Since f 


is bounded on {y} and jim (w—z)7~'=0 uniformly for w in {y}, 
| —— f(w) 
§.5 dim g(z)= lim ij ee dw = 0. 
Y 


In particular (5.5) implies there is an R >O such that \g(z)| <1 for 
\z| 2 R. Since g is bounded on B(0; R) it follows that g is a bounded entire 
function. Hence g is constant by Liouville’s Theorem. But then (5.5) says 
that g=0. That is, if ae G—{y} then 


z—-a 


F(z) 
- [ e-10 f 


This proves the theorem. 

Often there is a need for a more general version of Cauchy’s Integral 
Formula that involves more than one curve. For example in dealing with 
an annulus one needs a formula involving two curves. 


0 


5.6 Cauchy’s Integral Formula (Second Version). Let G be an open subset of 
the plane and f: G —~ C an analytic function. If y,,..- Yn, are Closed rectifiable 
curves in G such that n(y,;w) + --+ + n(y,,3 W) = 0 for all w in C — G, 
then forainG- UT ify} 


. m . _ ~ | f ( z) 
f (a) 2 n(¥y3 a) ae ai z~a 


dz. 


Proof. The proof follows the lines of Theorem 5.4. Define g(z, w) as it was done 
there and let H = {w:n(y,;w) +--+ + 7()_3) = 0}. Now g(z) is defined as 
in the proof of (5.4) except that the sum of the integrals over y,, ..., Ym 18 


Though an easy corollary of the preceding theorem, the next result 1s 
very important in the development of the theory of analytic functions. 


5.7 Cauchy’s Theorem (First Version). Let G be an open subset of the plane 
and f:G-—>C€ an analytic function. If y,,..., y,, are Closed rectifiable curves in 
G such that n(y,;w)+--+ +(y,,3~)=90 for all win C—G then 


Let G={z:R,<|z|< R,} and define curves y, and y, in G by y,(4)= 
ne", y()=rne—" for OStS27, where R,<r,<ry<R, If [wl <R,, 
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n(yyiw)=l=— nly: w); if |w] = R, then n(y,; w)=n(y.; w) =0. So nly,: ) 
+n(y,;w)=0 for all w in C—G. 


5.8 Theorem. Let G be an open subset of the plane and f:G-—>C an analytic 


function. If y,,..., ¥,, are Closed rectifiable curves in G such that n(y,;w) 
+--+ +n(y,,5w)=0 for all win C- G then for ain G—{y} and k= | 

nad mt . Aa y ) 

f(a) D alyia=k! D | I dz. 


a ay 271i se) + | 


Proof. This follows immediately by differentiating both sides of the for- 
mula in Theorem 5.6 and applying Lemma 5.1. 


5.9 Corollary. Let G be an open set and f:G->C an analytic function. If y is 
a closed rectifiable curve in G such that n(y:w)=0 for all w in C—G then 
forainG-—{y} 
f(aynlyia)= Ke im dz. 
DaTI : (z—a)**! 

Cauchy’s Theorem and Integral Formula is the basic result of 
complex analysis. With a result that is so fundamental to an entire theory 
it is usual in mathematics to seek the outer limits of the theorem’s validity. 
Are there other functions that satisfy {,f=0 for all closed curves y? The 
answer is no as the following converse to Cauchy’s Theorem shows. 

A closed path 7 is said to be triangular if it is polygonal and has three 
sides. 


5.10 Morera’s Theorem. Ler G be a region and let f:G—C be a continuous 
function such that | ,f=90 for every triangular path T in G; then f is analytic 
in G. 


Proof. First observe that f will be shown to be analytic if it can be proved 
that f is analytic on each open disk contained in G. Hence, without loss of 
generality, we may assume G to be an open disk; suppose G= B(a; R). 

Use the hypothesis to prove that f has a primitive. For z in G define 
F(z)= Jig.) f- Fix z) in G; then for any point z in G the hypothesis gives 
that! (2) Sy sif Pie oJ Hence 


F(z)— F(Z) ee i 
[ 


This gives 
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But by taking absolute values 


F(z) ~ F(Zo) 


~ f(zo)} s sup{ |f(w) — f(zo) i w € Lz, 20]} 


which shows that 


Exercises 


1. Suppose f: G->C is analytic and define g:G X GC by ¢(z,w)=[/(z) 
~ f(w)|(z — w)7! if zw and ¢(z,z)= f(z). Prove that p is continuous and 
for each fixed w, z->g(z,w) 1s analytic. 

2. Give the details of the proof of Theorem 5.6. 

3. Let B, = B(+1;4), G = B(O; 3) — (B, U B_). Let y,,72,y3 be curves 
whose traces are |z—1|=1, |z+1|/=1, and |z|=2, respectively. Give y,, v2, 
and y,; orientations such that n(y,;w)+ n(y.; w)+n(y3; w)=0 for all w in 
C-—G. 

4. Show that the Integral Formula follows from Cauchy’s Theorem. 

5. Let y be a closed rectifiable curve in C and a ¢ {y}. Show that for n22 
(za) "dz=0. 

6. Let f be analytic on D= B(O; 1) and suppose | f(z)| <1 for |z| <1. Show 
f'(0)| S1. : 


7. Let y(O=I1+e" for O<1<27. Find L(y )e for all positive in- 


tegers n. 

8. Let G be a region and suppose f,:G-—>C is analytic for each n2 1. 
Suppose that { f,} converges uniformly to a function f:G—>C Show that f 
is analytic. 

9. Show that if f:C-—>C is a continuous function such that f is analytic off 
{—1,1] then fis an entire function. 

10. Use Cauchy’s Integral Formula to prove the Cayley-Hamilton Theo- 
rem: If A is ann Xn matrix over C and f(z)=det(z — A) is the characteris- 
tic polynomial of A then f(A)=0. (This exercise was taken from a paper 
by C. A. McCarthy, Amer. Math. Monthly, 82 (1975), 390-391). 


# 
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§6 The homotopic version of Cauchy’s Theorem 


This section presents a condition on a closed curve y such that /,f=0 
for an analytic function. This condition is less general but more geometric 
than the winding number condition of Theorem 5.7. This condition is also 
used to introduce the concept of a simply connected region; in a simply 
connected region Cauchy’s Theorem is valid for every analytic function 
and every closed rectifiable curve. Let us illustrate this condition by 
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considering a closed rectifiable curve in a disk, a region where Cauchy’s 
Theorem is always valid (Proposition 2.15). 

Let G= B(a; R) and let y:[0, 1]->G be a closed rectifiable curve. If 
O<rt<l1 and O<s <1, and we put z=ta+(l—d)y(s); then z les on the 
straight line segment from a to y(s). Hence, z must lie in G. Let y,(s)=1ta 
+(1—fr)y(s) for OS sS1 and OSs 1. So, yo=y and y, is the curve 
constantly equal to a; the curves y, are somewhere in between. We were 
able to draw y down to a because there were no holes. If a point inside y 
were missing from G (imagine a stick protruding up from the disk with its 
base inside y), then as y shrinks it would get caught on the hole and could 
not go to the constant curve. 


6.1 Definition. Let y,,y,:[0, |]-G be two closed rectifiable curves in a 
region G; then y, is homotopic to y, in G if there is a continuous function 
[:[0, 1]<[0, 1]->G such that 

T'(s,0)=y(s) and T(s,1l)=y,(s) (OSs<1) 
P(0,74)=TU,t) (Osrs)) 


6.2 


So if we define y,:[0, 1] >G by y,(s)=I(s,f) then each y, is a closed 
curve and they form a continuous family of curves which start at yp and go 
to y,. Notice however that there is no requirement that each y, be 
rectifiable. In practice when y, and y, are rectifiable (or smooth) each of 
the y, will also be rectifiable (or smooth). 

If yo is homotopic to y, in G write yy~y,. Actually a notation such as 
Yo~y,(G) should be used because of the role of G. If the range of I’ is not 
required to be in G then, as we shall see shortly, all curves would be 
homotopic. However, unless there is the possibility of confusion, we will 
only write yy~yj. 

It is easy to show that “~’’ is an equivalence relation. Clearly any 
curve is homotopic to itself. If y»p~y, and I’: [0, 1] x[0, 1]-»G satisfies (6.2) 
then define A(s,r)=I(s,1—1) to see that y,~yp. Finally, if yyp~y, and 
y;~y, with T satisfying (6.2) and A:[0, 1]<[0, 1]->G satisfying A(s,0)= 


ba 
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¥,(s), A(s, 1) = y,(s), and A(O, t) = AI, £) for all s and ¢t; define ® : (0, 1] 
x [0,1] ~ G by 
T'(s, 22) ifO<Sts; 
A(s,2t-1) if; sr] 

Then ® is continuous and shows that yp ~ y,. The reader can best 


understand the motivation for the definition of ® by consulting the figure 
above, where /* = [0,1] < [0,1]. 


O(s,1)= 


6.3 Definition. A set G is convex if given any two points a and 5 in G the 
line segment joining a and 6, [a,b], lies entirely in G. The set G is star 
shaped if there is a point a in G such that for each z in G, the line segment 
[a,z] hes entirely in G. Clearly each convex set is star shaped but the 
converse is just as clearly false. 

We will say that G is a— star shaped if [a,z]< G whenever z ¢ G. If Gis 
a-— star shaped and z and w are points in G then [z,a,w] is a polygon in G 
connecting z and w. Hence, each star shaped set is connected. 


6.4 Proposition. Let G be an open set which is a- star shaped. If yo is the 
curve which is constantly equal to a then every closed rectifiable curve in G is 
homotopic to Yo. 


Proof. Let y, be a closed rectifiable curve in G and put [(s,‘)=?y,(s)+ 
(1 — t)a. Because G is a— star shaped, I'(s,t) e G for O<5,¢< 1. It is easy to 


The situation in which a curve is homotopic to a constant curve is one 
that we will often encounter. Hence it is convenient to introduce some new 
terminology. 


6.5 Definition. If y is a closed rectifiable curve in G then y is homotopic to 
zero (y~Q) if y is homotopic to a constant curve. 


6.6 Cauchy’s Theorem (Second Version). [f f: G->C is an analytic function 
and y is a closed rectifiable curve in G such that y~0, then 


[ fo. 


This version of Cauchy’s Theorem would follow immediately from the 
first version if it could be shown that n(y;w)=0 for all w in C-—G 
whenever y~0. This can be done. A plausible argument proceeds as 
follows. 

Let y,=y and let y, be a constant curve such that y,~ yp. Let I’ satisfy 
(6.2) and define A(t)=n(y,;w), where y,(s)=I(s,9 for OSs, 1 <1 and w is 
fixed in C— G. Now show that A is continuous on [0, 1]. Since A is integer 
valued and 4(0)=0 it must be that A()=0. In particular, n(y; w)=0 for all 
win C—G., 

The only point of difficulty with this argument is that for O0<1r< 1 it 
may be that y, is not rectifiable. 

As was stated after Definition 6.1, in practice each of the curves y, will 
not only be rectifiable but also smooth. So there is justification in making 
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this assumption and providing the details to transform the preceding 
paragraph into a legitimate proof (Exercise 9). Indeed, in a course de- 
signed for physicists and engineers this is probably preferable. But this is 
not desirable for the training of mathematicians. 

The statement of a theorem Is not as important as its proof. Proofs are 
important in mathematics for several reasons, not the least of which is that 
a proof deepens our insight into the meaning of the theorems and gives a 
natural delineation of the extent of the theorem’s validity. Most important 
for the education of a mathematician, it is essential to examine other 
proofs because they reveal methods. 

A good method is worth a thousand theorems. Not only is_ this 
statement valid as a value judgement, but also in a literal sense. An 
important method can be reused in other situations to obtain further 
results. 

With this in mind a complete proof of Theorem 6.6 will be presented. 
In fact, we will prove a somewhat more general fact since the proof of this 
new result necessitates only a little more effort than the proof that 
n(y:w)=0 for w in C—G whenever y~0O. In fact, the proof of the next 
result more clearly reveals the usefulness of the method. 


6.7 Cauchy’s Theorem (Third Version). /f y, and y, are two closed rectifiable 
curves in G and yy>~y, then 


for every function f analytic on G. 


Before proceeding let us consider a special case. Suppose I satisfies (6.2) 
and also suppose I’ has continuous second partial derivatives. Hence 


throughout the square /? = [0, 1] x [0, 1]. Define 
1 
al , 
a(t) = | AEG, 0) = (6,0 ds 
} 


then g(0) = J,, f and g(l) = f,, f. By Leibniz’s rule g has a continuous 
derivative, 


C 


1 
r= [[roon TS + 106,02] a 
cs ot of 
0 


But 


é er jn, we ved e-T 
a {ued ? aor | yeu 
CS ct 


cS Ct OSOf 
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hence 


> 
| 


(1, )—f(TO, ») ©, 0. 


t ct 


| 


gf) = fC, 9)- 


> 


a 


Since [(1, 1) = [(0, 2) for all t we get g(t) = 0 for all ¢. So g is a constant; 
in particular f,, f= J,,f 
Proof of Theorem 6.7. Let T:1°->G satisfy (6.2). Since T° is continuous 
and /? is compact, [ is uniformly continuous and I'(/’) is a compact 
subset of G. Thus 
r= d(T(!7), C~G) > 0 


and there is an integer n such that if (s—s’)?+(t—1')* < 4/n? then 


IP(s, N-PO', 2D] <r. 
Let 


Zn =1(/. 1) 0 <jk<on 
non 


k j+ ; k k+ Hi 
Jn =|[- =| x |=, 
noon n A 
| | | =. Vee 
for 0 <j, k <n -— 1. Since the diameter of the square J;, 1s ara it follows 
that T(J.) C B(Z,,; r). So if we let P,, be the closed polygon [Z;,, 241, 4- 


and put 


Ziiktv 2; n+1> Zs then, because disks are convex, P, C B(Z;,; r). But 
from Proposition 2.15 it is known that 
6.8 { f=0 

P jk 


for any function f analytic in G. 
It can now be shown that J,,f = J,,/ by going up the ladder we have 
constructed, one rung at a time. That is, let Q, be the closed polygon [Zp ,, 


Z144+++5 Zax]. We will show that f,, f= fof =Jof=—'=Jof=f,,Sf 
(one rung at a time!). To see that J, f = Jo, f observe that if a(t) = y(t) for 


Doped ooh 
i 4] 


then o,+[Zj+1,0, Zjol (the + indicating that o, is to be followed by the 
polygon) is a closed rectifiable curve in the disk BCZ jo; r) © G. Hence 


Ilf=- [| r= fof 
aj {Z;+1,0, Zjo] [Zj0,23+1, 9] 


Adding both sides of this equation for 0 <j <n yields f, f= fo f. Simi- 
larly oe Jo, f. 
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To see that ss ae i Ee ae 
Sof Vp ed use equation (6.8); this gives 


6.9 


ie 7 Zj+2, kth 


“ikl & 


fj42,% 


Zi, 


/ 


However, notice that the integral ioe f includes the integral over [244.4 
Zj+1,x+1) Which is the negative of the integral over [Z,4, 441, Zj4i,ab 
which is part of the integral Jp,,,, f- Also, 


Kh 


2.=1(0,4)=r(1,£)=Z, 


so that [Zo .41, Zod = —[2Z1,, 21.441]. Hence, taking these cancellations 
into consideration, equation (6.9) becomes 


o={s- [fs 


Qx Ok+1 


This completes the proof of the theorem. 


The second version of Cauchy’s Theorem immediately follows by 
letting y, be a constant path in (6.7). 


6.10 Corollary. /f y is a closed rectifiable curve in G such that y~0O then 
n(y;w)=0 for all w in C—G. 

The converse of the above corollary is not valid. That is, there is a 
closed rectifiable curve y in a region G such that n(y;w)=0 for all w in 
C—G but y is not homotopic to a constant curve (Exercise 8). 

If G is an open set and y, and y, are closed rectifiable curves in G then 
n(Y¥oia)=n(y,;a) for each a in C—G provided yy~y,(G). Let yo(t) = e7”" 
and y,(t)=e~?"" for O< 7s 1. Then n(y,;0)=1 and n(y,;0)= —1 so that 
Yo and y, are not homotopic in C — {0}. 


6.11 Definition. If y., y,:[0, []>G are two rectifiable curves in G such that 
y,(0)=y, (=a and y,(1J)=y,(1)=6 then y, and y, are fixed-end-point 
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homotopic (FEP homotopic) if there is a continuous map [':/?-»G such 
that 


6.12 P(s,0) = yofs) MGs, I) = 465) 
TO, ) =a rd,j=6b 


forO < s,t <1. | 

Again the relation of FEP homotopic is an equivalence relationship on 
curves from one given point to another (Exercise 3). 

Notice that if yy and y, are rectifiable curves from a to 5 then yo—y, 
is a closed rectifiable curve. Suppose [I satisfies (6.12) and define y: [0, 1] ~G 
by »(s) = y,(3s) for O< s <4; vs) = 5b for 4 < s < 4; and p(s) = y, 
(3—3s) for 2 < 5s < 1. We will show that y ~ O. In fact, define A: J* > G by 


T3si—-o,) if O< s<4 
A(s, tf) = (TU —t, 3s—-1+2t—3st) if 4< 5 < % 
vy (3-—3s)\1-—f) if 4<s <1. 
Although this formula may appear mysterious it can easily be understood 


by seeing that for a given value of t, A is the restriction of T to the boundary 


of the square [0, 1 —t] x [t, 1] (see the figure). It is left to the reader to check 
that A shows y ~ 0. 


i sraass ot hy 
|-—T! 


Hence, for f analytic on G the second version of Cauchy’s Theorem gives 
sal ad ia 
Y YO Y1 
This is summarized in the following. 


6.13 Independence of Path Theorem. /f y. and y, are two rectifiable curves 
in G from a to b and y. and y, are FEP homotopic then 


ae 


for any function f analytic in G. 
Those regions G for which the integral of an analytic function around a 
closed curve is always zero can be characterized. 


6.14 Definition. An open set G is simply connected if G is connected and 
every closed curve in G is homotopic to zero. 
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6.15 Cauchy’s Theorem (Fourth Version). /f G is simply connected then 
|,f=0 for every closed rectifiable curve and every analytic function f. 

Let us now take a few moments to digest the concept of simple connected- 
ness. Clearly every star shaped region is simply connected. Also, examine the 
complement of the spiral r = 6. That is, let G = C— {@e*: 0 < 8 < o}; 
then G is simply connected. In fact, it is easily seen that G is open and 
connected. If one argues in an intuitive way it is not difficult to become 
convinced that every curve in G is homotopic to zero. A rigorous proof will 
be postponed until we have proved the following: A region G is simply 
connected iff C,, ~G, its complement in the extended plane, is connected in C,,. 
This will not be proved until Chapter VIII. If this criterion is applied to the 
region G above then G is simply connected since C,,—G consists of the 
spiral r = @ and the point at infinity. 

Notice that for G = C— {0}, C—G = {0} is connected but C,,—G = 
{O, co} is not. Also, the domain of the principal branch of the logarithm 1s 
simply connected. 

It was shown earlier in this chapter (Corollary 1.22) that if an analytic 
function f has a primitive in a region G then the integral of f around every 
closed rectifiable curve in G 1s zero. The next result should not be too sur- 
prising in light of this. 


6.16 Corollary. [f G is simply connected and f:G->C is analytic in G then f 
has a primitive in G. 


Proof. Fix a point a in G and let y,, y, be any two rectifiable curves in 
G from a to a point z in G. (Since G is open and connected there is 
always a path from a to any other point of G.) Then, by Theorem 6.15, 
O= f{,-,f= lf J,,f (where y, — y, is the curve which goes from a to z 
along y, and then back to a along —y,). Hence we can get a well defined 
function F: G > C by setting F(z) = f,f where y is any rectifiable curve 
from a to z. We claim that F is a primitive of /. 

Ifz,¢Gandr > Ois such that B(zg; r) < G, then let y be a path from 
ato Zp. For zin B(z9;r) let y, = y+[Zo, z]; that is, y, is the path y followed 
by the straight line segment from Z, to z. Hence 


F(z)-F(@o) __ 1 f f 


a a eg (Z—Zg) 


Now proceed as in the proof of Morera’s Theorem to show that 


F'(zo)=f (Zo). il 


Perhaps a somewhat less expected consequence of simple connectedness 
is the fact that a branch of log f(z) where f is analytic and never vanishes, 
can be defined on a simply connected region. Nevertheless this is a direct 
consequence of the preceding corollary. 


6.17 Corollary. Let G be simply connected and let f:G—>C be an analytic 
function such that f(z)*0 for any z in G. Then there is an analytic function 
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g:G—C such that f(z)=expg(z). If Zo € G and e”°= f(z), we may choose g 
such that g(Z9)= Wo. 


Proof. Since f never ae is analytic on G; so, by the preceding 
corollary, it must have a primitive g,. If A(z) = exp g,(z) then A is analytic 


and never vanishes. So, h is analytic and its derivative is 


A(z) f(z) —h'(z)f@) 


But A’ = gih so that hf’—fh’ = 0. Hence f/h is a constant c for all z in G. 
That is f(z) = ¢ exp g,(z) = exp [g,(z)+c’] for some c’. By letting g(z) = 
g,(z)+c'+2mnik for an appropriate k, g(z)) = wo and the theorem is 
proved. 

Let us emphasize that the hypothesis of simple connectedness is a topo- 
logical one and this was used to obtain some basic results of analysis. Not 
only are these last three theorems (6.15, 6.16, and 6.17) consequences of 
simple connectivity, but they are equivalent to it. It will be shown in 
Chapter VIII that if a region G has the conclusion of each of these 
theorems satisfied for every function analytic on G, then G must be simply 
connected. 


We close this section with a definition. 


6.18 Definition. If G is an open set then y is homologous to zero, in symbols 
y=0, if n(y;w)=0 for all w in C—G. 

Using this notation, Corollary 6.10 says that y~O implies y~0. This 
result appears in Algebraic Topology when it is shown that the first 
homology group of a space is isomorphic to the abelianization of the 
fundamental group. In fact, those familiar with homology theory will 
recognize in the proof of Theorem 6.7 the elements of simplicial approxi- 
mation. 


Exercises 


1. Let G be a region and let o,,6,: [0,1] ~ G be the constant curves 
o,(t) = a, o,(t) = b. Show that if y is a closed rectifiable curve in G and 
y ~ 0, then y ~ o,. (Hint: connect a and b by a curve.) 

2. Show that if we remove the requirement “TO, 4) = TQ, #) for all ¢”’ 
from Definition 6.1 then the curve y,(t) = e*""", 0 < ¢ < 1, is homotopic to 
the constant curve y,(¢) = 1 in the region G = C— {0}. 

3. Let @ = all rectifiable curves in G joining a to 6 and show that Definition 
6.11 gives an equivalence relation on @. 

4. Let G = C— {0} and show that every closed curve in G is homotopic 
to a closed curve whose trace is contained in {z: |z| = 1}. 
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d 
5. Evaluate the integral jong where y(6) = 2/cos 26] e® for 0 < @ < 2n. 
Z 


y 
6. Let y(#) = be for 0 < 6 < 27 and >(6) = 4r—6 for 27 < 6 < 4n. 
Evaluate a 
V ect esti 
7 ee 


Y : 
7. Let f(z) = ((2—4—1)-(z—1-3/)-(z-1—-3)-(z-3—d]~! and let y be the 
polygon [0, 2, 2+2i, 2i, 0]. Find J, f. 


8. Let G = C— {a, b}, a # b, and let y be the curve in the figure below. 


(a) Show that n(y; a) = nly; 5) = 0. 

(b) Convince yourself that y is not homotopic to zero. (Notice that the 

word is “convince’’ and not “prove’’. Can you prove it?) Notice that this 
example shows that it is possible to have a closed curve y in a region such 
that n(y; z) = 0 for all z not in G without y being homotopic to zero. That 
is, the converse to Corollary 6.10 is false. 
9. Let G be a region and let yy and y, be two closed smooth curves in G. 
Suppose yy~y, and [I satisfies (6.2). Also suppose that y,(s)=I(s,d) is 
smooth for each ¢. If we C—G define h(t)=n(y,;w) and show that A: 
[O, I] > Zis continuous. 


10. Find all possible values of i z 


. . 1+27 
curve in C not passing through + 7. 


where y is any closed rectifiable 


11. Evaluate [ oo dz where y 1s one of the curves depicted below. 
Zz 
(Justify your answer.) 
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§7. Counting zeros; the Open Mapping Theorem 


In this section some applications of Cauchy’s Integral Theorem are 
given. It is shown how to count the number of zeros inside a curve; also, 
using some information on the existence of roots of an analytic equation, 
it will be proved that a non-constant analytic function on a region maps 
open sets onto open sets. 

In section 3 it was shown that if an analytic function fhad a zero at z = a 
we could write f(z) = (z—a)"g(z) where g is analytic and g(a) # 0. Suppose 
G is a region and let f be analytic in G with zeros at a,,..., a,,. (Where some 
of the a, may be repeated according to the multiplicity of the zero.) So we 
can write f(z) = (z~a,) (¢—a,)...(z—a,,)e(z) where g is analytic on G and 
g(z) # 0 for any z in G. Applying the formula for differentiating a product 
gives 


[AC ee 


be f@) 2-a, za, Za, (2) 


for z # a,,...,4,. Now that this is done, the proof of the following 
theorem is straightforward. 


7.2 Theorem. Let G be a region and let f be an analytic function on G with 


Zeros a,,..., a,, (repeated according to multiplicity). If y is a closed rectifiable 
curve in G which does not pass through any point a, and if y = 0 in G then 
a a Aes n(y; a,) 
2ai’ f(z) ae 


Proof. If g(z) # 0 for any z in G then g'(z)/g(z) is analytic in G; since 
44 

y = 0 in G, Cauchy’s Theorem gives i; B'(2) 
y 8(z) 


the definition of the index, the proof of the theorem is finished. B 


z = 0. So, using (7.1) and 


7.3 Corollary. Let f, G, and y be as in the preceding theorem except that 


a\,...,a,, are the points in G that satisfy the equation f(z)=«a; then 

] (Zz — 

oy aa Dd, nly; a) 

ani | f(z)—« k=1 

Y 
2z+1 
As an illustration, let us calculate Gan dz where y is the circle 
z°+z+1 


y 
|z| = 2. Since the denominator of the integrand factors into (z—w,) (z—w,.), 
where w, and w, are the non-real cubic roots of 1, Theorem 7.2 gives 


27+) iia 
z*+z+] 
y 
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As another illustration, let y:[0, I]->G be a closed rectifiable curve in 
C, y=0. Suppose that f is analytic in G. Then fey =a is a closed rectifiable 
curve in C (Exercise 1). Suppose that a is some complex number with 
a¢{o}=f({y}), and let us calculate n(o:a). We get 


ease a 


ami | W—a 
Cc 


= 0. £O:» 
2ni | f(z)—« 


m 


oF » nly; a) 


k= 1 


where a, are the points in G with f(a,)=a. (To show the second equality 
above takes a little effort, although for y smooth it is easy. The details are 
left to the reader.) 


Note. [t may be that there are infinitely many points in G that satisfy the 
equation f(z) = a. However, from what we have proved, all limit points of 
this sequence must lie on the boundary of G. It follows that n(y; 2) # 0 for 
at most a finite number of solutions of f(z) = a. (See Exercise 2.) 

Now if 8 in C— {a} belongs to the same component of C— {o} as does 
a, then n(o;a)=n(o: £); or, 


» ay; 4(e)) = ¥ nly; z,(8)) 


k J 


where z,(a) and z,( 8) are the points in G that satisfy f(z)=a and f(z)=f 
respectively. If we had chosen y so that n(y:z,(a@))=1 for each k, we 
would have that f(G) contains the component of C—f({y}) that contains 
a. We would also have some information about the number of solutions of 
f(z)= 8. This procedure is used to prove the following result which, in 
addition to being of interest in itself, will yield the Open Mapping 
Theorem as a consequence. 


7.4, Theorem. Suppose f is analytic in B(a,; R) and let a = f(a). If f(z) — a 
has a zero of order m at z = a then there is an € > 0 and 8 > 0 such that for 
0 < |{ — al < 6, the equation f(z) = § has exactly m simple roots in B(a; €). 

A simple root of f(z) = § is a zero of f(z) — § of multiplicity 1. Notice 
that this theorem says that f( B(a; «)) > B(a; 8). Also, the condition that 
f(z) ~ a@ have a zero of finite multiplicity guarantees that f is not constant. 
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Proof of Theorem. Since the zeros of an analytic function are isolated we 
can choose « > 0 such that e < 4R, f(z) = « has no solutions with 0 < 
|Iz—al < 2e, and f(z) # 0 if 0 < |z—al < 2. (if m > 2 then f(a) = 0.) 
Let y(t) =a+eexp(Q27it), 0 <t<1, and put o=fey. Nowa € {o}; 
so there is a 6 > O such that B(a; 86) {o} = Thus, B(a; 8) is con- 
tained in some component of C — {oa}; that is, ja — ¢| < 6 implies n(o; a) 


=n(o;f)= > n(y; z,({)). But since n(y; z) must be either zero or one, 


k=1 
we have that there are exactly m solutions to the equation f(z) = ¢ inside 
B(a; €). Ee f(z) F# Me for 0 < |z — a| < e, each of these roots (for [ # a) 


7.5 Open Mapping Theorem. Let G be a region and suppose that f is a non 
constant analytic function on G. Then for any open set U in G, f(U) is open. 


Proof. lf U < G is open, then we will have shown that f(U) is open if we 
can show that for each a in U there is a 5 > O such that Bl«; 8) < f(U), 
where « = f(a). But only part of the strength of the preceding theorem is 
needed to find ane > Oandaéd > O such that Bia; «) © U and f(B(a; €)) > 
Bla; 8). 

If X and Q are metric spaces and f: X¥ —- Q has the property that /(U) 
is Open in Q whenever U is open in X, then fis called an open map. If fis a 
one-one and onto map then we can define the inverse map f~!: Q>YX 


by f~'(w) = x where f(x) = w. It follows that f~' is continuous exactly 
when f is open; in fact, for U < X, (f7~')"*(U) = f(U). 


7.6 Corollary. Suppose f: G—C is one-one, analytic and f(G) = Q. Then 
f7?:Q->C is anatytic and (f7~')'(w) = [f'(z)]7! where w = f(z). 


Proof. By the Open Mapping Theorem, f~' is continuous and Q is open. 
Since z z = f~'(f(2)) for each z € G, the result follows from Proposition III. 
2.20. © 


Exercises 


1. Show that if f: G > C is analytic and y is a rectifiable curve in G then 
fey is also a rectifiable curve. 

2. Let G be open and suppose that y is a closed rectifiable curve in G such 
that yO. Set BEG): 0G) and H={z ¢ C:n(y;z)=0}. (a) Show that 
{z:d(z,0G)<3r} cH. (b) Use part (a) to show that if f:G-C 1s analytic 
then f(z)=a has at most a finite number of solutions z such that 
n(y;z)+0. 

3. Let f be analytic in B(a; R) and suppose that f(a) = 0. Show that a is a 
zero of multiplicity m iff f"~ P(@) =... = f(a) = O and f(a) # 0. 
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4. Suppose that /: G -» C is analytic and one-one; show that f’(z) # 0 for 
any z in G. 

5. Let X and {2 be metric spaces and suppose that f: ¥ — Q is one-one and 
onto. Show that fis an open map iff fis a closed map. (A function fis a 
closed map if it takes closed sets onto closed sets.) 

6. Let P: C ->R be defined by P(z) = Re z; show that P is an open map 
but is not a closed map. (Hint: Consider the set F = {z: Im z = (Re z)7! 
and Re z # 0}.) 

7. Use Theorem 7.2 to give another proof of the Fundamental Theorem of 
Algebra. 


§8. Goursat’s Theorem 


Most modern books define an analytic function as one which is differen- 
tiable on an open set (not assuming the continuity of the derivative). In this 
section it is shown that this definition is the same as ours. 


Goursat’s Theorem. Let G be an open set and let f: G > C be a differentiable 
function; then f is analytic on G. 


Proof. We need only show that f’ is continuous on each open disk 
contained in G; so, we may assume that G is itself an open disk. It will be 
shown that f is analytic by an application of Morera’s Theorem (5.10). 
That is, we must show that [,f=0 for each triangular path T in G. 

Let T = [a, 5, c, a] and let A be the closed set formed by 7 and its inside. 
Notice that 7 = cA. Now using the midpoints of the sides of A form four 
triangles A,, A,, A;, A, inside A and, by giving the boundaries appropriate 


c 


a 


directions, we have that each 7; = 0A, is a triangular path and 


al [rey fy 
T ee 


Among these four paths there is one, call it 7“, such that [fra f| = (fr, 
for j = 1, 2, 3, 4. Note that the length of each 7, (perimeter of A ,)—denoted 
by (7 ,—is 44(T). Also diam T; = 4 diam T; finally, using (8.1) 


[sl <4] f sh 


(1) 
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Now perform the same process on J), getting a triangle T@ with the 
analogous properties. By induction we get a sequence {7} of closed tri- 
angular paths such that if A™ is the inside of T™ along with T™ then; 


8.2 ADS AOS 

8.3 If rfs4] f ffs 
T in) Tati) 

8.4 UT") = 44T); 

8.5 diam A@t) = 4 diam A™, 


These equations imply: 


s eel fa 

T TO) 
8.7 “&rT™) = 4)? where ¢= ¢T); 
8.8 diam A” = (4)"d_ where d= diam A. 


Since each A” jis closed, (8.2) and (8.8) allow us to apply Cantor’s 
Theorem (11.3.7), and get that (| A consists of a single point zo. 
n=1 


Let « > 0; since f has a derivative at z) we can find a 6 > 0 such that 
B(z9; 6) < Gand 


(2) —-f(Zo) =f (2) <e 
Z—~Zo 
whenever 0 < [z—Z | < 6. Alternately, 
8.9 f(z) — flzo) — f’(Zo)(z — Zo) S €lz = Zo! 


whenever |z—Z.| < 5. Choose n such that diam A” = (4)"d < 8. Since 
zoe A™ this gives A% < B(z,; 8). Now Cauchy’s Theorem implies that 
0 a fro dz — fro a dz. Hence 


| { tl =| [ @)-fe0)-F' Go) @-20)] a 


Tt) TM) 


lA 


e | |z—zol |dz| 


e {diam A] [AT] 
ed £(4)" 


IA 
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But using (8.6) this gives 


if f| < Fedé(ay" = dl. 


Chapter V 


Singularities 


In this chapter functions which are analytic in a punctured disk (an open 
disk with the center removed) are examined. From information about the 
behavior of the function near the center of the disk, a number of interesting 
and useful results will be derived. In particular, we will use these results to 
evaluate certain definite integrals over the real line which cannot be evaluated 
by the methods of calculus. 


87. Classification of singularities 


This section begins by studying the best behaved singularity—the 
removable kind. 


1.1 Definition. A function f has an isolated singularity at z= a if there is an 
R>O such that f is defined and analytic in B(a;R)—{a} but not in 
B(a;R). The point a is called a removable singularity if there is an analytic 
function g:B(a;R)—-C such that g(z)=/f(z) for 0<|z—al/<R. 


sinz | I ; jk 
The functions ———- , — , and exp - all have isolated singularities at z = 0. 
a 2 Z 


sin Z ; 
However, only ——— has a removable singularity (see Exercise 1). It is left to 
Zz 


the reader to see that the other two functions do not have removable 
singularities. 

How can we determine when a singularity is removable? Since the function 
has an analytic extension to B(a; R), . f = 0 for any closed curve in the 
punctured disk; but this may be difficult to apply. Also it must happen that 
lim f(z) exists. This is easier to verify, but a much weaker criterion is 


Z—-a 


available. 


1.2 Theorem. [f f has an isolated singularity at a then the point z = a is a 
removable singularity iff 


lim (z—a)f(z) = 0 


Proof. Suppose f is analytic in {z: 0 < [z~a| < R}, and define g(z) = 
(z—a)f(z) for z # a and g(a) = 0. Suppose lim (z—a)f(z) = 0; then g is 


cd 


clearly a continuous function. If we can show that g is analytic then it follows 
that a is a removable singularity. In fact, if g is analytic we have g(z) = 
(z~—a)h(z) for some analytic function defined on B(a; R) because g(a) = 0 
(IV. 3.9). But then A(z) and f(z) must agree for 0 < |z~al| < R, so that a is, 
by definition, a removable singularity. 
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To show that g is analytic we apply Morera’s Theorem. Let 7 be a 
triangle in B(a; R) and let A be the inside of T together with 7. If a ¢ A then 
T~O in {z: 0 < |z—a| < R} and so, {reg = 0 by Cauchy’s Theorem. If a 
is a vertex of T then we have T = [a, 6, c, aj]. Let x e[a, 6] and y < [c, a] and 


C 


XxX 
form the triangle 7, = [a, x, y, a]. If P is the polygon [x, 5, c, y, x] then 
{-¢ = >, ¢+ fp ge = fr, g since P~O in the punctured disk. Since g is 
continuous and g(a) = O, for any e > 0 x and yp can be chosen such that 
lg(z)| < </f for any z on 7,, where ¢@ is the length of 7. Hence |{; g| = 
jr, g| < €; since « was arbitrary we have J; g = 0. 

Ifae Aand T = [x, y, z, x] then consider the triangles 7, = [x, y, a, x], 
T, =[y, z, a, yl, T; = [z, x, a, z]. From the preceding paragraph J;, g = 0 


~~ 


a+ 


for 7 = 1, 2, 3 and so, lrg = fr, ¢+)rnet}r2 = Q. Since this exhausts all 
possibilities, g must be analytic by Morera’s Theorem. Since the converse is 
obvious, the proof of the theorem is complete. § 

The preceding theorem points out another stark difference between 
functions of a real variable and functions of a complex variable. The function 
f(x) = |x], x eR, is not differentiable because it has a “‘corner” at x = 0. 
Such a situation does not occur in the complex case. For a function to have 
an honest singularity (i.e., a non-removable one) the function must behave 
badly in the vicinity of the point. That is, either | f(z)} becomes infinite as z 
nears the point (and does so at least as quickly as (z~a)~'), or | f(z)| doesn’t 
have any limit as z — a. 
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1.3 Definition. If z = a is an isolated singularity of f then a is a pole of f 
if lim | f(z)) = oo. That is, for any M > 0 there is a number « > O such that 


|f(z)| = M whenever 0 < |z—a/ < ec. If an isolated singularity is neither a 
pole nor a removable singularity it is called an essential singularity. 

It is easy to see that (z—a)~™ has a pole at z = a for m > 1. Also, it is 
not difficult to see that although z = 0 is an isolated singularity of exp (z~‘), 
it is neither a pole nor a removable singularity; hence it is an essential singu- 
larity. 

Suppose that fhas a pole at z = qa; it follows that [f(z)]~ | has a removable 
singularity at z = a. Hence, A(z) = [f(z)]"' for z# a and h(a) = 0 is 
analytic in B(a; R) for some R > 0. However, since h(a) = 0 it follows by 
Corollary IV. 3.9 that A(z) = (z—a)"h,(z) for some analytic function A, with 
h,(a) # Oand some integer m = 1. But this gives that (z—a)"f(z) = [h,(z)]~! 
has a removable singularity at z = a. This is summarized as follows. 


1.4 Proposition. [f G is a region with a in G and if f is analytic on G— {a} 
with a pole at z = a then there is a positive integer m and an analytic function 
g: G—-C such that 


1.5 fa) = &2 


1.6 Definition. If fhas a pole at z = a and m is the smallest positive integer 
such that f(z) (z—a)” has a removable singularity at z = a then f has a pole 
of order mat z = a. 

Notice that if m is the order of the pole at z = a and g is chosen to 
satisfy (1.5) then g(a) # 0. (Why?) 

Let fhave a pole of order m at z = a and put f(z) = g(z) (z—a)™”. Since 
g is analytic in a disk B(a; R) it has a power series expansion about a. Let 


g(z) = Ayt+Am—-{(Z—-A+°°++A,(z—a)"™ 1 +(z—a)” 3 a,(z—a)*. 
k=0 


Hence 


A A 
1.7 DN ea 


where g, is analytic in B(a; R) and A, # 0. 


m 


1.8 Definition. If f has a pole of order m at z = a and / satisfies (1.7) then 
A,(Z—a) "+ -++++A,(z—a)~' is called the singular part of f at z = a. 

As an example consider a rational function r(z) = p(z)/q(z), where 
p(z) and q(z) are polynomials without common factors. That is, they have 
no common zeros; and consequently the poles of r(z) are exactly the zeros of 
q(z). The order of each pole of r(z) is the order of the zero of g(z). Suppose 
q(a) = 0 and let S(z) be the singular part of r(z) at a. Then r(z)—S(z) = 
r,(z) and r,(z) is a rational function whose poles are also poles of r(z). More- 
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over, it is not difficult to see that the singular part of r,(z) at any of its poles 
is also the singular part of r(z) at that pole. Using induction we arrive at the 
following: if a,,---, a, are the poles of r(z) and S,(z) is the singular part of 
r(z) at z = a, then 


1.9 r(z) = 3 S(z) + P(z) 


where P(z) is a rational function without poles. But, by the Fundamental 
Theorem of Algebra, a rational function without poles is a polynomial! So 
P(z) is a polynomial and (1.9) is nothing else but the expansion of a rational 
function by partial fractions. 

Is this expansion by partial fractions (1.9) peculiar only to rational 
functions? Certainly it is if we require P(z) in (1.9) to be a polynomial. But 
if we allow P(z) to be any analytic function in a region G, then (1.9) is valid 
for any function r(z) analytic in G except for a finite number of poles. 
Suppose we have a function f analytic in G except for infinitely many poles 
(e.g., f(z) = (cos z)~'); can we get an analogue of (1.9) where we replace 
the finite sum by an infinite sum? The answer to this is yes and is contained 
in Mittag-Leffler’s Theorem which will be proved in Chapter VIII. 

There is an analogue of the singular part which is valid for essential 
singularities. Actually we will do more than this as we will investigate 
functions which are analytic in an annulus. But first, a few definitions. 


1.10 Definition. If {z,:n = 0, +1, +2,...} 1s a doubly infinite sequence of 


cO CO [? 0) 
complex numbers, }) z, is absolutely convergent if both § z,and > z_, 


n= - © n=9 n=1 


are absolutely convergent. In this case }) z,= )S'z_,+ ¥ z,. If u, isa 
n=Q 


m= - © i= 


ifs 


function on a set Sforn = 0, +1,...and )) u,(s) is apeolnlely eonyeteen 
~ 

for each s ¢ S, then the convergence is uniform over S if both 3 u, and s 

n=9 n=] 


u_, converge uniformly on S. 
The reason we are limiting ourselves to absolute convergence is that this 
is the type of So we will be most concerned with. One can define 


convergence of > z,, but the definition is not that the partial sums s ca 


i= - 7 


converge. In fact, the series }’ - satisfies this criterion but it is clearly not a 
nx¥0 


series we wish to have convergent. On the other hand, if > Zz, is absolutely 


convergent with sum z then it readily follows that z = lim 3 oe 


IfO0 < R, < R, < © and ais any complex number, define ann (a; R,, 
R,) = {z: R, < |z—a| < R,}. Notice that ann (a; 0, R,) is a punctured 
disk. 
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1.11 Laurent Series Development. Let f be analytic in the annulus ann (a; R,, 
R,). Then 


0.8) 


fe= Y a(z—ay' 


where the convergence is absolute and uniform over ann (a; 1r,, 172)” if Ry < 
ry <r, < R,. Also the coefficients a, are given by the formula 


l 
1.12 een eee 
ani) (g—a)" 
7 


where y is the circle |z—a| = r for any r, Ry <r < R,. Moreover, this series 
is unique. 


Proof. lf Ry <r, <r, < R, and y,, y2 are the circles |z>—a| = r,, |z—a] = 
r, respectively, then y, ~ y, in ann (a; R,, R,). By Cauchy’s Theorem we 
have that for any function g analytic in ann (a; R,, R), i= = N65 g. In 
particular the integral appearing in (1.12) is independent of r so that for each 
integer n, a, is a constant. Moreover, f,: B(a; R,) > C given by the formula 


1.13 fle) = = . a 


lw-al=r2 


dw, 


where |z — al <n, R, <r, < Ry, is a well defined function. Also, by 
Lemma I[V.5.1 f, is analytic in B(a; r,). Similarly, if G = {z:|z — a| > R,} 
then f,:G > C defined by 

1 ; 

1.14 fsa St) 


ati W—Z 
jw-al=ry 


where |[z—a| > r, and R, <r, < R,, is analytic in G. 

If R, < |z—a] < R, let r, and r, be chosen so that R, <r, < |z—al < 
r, < Rj. Let y,() = at+r,e" and y,(t) = a+r,e",0 < t < 27. Also choose 
a straight line segment A going from a point on y, radially to y, which 
misses z. Since y; ~ y, in ann (a; R,, R,) we have that the closed curve 
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y= y,—-A—y, + A is homotopic to zero. Also n(y; z) = 1 and n(y;, 2) 
= 0 gives, by Cauchy’s Integral Formula, that 


oe “fe 


A (f00) gy 1 {fo 4 
== w— ao - 


= f(z) + fi). 


The plan now is to expand f, and /, in power series (/, having negative 
powers of (z—a)); then adding them together will give the Laurent series 
development of f(z). Since f, is analytic in the disk B(a; R,) it has a power 
series expansion about a. Using Lemma IV. 5.1 to calculate /{"(a), 


1.15 f(z) = y a,(z— a)" 


where the coefficients a, are given by (1.12). 
Now define g(z) for 


I 
0< bel <p bye) =s(a +2): 


so z = 0 is an isolated singularity. We claim that z = 0 is a removable 
singularity. In fact, if r > R, then let p(z) = d(z, C) where C is the circle 
{w: |w—a]l = r}; also put M = max sp weC}. Then for |z~a| > r 


h@)| = = 


But lim p(z) = o; so that 


l 
lim g(z) = oi + ) = 0. 
z--0 z-0 Zz 
Hence, if we define g(0) = 0 then g is analytic in B(O; 1/R,). Let 
1.16 g(z) = > B,2" 
a=] 
be its power series expansion about 0. It is easy to show that this gives 


1.17 fi@= 3 aco" 


= 


where a_, is defined by (1.12) (the details are to be furnished by the reader 
in Exercise 3). Also, by the convergence properties of (1.15) and (1.17), }) 


a,(z~ a)" converges absolutely and uniformly on properly smaller annul. 
The uniqueness of this expansion can be demonstrated by showing that 

is.@) 
if f(z)= >) a,(z—a)" converges absolutely and uniformly on proper 


y= — © 


annuli then the coefficients a4, must be given by the formula (1.12). 
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We now use the Laurent Expansion to classify isolated singularities. 


1.18 Corollary. Let z = a be an isolated singularity of f and let f(z) = }. 
a,(z—a)" be its Laurent Expansion in ann (a; 0, R). Then: as 
(a) z = a is a removable singularity if a, = 0 forn < —1; 
(b) 3 = ais a pole of order miffa_,, # 9 anda, =O forn < —(m+]1); 
(c) z = a is an essential singularity iff a, # 0 for infinitely many negative 
integers Nn. 


Proof. (a) If a, = 0 for n < —1 then let g(z) be defined in Bia; R) by 


g(z) = } a,(z—a)"; thus, g must be analytic and agrees with f in the punc- 
n= Q 


tured disk. The converse is equally as easy. 

(b) Suppose a, = Oforn < —(m + 1); then(z — a)”f(z) has a Laurent 
Expansion which has no negative powers of (z — a). By part (a), (z - 
a) f(z) has a removable singularity at z = a. Thus f has a pole of order m 
at z= a. The converse follows by retracing the steps in the preceding 
argument. 

(c) Since f has an essential singularity at z = a when it has neither a 
removable singularity nor a pole, part (c) follows from parts (a) and (b). 

One can also classify isolated singularities by examining the equations 


1.19 lim |[z—a/* | f(z)| = 0 
1.20 lim |z—al|* | f(z)| = © 


Za 
where s is some real number. This is outlined in Exercises 7, 8, and 9; the 
reader is strongly encouraged to work through these exercises. 
The following gives the best information which can be proved at this time 
concerning essential singularities. We know that f has an essential singularity 
at z = a when lim | f(z)| fails to exist (‘‘existing”’ includes the possibility that 


Z->a 
the limit is infinity). This means that as z approaches a the values of f(z) 
must wander through C. The next theorem says that not only do they wander, 
but, as z approaches a, f(z) comes arbitrarily close to every complex number. 
Actually, there is a result due to Picard that says that f(z) assumes each 
complex value with at most one exception. However, this is not proved until 
Chapter XII. 


1.21 Casorati-Weierstrass Theorem. /f f has an essential singularity atz = a 
then for every 5 > 0, {f[ann (a; 0, 5)]}~ = C. 


Proof. Suppose that fis analytic in ann (a; 0, R); it must be shown that if 
c and e > O are given then for each 6 > 0 we can find a z with |z—a| < 5 
and | f(z)—c| < «. Assume this to be false; that is, assume there is a cin C 
and « > 0 such that | f(z)—c| = « for all z in G = ann (a; 0, 5). Thus lim 


|z~ a|~'|f(z)—c|=00, which implies that (z—a)~'(f(z)—c) has a pole 
at z=a. If m is the order of this pole then lim |z—a|”*'| f(z)—c|=0. 
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Hence |z—al"*'|f(z)| s |z—al"*"|f(z)— ec] +|z—al"*'|c|_ gives that 
lim |z—a I"*'| f(z)|/=0 since m 21. But, according to Theorem 1.2, this 
gives that f (z)(z ~ ay” has a removable singularity at z=a. This con- 


Exercises 


1. Each of the following functions f has an isolated singularity at z = 0. 
Determine its nature; if it is a removable singularity define {(0) so that fis 
analytic at z = 0; if it is a pole find the singular part; if it is an essential 
singularity determine f({z: 0 < |z| < 5}) for arbitrarily small values of 6. 


(a) f(2) = B?, (b) fz) = ——= ; 

(©) f(2) = wren , (4) fle) = exp (27); 
on) = GED, () fey = EE, 
(g) flz) = ase , (h) f(@) = (l-e)7? 
() fiz) = zsin= ; (i) fle) = 2hsin-, 


es ae 
(z27+2z+1)(z—1)* 
3. Give the details a. the derivation of (1.17) from (1.16). 


2. Give the partial fraction expansion of r(z) = 


4. Let f(z) = cae ; give the Laurent Expansion of f(z) in each of 
the following annuli: (a) ann (0; 0, 1); (b) ann (0; 1, 2); (c) ann (0; 2, 0). 
5. Show that f(z) = tan z is analytic in C except for simple poles at 


T 
z= 5 + no, for each integer n. Determine the singular part of f at each of 


these poles. 

6. If f: G->C is analytic except for poles show that the poles of f cannot 
have a limit point in G. 

7. Let f have an isolated singularity at z = a and suppose f(z) # 0. Show 
that if either (1.19) or (1.20) holds for some s in R then there is an integer m 
such that (1.19) holds if s > m and (1.20) holds if s < m. 

8. Let f| a, and m be as in Exercise 7. Show: (a) m = Oiff z = ais a remov- 
able singularity and f(a) # 0; (b) m < Off z = ais a removable singularity 
and fhas a zero at z = a of order —m; (c) m > O1ff z = ais a pole of f of 
order m. 

9. A function f has an essential singularity at z = a iff neither (1.19) nor 
(1.20) holds for any real number s. 
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10. Suppose that f has an essential singularity at z = a. Prove the following 
strengthened version of the Casorati-Weierstrass Theorem. If ce C and 
e > 0 are given then for each 5 > O there is a number «, |c—a| < e, such 
that f(z) = « has infinitely many solutions in B(a; 8). 


1 
11. Give the Laurent series development of /(z) = exp (*). Can you 
Z 


generalize this result? 
12. (a) Let Ae C and show that 


exp i (: + a} = Ay + Ze (2 + 5) 


for 0 < |z| < oo, where for n > 0 


] 


R 
a. = — | e 8! cos nt dt 
vis 

0 


(b) Similarly, show 


exp {i (: — a = by + » b,, ( + Sr) 


for 0 < |z| < oo, where 


1 
b, = - {cos (nt ~ A sin ft) dt. 
re 


0 


13. Let R > O and G = {z: |z| > R}; a function f: G > C has a removable 
singularity, a pole, or an essential singularity at infinity if f(z~*) has, respec- 
tively, a removable singularity, a pole, or an essential singularity at z = 0. 
If f has a pole at oo then the order of the pole is the order of the pole of 
f(z") at z= 0. 

(a) Prove. that an entire function has a removable singularity at infinity 
iff it is a constant. 

(b) Prove that an entire function has a pole at infinity of order m iff it is a 
polynomial of degree m. 

(c) Characterize those rational functions which have a removable singularity 
at infinity. 

(d) Characterize those rational functions which have a pole of order m at 
infinity. 

14. Let G = {z: 0 < |z| < 1} and let f: G->C be analytic. Suppose that 
y is a closed rectifiable curve in G such that n(y; a) = 0 for all a in C—G. 
What is [,f? Why? 

15. Let f be analytic in G = {z: 0 < |z—aj < r} except that there is a 
sequence of poles {a,} in G with a, — a. Show that for any w in C there is 
a sequence {z,} in G with a = lim z, and w = lim /(z,). 
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16. Determine the regions in which the functions f(z)=(sint)7! and 


g(z)= if (t—z)~'dt are analytic. Do they have any isolated singularities? 
Do they have any singularities mat are not isolated? 
17. Let f be analytic in the region G =ann(a;0,R). Show that if i [f(xt+ 


iy)|? dx dy <.co then f has a removable singularity at z=a. Suppose that 
p>Oand If f(x + iy)? dx dv < 00; what can be said about the nature of 
G 


the singularity at z=a’? 
§ 2, Residues 


The inspiration behind this section is the desire for an answer to the 
following question: If f has an isolated singularity at z=a@ what are the 
possible values for {,f when y is a closed curve homologous to zero and 
not passing through a? If the singularity is removable then clearly the 
integral will be zero. If z=a is a pole or an essential singularity the answer 
is not always zero but can be found with little difficulty. In fact, for some 
curves y, the answer is given by equation (1.12) with n= — I. 


2.1 Definition. Let f have an isolated singularity at z = a and let 


ee) 


fz) = ¥ a,(z-ay" 
be its Laurent Expansion about z = a. Then the residue of fat z = ais the 
coefficienta_,. Denote this by Res (/;a) = a_,. The following is a generaliza- 
tion of formula (1.12) for nz = —1. 


2.2 Residue Theorem. Let f be analytic in the region G except for the isolated 
singularities a,,a,,...,4,,. If y is a closed rectifiable curve in G which does 
not pass through any : the points a, and if y = 0 in G then 


rot Ee Ds n(y; a,) Res(f; a,). 
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Proof. Let m.=n(y;a,) for 12k <m, and choose positive numbers 
toe r, such that no two disks B(a,;:r,) intersect, none of them intersects 
{y}, and each disk is contained in G. (This can be done by induction and 
by using the fact that y does not pass through any of the Sees Let 
y,()=a, +r, exp(—27im,t) for OS ¢<1. Then for 1S jysm 


n(yia)+ 2 n(yiq)=0. 
= | 
Since yx 0(G) and B(a,:7r,)< G, 


n(y:a)t Dd nya) =0 


k=] 
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for all a not in G—{a),...,a,,}. Since f is analytic in G—{a,,...,a,,} 
Theorem IV.5.7 gives 


2.3 O= 


Y < me? 

lf f(z) = py b,(z — a,)" is the Laurent expansion about z = a, then this 

series converges uniformly on 0B(a,; r,). Hence J f= xy b, J (2a, )*. 

But [@ — a,)" =0 if n # —1 since (z—a,)" has a ue Also 
YA 


b_if (z — a,)~' = 2qin(y,; a,)Res( f; a,). Hence (2.3) implies the de- 
YA 


sired result. 


Remark. The condition in the Residue Theorem that f have only a finite 
number of isolated singularities was made to simplify the statement of the 
theorem and not because the theorem is invalid when f has infinitely many 
isolated singularities. In fact, if f has infinitely many singularities they can 
only accumulate on dG. (Why?) If r= Ut y}; 0G) then the fact that y=0 
gives that n(y;a)=0 whenever Aa: dG) <r. (See Exercise IV.7.2.) 

The Residue Theorem is a two edged ‘aword: if you can calculate the 
residues of a function you can calculate certain line integrals and vice versa. 
Most often, however, it is used as a means to calculate line integrals. To use 
it in this way we will need a method of computing the residue of a function at 
a pole. 

Suppose f has a pole of order m > 1 at z = a. Then g(z) = (z—a)"f(z) 
has a removable singularity at z = aand g(a) # 0. Let g(z) = bo +b,(z—a)+ 

-+ be the power series expansion of g about z = a. It follows that for z near 
but not equal to a, 
+: om 


bo 
A) = Gate tit ER + YS beile—ait 


This equation gives the Laurent Expansion of f in a punctured disk about 
z = a. But then Res (/; a) = b,,_,; in particular, if z = a is a simple pole 
Res (f; a) = g(a) = lim (z—a)/f(z). This is summarized as follows. 


Z~>G 


2.4 Proposition. Suppose f has a pole of order m at z = a and put ge(z) = 
(z—a)"f(z); then 


gin (a). 


Res (f; a) = Gi iy 


The remainder of this section will be devoted to calculating certain integrals 
by means of the Residue Theorem 


[ree 


2.5 Example. Show 
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If f(z) = me then f has as its poles the fourth roots of —1. These are 


exactly the numbers e'® where 


vw 3n Sa da 
7 3 3 , and —-. 
4° 4 4 4 


a, = exp (17 +(n—1) 4} 


for n = 1, 2, 3, 4; then it is easily seen that each a, is a simple pole of f 
Consequently, 


6 


Let 


Res (f; a;) = lim (z—a,)f(z) = aj(a,— a)” (a, —a3)7 "(ay —a4)* 


Zz ay 


Similarly 


sailed —37i 
Res (fsa) = is = bexp( 2"), 


Now let R > 1 and let y be the closed path which is the boundary of 
the upper half of the disk of radius R with center zero, traversed in the 
counter-clockwise direction. The Residue Theorem gives 


a 5 Gia | 0 1 R 


ae Res (f; a,)+ Res (f; a2) 
eh ee 
242 


But, applying the definition of line integral, 


1 | J x l : Reet 
Qni |’ Qni | 14+x* s+ | eat 
¥ -R )) 
This gives 
- x? wv : et 
2.6 | Rear- 3-1 | Sean 
-~R 0 
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For 0 <1 <7, 1+ Re*" lies on the circle centered at 1 of radius R*; hence 
|1+ R4e*"|> R*—1. Therefore 


Ld gilt 
iR z arenas dt) < 
» 1+ Re 
: x 
and since — > 
l 4 


> O for all x in R, it follows from (2.6) that 


wR? 
R4-10 


oO R 
x? F : x? d 
ee — m pe eee eae x 
ioe Bie 
are -R 


2.7 Example. Show 


sin x 
[tia n§ z 
iz 


The function f(z) = = has a simple pole at z = 0.If0 <r < Rlet y be the 


closed curve that is depicted in the adjoining figure. It follows from Cauchy’s 


Theorem that 0 = J, f. Breaking y into its pieces, 


R —F 
e* e@ e* ei? 
r YR —-R Yr 


where yp and y, are the semicircles from R to —R and —r to r respectively. 
But 


2.8 0 
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Also 


ris 


\¢ bs ‘| exp (i Re'®) do 


YR 0 


l 


{ lexp @ Re"®)| dé 


0 


lA 


= | exp (— & sin 4) dé 
0 
By the methods of calculus we see that, for 6 > 0 sufficiently small, the 
largest possible value of exp (—R sin 9), with 6 < 6 < w—8, is exp (—R 
sin 6). (Note that 6 does not depend on Rif R is larger than 1.) This gives that 


n-d 
i dz| < 28 + | exp (— R sin @) dé 
YR & 


< 26+ exp (—R sin 8). 


If « > O is given then, choosing 6 < 4, there is an Ry such that exp (—R 


sin 6) < = for all R > Ro. Hence 
WT 


iz 


has a removable singularity at z = 0, there is a constant 


Since 


PA ees 


< M for |z| < 1. Hence, 


M > Osuch that 


iz | 
f° dz| < mrM; 
Z 
that is, “i es 
es 
0= im | — dz, 
ro 0 Z 
Yr 
l 
But | - dz = —v7vi for each r so that 
2 
Vr iz 
e 
—7i = lim \< dz 
rp O é 
Ve 
So, if we let r > 0 and R — o in (2.8) 
sin xX WT 
dx = — 
| x . 2 


0 
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Notice that this example did not use the Residue Theorem. In fact, it could 
have been presented after Cauchy’s Theorem. It was saved until now because 
the methods used to evaluate this integral are the same as the methods used 
in applying the Residue Theorem. 


2.9 Example. Show that for a > I, 


doa 
at+cos@ = ./g2_]" 
| ; l 
If z = e'® then Z = - and so 
Z 


_ 1 z*+2az+1 
a+cos @ = a+4(z+Z) = at+i{[ z+ -] = ———_-.. 
z 


2Z 
Hence 
7 22 
7 dé mer dé 
a+cos@ a+cos 6 
0 0 
dz 
come ttre ncn 
z?7+2az+1 
v4 
where y is the circle |z| = 1. But z*+2az+1 = (z—«) (z—8) where « = 
—a+(a*—1)*, 8 = —a—(a*—1)*. Since a > 1 it follows that |«| < 1 and 


|8| > 1. By the Residue Theorem 


dz ae 
z4+2azt+1  /g?-]” 
Y 


by combining this with the above equation we arrive at 


2.10 Example. Show that 


To solve this problem we do not use the principal branch of the logarithm. 
Instead define log z for z belonging to the region 


G = jzeCiz # Oand Sage < 
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. : : wT 
if z = |z| e” # O with —5 < 8 < >) let A(z) = log |z/+i6. LetO<r<R 


and let y be the same curve as in Example 2.7. Notice that (x) = log x for 
x > 0, and &(x) = log |x|+7i for x < 0. Hence, 


R r 
f(z) log x flog R+i0] . 
: dz = dx+iR | —-—; e’° dé 
err ae ° | TUS | T+ Rie 
? r 4] 


=F 0 
log |xitzi , , . | los r+id] 
1+x? 1+r7e7? 

~R ‘4 


ede 


Now the only pole of ¢(z) (1+27)~' inside y is at z = i; furthermore, this 
is a simple pole. By Proposition 2.4 the residue of ¢(z) (1+z*)~! is * 
i 


[log |i] +401] = Ze So, 


¢(z) Z _ wi 
a. 
? 
Also, 
R “FP | | R R ,, 
log x log |xi+ai | log x 

Fee “ +| eo 2| re see les par 
r —R P , 


Letting r-—»0O+ and R— oo, and using the fact that 


dx = vis 
l+x? 2 
6 
(Exercise 2(f)), it follows from (2.11) that 
log x [logr+ié] ., 
_ ie. 7) 
b 
: log R+i6] . 
— tim aR | CERT) piogy 


oe 1+ R2e2i8 
0 


We now show that both of these limits are zero. If p > O then 


" [logo + ié| | p\log p| | y 
fi 8 0 218 Z a oe eae [do 
‘ 1 + pe 1 | | p*| 0 

_ mpl log p| par 


h—-p} 2 — p*| 


letting p ~ 0+ or p-—> ©, the limit of this expression is zero. 
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7 
wO<c<t. 


2 dx = 
l+x 


2.12 Example. Show that | ; 
Sin mec 
0 


c 


To evaluate this integral we must consider a branch of the function z*. 
The point z = 0 is called a branch point of z~°, and the process used to 


evaluate this integral is sometimes called integration around a branch point. 

Let G = {z:z # Oand0O < argz < 27}; define a branch of the logarithm 
on G by putting ¢(re'®) = log r+i@ where 0 < @ < 27. For z in G put 
f(z) = exp [—c¢(z)]; so fis a branch of z~°. We now select an appropriate 
curve yin G. LetO <r< 1 < Rand let 6 > O. Let L, be the line segment 
[r+9i, R+4i]; yp the part of the circle |z| = R from R+6/ counterclockwise 
to R—éi; L, the line segment [R—6i, r—6i]; and y, the part of the circle 
iz| = r from r—éi clockwise to r+67. Put y = Li t+y_,_t+L,+y¥,. 

Since y~0O in G and Res (f(z) (1+z)7'; —1) = f(—1) =e”, the 
Residue Theorem gives 


2.13 J) dz = 2rie™ i*, 
l+z 


4 
Using the definition of a line integral 


fe), f* +18) 


Z= ee UE 
l+2z l+7+i6 
L, r 


Let g(t,6) be defined on the compact set [r,R]<[0, 37] by 


f(t+ié) t~¢ 
l+¢+i8 141 


g(1.8)=| 


when 6>0 and g(t,0)=0. Then g is continuous and hence uniformly 
continuous. If «>0 then there is a 6 such that if (f— 1’)? +(8—-8’P <6? 
then | 9(t,8)—2(t’,89)|<e/R. In particular, g(t,6)<e/R when r<t<SR 
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and 6< 4). Thus 


RK * 
[ e(1,8)dt <e 


for 6< 65. This implies that 


2.14 f ei is i EN) 
ee 


tee ea 50+ 


am 


Similarly, using the fact that /(z)=/(z)+2zi 


R .-¢ f(z 
2.15 —e7 sal | | d= lim Itz) dz. 
ee ad B04 J l+2z 


Now the value of the integral in (2.13) does not depend on 6. There- 
fore, letting 6->0+ and using (2.14) and (2.15) gives 


Beng 2 2 
2.16 Qarie i* —(] ee les [ A= in iAl ) 4. ff ) 
. l+f 80+ l+2z l+2z 

Yr YR 


Now if p>0O and p#1 and if y, is the part of the circle |z|=p from 


Vp? — 6° +16 to ¥p*— 6? —iéd then 


f(z) 
l+z 
Yp 


= ney 


dz : 
[1 —p| 


Since this estimate 1s independent of 6, (2.16) implies 


ae. 


dis Dart res 2aR. 


R ,~c 
rs Ma eas EM rer 
iti 


But as r-0+ and R->oo the right-hand side of this last inequality 
converges to zero. Hence 


ie 8) 


* ve [ ; -_ 
De po Re (l—e eo) Care dt; 
l+tf 
0 
Or, 
CO 
a ine ai ew ite 
Seas a= —2n 
fee bene ar 
0 
2mi 
sa etic _ panic 
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Exercises 


1. Calculate the following integrals: 
i x?dx Peoe x—1 
ey Ge, a ——_-— d 
(a) |an (0) | yO 
i if 


cos 24d6 ; dé 

l d ——_----—-- where a > I. 

(©) lite 2a cos 8-+a ne aes @ | orem ee 
0 


2. Verify the following equations: 


(log x) _ 
ating gee eo [era at 


Saas Aa ae 0: 


() fe ax ma+l)e~4 


ES = 4 
x/2 
dé 7 

d Gee de ered ee | 0; 
(¢) | at+sin*@ 2[a(a+1)]* we 

0 

Og x T 7 
——-; f =_—_: 
0 lane py 4 0 ite 2 


) | Sade = —_ if O<a<1; 

l+e sinar 
2% r 

(h) { log sin? 20d0 = 4 i log sin 6d0 = —4n log 2. 
0 0 


3. Find all possible values of {,expz~'dz where y is any closed curve not 
passing through z =0. 

4. Suppose that fhas a simple pole at z = a and let g be analytic in an open 
set containing a. Show that Res (fg; a) = g(a) Res (J; a). 

). Use Exercise 4 to show that if G is a region and f is analytic in G except 
for simple poles at a,,...,a,; and if g is analytic in G then 


27 fa Ay ny; a) g(a) Res (f5 a) 
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for any closed rectifiable curve y not passing through a,,..., a, such that 
yar OinG. 

6. Let y be the rectangular path [n+4+ni, -n—4+ni, ~-n—4—ni,n+4-ni, 
n+4+ni] and evaluate the integral [,7(z+a)~? cot wzdz for a # an integer. 
Show that lim |, 7(z+a)~* cot wzdz = 0 and, by using the first part, deduce 
that aor 


7 S l 
ieee EES 
sin* wa | #~ (at+n) 
(Hint: Use the fact that for z=x+ i), |cosz|? = cos*x + sinh*y and 
isin z|? = sin? x + sinh? y to show that |cot xz| < 2 for z ony if nis sufficiently 


large.) 
7. Use Exercise 6 to deduce that 


ro 1 
8 > Gari 


8. Let y be the polygonal path defined in Exercise 6 and evaluate [, (z? —a*)~* 
cot wzdz for a # an integer, Show that lim J, 7(z*—a*)~* cot wzdz = 0, and 
consequently tears 


l “Qa 
ncotma =~ + > ; ; 


for a # an integer. 
9. Use methods similar to those of Exercises 6 and 8 to show that 


Ls 2(—1)"a 


sinzwa a Qn 
n=] 


for a # an integer. 
10. Let y be the circle |z| = 1 and let m and n be non-negative integers. 
Show that 

(C+ 1)?(n+ 2p)! 


iGeor aaa 
(z? + 1)"dz eee 
ns ymtnti 
7 
0 otherwise 


11. In Exercise 1.12, consider a, and 5, as functions of the parameter A and 

use Exercise 10 to compute power series expansions for a,(A) and 8,(A). 

(b,(A) is called a Bessel function.) 

12. Let f be analytic in the plane except for isolated singularities at a,, a, 
, 4, show that 


Res (ff; 0) = — y Res (75 a). 
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(Res(f; 00) is defined as the residue of — z~2f(z~') at z=0. Equivalently, 


Res( f; oo) = — If when y(f)=Re”’, O<1< 27, for sufficiently large R.) 
What can you say if f has infinitely many isolated singularities? 


13. Let f be an entire function and let a, 6 ¢ C such that ja] < Rand |b] < R. 
If y(t) = Re", 0 < t < 2m, evaluate [, [((z—a) (z—b)]~ ‘f(z)adz. Use this result 
to give another proof of Liouville’s Theorem. 
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Suppose that fis analytic and has a zero of order m at z = a. So f(z) = 
(z —a)"2(z) where g(a) # 0. Hence 
3.1 LE). ME 8) 
f(z) z-a_ gz) 
and g’/g is analytic near z = a since g(a) 4 0. Now suppose that f has a 
pole of order m at z = a; that is, f(z) = (z—a)~™g(z) where g is analytic 
and g(a) # 0. This gives 


S00 xe eae 


and again g’/g is analytic near z = a. 
Also, to avoid the phrase ‘‘analytic except for poles’ which may have 
already been used too frequently, we make the following standard definition. 


3.3 Definition. If G is open and fis a function defined and analytic in G except 
for poles, then fis a meromorphic function on G. 

Suppose that fis a meromorphic function on G and define f: G > C,, 
by setting f(z) = oo whenever z is a pole of fi It easily follows that f is 
continuous from G into C,, (Exercise 4). This fact allows us to think of 
meromorphic functions as analytic functions with singularities for which 
we can remove the discontinuity of f, although we cannot remove the non- 
differentiability of f- 


3.4 Argument Principle. Let f be meromorphic in G with poles p,, Py, - ++ Dm 

and zeroS Z,, Z,...,2, counted according to multiplicity. If y is a closed 

rectifiable curve in G with yO and not passing through p,,...+.Pm3 

Ziv iee e253 NEN 

a 1 (Lr 

2mi | f(z) 
Y 


dz = Py nly; 2.) — sy nly; p;)- 
= j= 


Proof. By a repeated application of (3.1) and (3.2) 


M2) ft 1 gt) 


I(2) k=l * “k pat. Say g(z) 
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where g is analytic and never vanishes in G. Since this gives that g’/g is 
analytic, Cauchy’s Theorem gives the result. 

Why is this called the “Argument Principle”? The answer to this is not 
completely obvious, but it is suggested by the fact that if we could define 
log f(z) then it would be a primitive for /’/f. Thus Theorem 3.4 would give 
that as z goes around y, log f(z) would change by 27iK where K is the integer 
on the right hand side of (3.5). Since 27iK is purely imaginary this would 
give that Im log f(z) = arg f(z) changes by 27K. 

Of course we can’t define log f(z) (indeed, if we could then J, f'/f = 0 
since f’/f has a primitive). However, we can put the discussion in the above 
paragraph on a solid logical basis. Since no zero or pole of flies on y there 
is a disk B(a; r), for each a in{y}, such that a branch of log f(z) can be defined 
on B(a; r) (simply select r sufficiently small that f(z) # 0 or © in B@; r)). 
The balls form an open cover of {y}; and so, by Lebesgue’s Covering Lemma, 
there is a positive number « > 0 such that for each a in {y} we can define a 
branch of log f(z) on B(a; «). Using the uniform continuity of y (suppose 
that y is defined on [0, 1]), there is a partition 0 = f9 <f, <:''< 4 =1 
such that y(t) « By(t;-,); ©) fort;-,; <¢ <t, and 1 <j <k. Let ¢, bea 
branch of log f defined on BO(t;~,); ©) for 1 <j < k. Also, since the j-th 
and (j+1)-st sphere both contain y(t;) we can choose ¢,,..., ¢, so that 
E((t,)) = Z((t:))s GOA) = Fa(yta))s «3 a We- 1) = (1). 


? 


If y, is the path y restricted to [t;_,, ¢,] then, since 7; = f'/f, 


via 

(5 = f [y(t ))—?,[v@;- I 
Yj 

for 1 < j < k. Summing both sides of this equation the right hand side 

“telescopes” and we arrive at 


f’ 
(5 = 4a) - &(@) 
Y 
where a = y(0) = y(1). That is, 4.(a)—?,(a) = 27iK. Because 27iK is purely 
imaginary we get Im ¢,(a)—Im 7,(a) = 27K. This makes precise our con- 
tention that as z traces out y, arg f(z) changes by 27K. 
The proof of the following generalization is left to the reader (Exercise 1). 


3.6 Theorem. Let f be meromorphic in the region G with zeroS Z,, Z2,++ +5 Zn 
and poles py, ~~» 5 Dm counted according to multiplicity. If g is analytic in G 
and y is a closed rectifiable curve in G with y = 0 and not passing through 
any z; or p; then 
eae ‘ 
a |ea= d sedans 2z) — » a(ppa P))- 

fo 1 j=l 

Y 


We already know that a one-one analytic function f has an analytic 
inverse (LV. 7.6). It is a remarkable fact that Theorem 3.6 can be used to give 
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a formula for calculating this inverse. Suppose R > O and that fis analytic 
and one-one on A(a; R); let Q = f[B(a; R)]. If |z—a| < Rand € = f(z)eQ 
then f(w) —é has one, and only one, zero in B(a; R). If we choose g(w) = w, 
Theorem 3.6 gives 
wf'(w) 
HL) — fiwy—é°" 


where y is the circle |\w—a| = R. But z = f~'(€); this gives the following 


3.7 Proposition. Let f be analytic on an open set containing B(a; R) and 
suppose that f is one-one on Bla; R). If Q = f[B(a; R)] and y is the circle 
|z—a| = R then f~'(w) is defined for each w in Q by the formula 


1 xO 
POY ye a 


This section closes with Rouché’s Theorem. 


3.8 Rouche’s Theorem. Suppose f and g are meromorphic in a neighborhood 
of B(a;, R) with no zeros or poles on the circle y={z:|z—a|=R}. If Z,,Z, 
(P,, P,) are the number of zeros (poles) of f and g inside y counted according 
to their multiplicities and if 


f(z) +a(2i<lf()l+la(2)| 


on y, then 
Le PLP 
Proof. From the hypothesis 
z z 
f(z) nate f(z) 44 
g(z) g(z) 


on y. If A = f(z)/g(z) and if » is a positive real number then this 
inequality becomes A + 1 <A +1, a contradiction. Hence the meromor- 
phic function f/g maps y into Q = C — [0,0). If / is a branch of the 
logarithm on @ then /(f(z)/g(z)) is a well-defined primitive for 
(f/2)'(f/z)~' in a neighborhood of y. Thus 


= = [U/8)S/8)" 


This statement of Rouché’s Theorem was discovered by Irving Glicks- 
berg (Amer. Math. Monthly, 83 (1976), 186-187). In the more classical 
statements of the theorem, f and g are assumed to satisfy the inequality 
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|f+e2|<|g| on y. This weaker version often suffices in the applications as 
can be seen in the next paragraph. 
Rouché’s Theorem can be used to give another proof of the Fundamental 
Theorem of Algebra. If p(z) = z"+a,z""'+---+a, then 
BE) oie alma ege 
2 z Zz 
and this approaches | as z goes to infinity. So there is a sufficiently large 
number R with 
p(z) 


al 


- <1 


for |z| = R; that is, |p(z)—z"| < |z|" for |z| = R. Rouché’s Theorem says 
that p(z) must have n zeros inside |z| = R. 

We also mention that the use of a circle in Rouché’s Theorem was a 
convenience and not a necessity. Any closed rectifiable curve y with y ~ 0 in 
G could have been used, although the conclusion would have been modified 
by the introduction of winding numbers. 


Exercises 


1. Prove Theorem 3.6. a 

2. Suppose f is analytic on B(O; 1) and satisfies | f(z)|< 1 for |z|=1. Find 
the number of solutions (counting multiplicities) of the equation f(z)=z” 
where vis an integer larger than or equal to 1. 

3. Let f be analytic in B(O; R) with f(0)=0, (/'(0)*0 and f(z)*0 for 
O</|z/ sR. Put p=min{|f(z)|:|z}=R}>0. Define g: B(0; p)-C by 


/ zf (2 ) 
) F@-0 


where y is the circle |[z|=R. Show that g is analytic and discuss the 
properties of g. ; ;: 
4. If fis meromorphic on G and f: G->C,, is defined by f(z) =o when z is 
a pole of f and f(z)= f(z) otherwise, show that f is continuous. 
5. Let f be meromorphic on the region G and not constant; show that 
neither the poles nor the zeros of f have a limit point in G. 
6. Let G be a region and let H(G) denote the set of all analytic functions on 
G. (The letter ““H”’ stands for holomorphic. Some authors call a differentiable 
function holomorphic and call functions analytic if they have a power series 
expansion about each point of their domain. Others reserve the term 
“analytic” for what many call the complete analytic function, which we will 
not describe here.) Show that H(G) is an integral domain; that is, H(G) is a 
commutative ring with no zero divisors. Show that M(G), the meromorphic 
functions on G, is a field. 

We have said that analytic functions are like polynomials; similarly, 
meromorphic functions are analogues of rational functions. The question 


l 
8(w)= 5— 


az 
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arises, 1S every meromorphic function on G the quotient of two analytic 
functions on G? Alternately, is M(G) the quotient field of H(G)? The answer 
is yes but some additional theory will be required before this answer can be 
proved. 

7. State and prove a more general version of Rouché’s Theorem for curves 
other than circles in G. 

8. Is a non-constant meromorphic function on a region G an open mapping 
of G into C? Is it an open mapping of G into C,,? 

9. Let A > 1 and show that the equation A-~z—e~* = O has exactly one 
solution in the half plane {z: Re z > 0}. Show that this solution must be 
real. What happens to the solution as A— |? 

10. Let f be analytic in a neighborhood of D=B(0; 1). If | f(z)| <1 for 
\z|= 1, show that there is a unique z with jz| <1 and f(z)=z. If | f(z)| <1 
for |z/=1, what can you say? 


Chapter VI 


The Maximum Modulus Theorem 


This chapter continues the study of a property of analytic functions first 
seen in Theorem IV. 3.11. In the first section this theorem is presented again 
with a second proof, and other versions of it are also given. The remainder 
of the chapter is devoted to various extensions and applications of this 
maximum principle. 


§7. The Maximum Principle 


Let Q be any subset of C and suppose « is in the interior of 2. We can, 
therefore, choose a positive number p such that Bla; p) < Q; it readily 
follows that there is a point € in Q with /€| > |«|. To state this another way, 
if « is a point in Q with |a| > |é| for each € in the set Q then « belongs to @Q. 


1.1 Maximum Modulus Theorem—First Version. /f f is analytic in a region G 
and ais a point in G with | f(a), = | f(z)| for all z in G then f must be a constant 
function. 


Proof. Let Q = f(G) and put « = f(a). From the hypothesis we have that 
|x| = |é| for each € in Q; as in the discussion preceding the theorem « is in 
6Q A Q. In particular, the set Q cannot be open (because then 2. eQ = [)). 
Hence the Open Mapping Theorem (IV. 7.5) says that f must be constant. 


1.2 Maximum Modulus Theorem—Second Version. Let G be a bounded open 
set in C and suppose f is a continuous function on G~ which is analytic in G. 
Then 

max {| f(z)|:z¢G~ } = max {| f(z)|: z € éG}. 


Proof. Since G is bounded there is a point ae G™ such that | f(a)| = [f()] 
for all z in G”. If fis a constant function the conclusion is trivial; if fis not 
constant then the result follows from Theorem 1.1. 7] 

Note that in Theorem 1.2 we did not assume that G is connected as in 
Theorem 1.1. Do you understand how Theorem 1.1 puts the finishing touches 
on the proof of 1.2? Or, could the assumption of connectedness in Theorem 
1.1 be dropped? 

Let G = {z = x+iy: —in < y < 47} and put f(z) = exp [exp z]. Then 
f is continuous on G™ and analytic on G. If ze eG then z = x + 477 so 
| f(z)| = |exp (+ ie*)| = 1. However, as x goes to infinity through the real 
numbers, f(x) oc. This does not contradict the Maximum Modulus 
Theorem because G is not bounded. 

In light of the above example it is impossible to drop the assumption of 
the boundedness of G in Theorem 1.2; however, it can be replaced. The 
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substitute is a growth condition on | f(z)| as z approaches infinity. In fact, 
it is also possible to omit the condition that f be defined and continuous on 
G~. To do this, the following definitions are needed. 


1.3 Definition. If f: G-—> R and aeG™ ora = o, then the /imit superior of 
f(z) as z approaches a, denoted by lim sup f(z), is defined by 


zZ7 a 


lim sup f(z) = lim sup {f(z):z—~eGo Bla; r)} 
za ro 0+ 

(fa = o, B(a;r) is the ball in the metric of C,,.) Similarly, the limit.inferior 

of f(z) as z approaches a, denoted by lim inf f(z), is defined by 


za 


lim inf f(z) = lim inf {f(z):z¢ GNA Bla; n}. 
ro Oo+ 


It is easy to see that lim f(z) exists and equals « iff « = lim sup f(z) = 


lim inf f(z). 


Za 


If G < C then let 0,.G denote the boundary of G in C,, and call it the 
extended boundary of G. Clearly ¢,G = ¢G if G is bounded and ¢,G = 
6G U {oo} if G is unbounded. 

After these preliminaries the final version of the Maximum Modulus 
Theorem can be stated. 


1.4 Maximum Modulus Theorem—Third Version. Let G be a region in 
C and f an analytic function on G. Suppose there is a constant M such that 
lim sup | f(z)| < M for all ain ¢,,G. Then | f(z)| < M for all z in G. 
Proof. Let 6 > 0 be arbitrary and put H = {zeG: |f(z)) > M+8}. The 
theorem will be demonstrated if H is proved to be empty. 

Since |f| is continuous, H is open. Since lim sup |f(z)| < M for each 


ain 0,G, there is a ball B(a; r) such that | f(z)| < M+6 for all zin GO Ba; 
r). Hence H™ ¢ G. Since this condition also holds if G is unbounded and 
a = oo, H must be bounded. Thus, H™ is compact. So the second version of 
the Maximum Modulus Theorem applies. But for z in 0H, |f(z)) = M+6 
since H™~ < {z: | f(z)) => M+56}; therefore, H = (J or fis a constant. But 


Notice that in the example G = {z: [Im 2z| < 47}, f(z) = exp (e’), f 
satisfies the condition lim sup | f(z)| < 1 for all a in éG but not for a = oo. 


Z7 a 


Exercises 


1. Prove the following Minimum Principle. If f is a non-constant analytic 
function on a bounded open set G and is continuous on G’, then either f 
has a zero in G or | f| assumes its minimum value on @G. (See Exercise IV. 
3.6.) 


2. Let G be a bounded region and suppose f is continuous on G” and 
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analytic on G. Show that if there is a constant c > 0 such that | f(z)| = c 
for all z on the boundary of G then either fis a constant function or f has a 
zero in G. 
3. (a) Let f be entire and non-constant. For any positive real number c show 
that the closure of {z: |f(z)| < c} is the set {z: | f(z)| < c}. 

(b) Let p be a non-constant polynomial and show that each component 
of {z:|p(z)| < c} contains a zero of p. (Hint: Use Exercise 2.) 

(c) If p is a non-constant polynomial and c > 0 show that {z: | p(z)| = 
c} is the union of a finite number of closed paths. Discuss the behavior of 
these paths as c > oo. 
4. Let 0 <r < R and put A = {z: r < |z| < R}. Show that there is a 
positive number e« > 0 such that for each polynomial p, 


sup {|p(z)—z ‘|:ze A} >e 


This says that z~' is not the uniform limit of polynomials on A. 
5. Let f be analytic on B(O; R) with |f(z)| < M for |z| < R and |/(0)| = 
a > 0. Show that the number of zeros of fin B(O; 4) is less than or equal to 


l M ' 
log () . Hint: If z,,...,z, are the zeros of fin B(O; +R), consider 
a 


log 2 
the function 


sidan 


and note that g(0) = f(0). (Notation: I Q, = Q\d,... a, 


6. Suppose that both f and g are analytic on BO; R) with | f(z)| = |g(z)| for 
|z| = R. Show that if neither f nor g vanishes in B(O; R) then there is a 
constant A, |A| = 1, such that f = Ag. 

7. Let f be analytic in the disk B(O; R) and for 0 < r < R define A(r) = 
max {Re f(z): |z| =r}. Show that unless f is a constant, A(r) is a strictly 
increasing function of r. 

8. Suppose G is a region, f: G -> C is analytic, and M is a constant such that 
whenever z is on 0,,G and {z,} is a sequence in G with z = lim z, we have 
lim sup | f(z,)| < M. Show that |/(z)| < M, for each z in G. 


§2. Schwarz’s Lemma 


2.1 Schwarz’s Lemma. Let D = {z: |z| < 1} and suppose f is analytic on D 
with 


(a) [f(z)| < 1 for z in D, 


(b) f(0) = 0. 
Then | f'(0)| < 1 and|f(z)| < |2| for all z in the disk D. Moreover if| f'(0)| = 1 
or if | f(z)| = |z| for some z # 0 then there is a constant c, |c| = 1, such that 


Sw) = ew for all w in D. 
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Proof. Define g: D-C by g(z)= EA for z#0 and 2(0)=/'(0); then g is 
analytic in D. Using the Maximum Modulus Theorem, |g(z)\s r7' for 
Iz}<sr and O<r< 1. Letting r approach 1 gives | g(z)| <1 for all z in D. 
That is, | f(z)| <|z| and | f’(0)| =| 2(0)| <1. If | f(z)|=[z| for some z in D, 
z#0, or | f’(0)|=1 then | g| assumes its maximum value inside D. Thus, 
again applying the Maximum Modulus Theorem, g(z)=c for some con- 
stant c with |c|=1. This yields f(z)=cz and completes the proof of the 
theorem. % 

We will apply Schwarz’s Lemma to characterize the conformal maps of 
the open unit disk onto itself. First we imtroduce a class of such maps. If 
|a| < 1 define the Mébius transformation: 


z—-@ 


P{z) = —— 
1 — dz 


Notice that p, is analytic for |z| < |a|~’ so that it is analytic in an open disk 
containing the closure of D = {z: |z| < 1}. Also, it is an easy matter to 
check that 


PAP—a(Z)) = Z = p_(P,(2)). 


for |z| < 1. Hence ~, maps D into itself in a one-one fashion. 
Let @ be a real number; then 


) i@ a 
e = | ——______. 
IP, | 1 a ae!? 
er 2G 

le 8 _&| 


This says that g,(@D) = 0D, and, from the preceding material, g(D) = D. 
These facts, and other pertinent information which can be easily checked, 
are summarized as follows. 


2.2 Proposition. [f |a| < 1 then », is a one-one map of D = {z: |z| < 1} 
onto itself; the inverse of 9, is p_ 4. Furthermore, », maps 2D onto eD, ¢,{a) 
= 0, (0) = 1—|al*’, and pa) = (1—|a|*)7. 

Let us see how these functions y, can be used in applying Schwarz’s 
Lemma. Suppose f is analytic on D with | f(z)| < 1. Also, suppose |a| < 1 
and f(a) = « (so |«| < 1 unless fis constant). Among all functions f having 
these properties what is the maximum possible value of | /f’(a)|? To solve 
this problem let g = »,°fog_,. Then g maps D into D and also satisfies 
g(0) = »,(/(@) = ¢{«) = 0. Thus we can apply Schwarz’s Lemma to obtain 
that |g’(0)| < 1. Now obtain an explicit formula for g’(0). Applying the chain 
rule 
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g'(0) = (ae f)(p_.(0)) (0) 
= (~, °f)'(a) (1—|al’) 
pa(a) f(a) (1 —|a\") 


_ l-lal’ ,, 
= apt. 
Thus, 
‘ 1 —|a/? 
2.3 
\f'(a)| S 1—|al?- 


Moreover equality will occur exactly when |g’(0)| = 1, or, by virtue of 
Schwarz’s Lemma, when there is a constant c with |c| = | and 


ae f(z) = 4 (h,(2)) 
for |z| < 1. 

We are now ready to state and prove one of the main consequences of 
Schwarz’s Lemma. Note that if |c} = 1 and |a| < 1 then f= cq, defines a 
one-one analytic map of the open unit disk D onto itself. The next result 
says that the converse is also true. 


2.5 Theorem. Let f: D — D be a one-one analytic map of D onto itself and 
suppose f(a) = 0. Then there is a complex number c with |c| = 1 such that 
f= CQ, 

Proof. Since f is one-one and onto there is an analytic function g: D> D 
such that ef f(z)) = z for |z| < 1. Applying inequality (2.3) to both fand g 
gives | f'(a)| < ([—|a|?)7' and |g’(0)| < 1—|a|? (since g(0) = a). But since 
1 = g’(0)f'(a), | f'(a)| = (i—|al*)~'. Applying formula (2.4) we have that 
f = cq, for some, |c| = 1. 


Exercises 


1. Suppose | f(z)| < 1 for |z| < 1 and / is a non-constant analytic function. 
By considering the function g: D — D defined by 

f(z)-a 

1 — df(z) 


g(z) = 


where a = (0), prove that 
SOMll - iggy < Olle 


1+ | f(0)| |2| I— | f(0)| |2| 


for |z| < 1. 
2. Does there exist an analytic function f: D > D with f(4) = zand f’(4) = 
4? 
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3. Suppose f: DC satisfies Re f(z) = 0 for all z in D and suppose that f is 
analytic and not constant. 

(a) Show that Re f(z) >0 for all z in D. 

(b) By using an appropriate Mobius transformation, apply Schwarz’s 
Lemma to prove that if f(0)=1 then 


1+(|2| 
1 —|z| 


\/(2z)| < 


for |z| < 1. What can be said if f(0) 4 1? 
(c) Show that if f(0)=1, f also satisfies 


1 —|z| 


f(z)| = Peler 


(Hint: Use part (a)). 

4. Prove Carathéodory’s Inequality whose statement is as follows: Let f be 
analytic on B(O; R) and let M(r)=max{|f(z)|: |z)=r}, A()= 
max{Ref(z):|z|=r}; then forO<r< R, if A(r) 20, 


R+r 


Mir) < i 


[A(R) + | £(0)]] 


(Hint: First consider the case where /(0) = 0 and examine the function 
g(z) = f(Rz) (2A(R)+f(Rz)]* for |z| < 1.) 

5. Let f be analytic in D = {z: |z| < 1} and suppose that |/f(z)| < M for 
all zin D. (a) If f(z,) = 0 for 1 < k < n show that 


ci 
ry | ZZ | 


2 < M1 


k=1 


[1 —2,z| 


for jz|< 1. (b) If f(z,) =0 for 1<k<n, each z, #0, and f(0)= 

Me'*(z,2),..., Z,), find a formula for f. 

6. Suppose f is analytic in some region containing B(0; 1) and | f(z)| = 1 

where |z| = 1. Find a formula for f. (Hint: First consider the case where f 

has no zeros in B(O; 1).) 

7. Suppose f is analytic in a region containing B(0; 1) and |/(z)| = 1 when 

|z| = 1. Suppose that f has a zero at z = 4(1 + i) and a double zero at 
= 5. Can f(0) = 39 

8. Is there an analytic function f on B(O; 1) such that | f(z)| < 1 for |z| < 1, 

J(0) = 4, and f’(0) = 27 If so, find such an f. Is it unique? 


§3. Convex functions and Hadamard’s Three Circles Theorem 
In this section we will study convex functions and logarithmically convex 


functions and show that such functions appear in connection with the study 
of analytic functions. 
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3.1 Definition. If [a, 5] is an interval in the real line, a function f: [a, 6] > R 
is convex if for any two points x, and x, in [a, 5] 


f(txz FU — 9x1) S tra) + -Of1) 


whenever 0 < ¢ < 1. A subset : < Cis convex if whenever z and w are in 
A, tz+(1 fi isin A for 0 < f < 1; that 1s, A is convex when for any two 
points in A the line segment a the two points is also in A. (See LV. 4.3 
and IV. 4.4.) 

What is the reration between convex functions and convex sets? The 
answer is that a function is convex if and only if the portion of the plane 
lying above the graph of the function is a convex set. 


3.2 Proposition. A function f: [a, b] > R is convex iff the set 


= {(x,p)ia <x < bandf(x) < y} 
iS CONVEX. 


Proof. Suppose f: [a, b] — R is a convex function and let (x,, y,) and (x5, y>) 
be points in A. If 0 < ¢ < 1 then, by the definition of convex function, 
F(txg+(L—dx1) < Fr) +Ud-OfO1) S at —oy,. Thus t(x2, y2)+ 
(1—t) (x1, ¥,) = (,+ CU —-d)x,, tv, +CU—dy,) is in A; so A Is convex. 
Suppose A is a convex set and let x,, x, be two points in [a, 5]. Then 
(tx,+U—oOx,, (x, +U0—df(x,)) is in A if O< t < 1 by virtue of its 
convexity. But the definition of A gives that f(tx,+U—)x,) < f(x2)+ 
(1—1)f(x,); that 1s, fis convex. 
The proof of the next proposition is left to the reader. 


3.3 Proposition. (a) A function f: [a, b] > R is convex iff for any points 


rn 
X1,-++5X, in [a, b] and real numbers t,,...,1t, =O with ) 4, = 1, 
k=1 
s( >» | SS DC: 
k=1 k=1 
(b) A set A <— C is convex iff for es points Z,,...,2, in A and real 


numbers t,,...,t, 2 0 with = ie iV. by t,Z, belongs to A. 


What are the virtues of Ree fonctions and sets? We have already seen 
the convex sets used in connection with complex integration. Also, the fact 
that disks are convex sets has played a definite role, although this may not 
have been apparent since this fact is taken for granted. The use of convex 
functions may not be so familiar to the reader; however it should be. In the 
first course of calculus the fact (proved below) that fis convex when /” Is 
non-negative is used to obtain a local minimum at a point fg whenever 
f'(to) = 0. Moreover, convex functions (and concave functions) are used to 
obtain inequalities. If f: [a, b] — R is convex then it follows from Proposition 
3.2 that f(x) < max { f(a), f(b)} for all x in [a, b]. We now give a necessary 
condition for the convexity of a function. 
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3.4 Proposition. A differentiable function f on [a, b| is convex iff f' is increasing. 


Proof. First assume that f is convex; to show that /’ is increasing let 
a<x< y< 6b and suppose that 0 < t < 1. Since 0 < (1—Ax+ty—x = 
t(y-—x), the definition of convexity gives that 


_ fo) =f) 
t(y-x) yam x 
Letting ¢ — 0 gives that 


ae ee glint =f) 


Similarly, using the fact that O > (l—d)x+ty—y = (1-1) (x—y) and letting 
t—> 1 gives that 


IY) -F) 
3.6 TO = <=. 


so, combining (3.5) and (3.6), we have that /’ is increasing. 

Now supposing that /’ is increasing and that x < u < y, apply the Mean 
Value Theorem for differentiation to find r and s-withx <r<u<s<y 
such that 


fr) on fu) —f(x) 
uU- X 


and 


rg -fO=fe) 
yru 
Since f'(r) < f(s) this gives that 


IWH—-fOD . fO)-S) 


u-xX yu 


whenever x <u<_y. In particular by letting uv =(1—‘x+ty where 
O<?t < 1, 


fW-fEO — SO)-fUW_. 
t(y —x) Nos x)" 
and hence 


(—)(fw—-fO)) < 1f0)—-f)). 


This shows that f must be convex. 
In actuality we will mostly be concerned with functions which are not 
only convex, but which are logarithmically convex; that is, log f(x) is convex. 
Of course this assumes that f(x) > 0 for each x. It is easy to see that a 
logarithmically convex function is convex, but not conversely. 


3.7 Theorem. Let a < b and let G be the vertical strip {x+iy: a < x < b}. 
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Suppose f: G~ -» C is continuous and f is analytic in G. If we define M: 
[a, b] > R by 
M(x) = sup {[f(x+iy)|: -o < y < o}, 


and | f(z)| < B for all z in G, then log M(x) is a convex function. 
Before proving this theorem, note that to say that log M(x) 1s convex 
means (Exercise 3) that fora < x <u<yp<< Bb, 


(y—x) log M(u) < (y—u) log M(x) +(u—x) log M(y) 
Taking the exponential of both sides gives 
3.8 M(w?-? < M(x)!~-?™ MG)” 


whenever a < x < u < y < Bb. Also, since log M(x) is convex we have that 
log M(x) is bounded by max {log M(a), log M(6)}. That is, fora <x < 6b 


M(x) < max {M(a), M(d)}. 
This gives the following. 


3.9 Corollary. /f f and G are as in Theorem 3.7 and f is not constant then 


[f(2)| < sup {| f(w)|: we 6G} 
for all z in G. 
To prove Theorem 3.7 the following lemma is used. 


3.10 Lemma. Let f and G be as in Theorem 3.7 and further suppose that 
| f(z)| < 1 for z on 6G. Then |f(z)| < 1 for all z in G. 


Proof. For each « > 0 let g,(z) = [l+e(z—a)]~* for each z in G~. Then for 
z=x+iyinG” 
ig(z)| < |Re[I+<(z-a)]|~' 


= [I+ex—-a)] 
ae & 
So for z in éG | f(z)g{z)| < 1. Also, since fis bounded by B in G, 
f@gdz)| < Bll+<2-a)|7 
< Ble |Im z|]~' 


So if R = {x+iy:a< x <b, |y| < Ble}, inequality (3.11) gives |f(z)g{z)| 
<1 for z in éR. It follows from the Maximum Modulus Theorem that 
If(2gdz)| < 1 for z in R. But if [Im z| > B/e then (3.11) gives that | f(z)g,(z)| 
< 1. Thus for all z in G. 


3.11 


[f(@| < [1+«@—a). 


Letting « approach zero the desired result follows. 


Proof of Theorem 3.7. First observe that to prove the theorem we need only 
establish 
M(uy?-® < May?’ Moby? 
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for a <u < 5 (see (3.8)). To do this recall that for a constant A > 0, 
A* = exp (z log A) is an entire function of z with no zeros. So g(z) defined by 


g(z) — M (a)2~ 2-9 A (Dy — DMB~ a) 
is entire, never vanishes, and (because |A7| = A®**) for z = x+iy 
es le(z)| = M(a)2~ 1-9) yg (py Ie~ a), 


(it is assumed here that M(a) and M(b) # 0. However, if either M(a) or 
M(6) 1s zero then f = 0.) Since the expression on the right hand side of 
(3.12) is continuous for x in [a, b] and never vanishes, |g|~' must be bounded 
inG”. Also, |g(a+iy)| = M(a) and |g(6+iy)| = M(b) so that | f(z)/g(z)| < 1 
for z in 0G; and //g satisfies the hypothesis of Lemma 3.10. Thus 


If) < |g(2)|, z€G. 
Using (3.12) this gives for a < u < b 


M(u) < M(ayO-/O-9 y(pye- a/@-9) 


Hadamard’s Three Circles Theorem is an analogue of the preceding 
theorem for an annulus. Consider ann (0; R,, R,) = A where 0 < R,“< R, 
< oo. If Gis the strip {x+iy: log R, < x < log R,} then the exponential 
function maps G onto A and éG onto 2A. Using this fact one can prove the 
following from Theorem 3.7 (the details are left to the reader). 


3.13 Hadamard’s Three Circles Theorem. Let 0 < R, < R, < 00 and sup- 
pose f is analytic and not identically zero on ann (0; R,, R,). If Ry <r < R3, 
define M(r) = max {|f(re’")|: 0 < 0 < 27}. Then for Ry <r,<r<r< 
R, and r, #15, 


logr,—logr 


log M(r) < log M(r,) + -—---— log M(r,). 


logr,—logr, log r,—logr, 
Another way of expressing Hadamard’s Theorem is to say that log M(r) 
is a convex function of log r. 


Exercises 


1. Let f: [a, 6] ~ R and suppose that f(x) > 0 for all x and that f has a 
continuous second derivative. Show that f is logarithmically convex iff 
S"COfOO-L/OOP = 0 for all x. 

2. Show that if f: (a, b) > R is convex then fis continuous. Does this remain 
true if fis defined on the closed interval [a, 5]? 

3. Show that a function f: [a, b] > R is convex iff any of the following 
equivalent conditions is satisfied: 


flu ul 
(ajacx< vy = baer det (70 1] > 0; 
fO) yl 
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LM-fO) - LM -fO . 

U-X px 
fw)-f0) . fo) -fW) 

U-X p= 


(b)asx<uc<ys¢ b gives 


(C)axsx<u<yp < b gives 


Interpret these conditions geometrically. 

4. Supply the details in the proof of Hadamard’s Three Circles Theorem. 

5. Give necessary and sufficient conditions on the function f such that 
equality occurs in the conclusion of Hadamard’s Three Circles Theorem. 

6. Prove Hardy’s Theorem: If fis analytic on B(O; R) and not constant then 


2n 


I) = s | Lflre®®)|de 
0 


is strictly increasing and log /(r) is a convex function of log r. Hint: If 
O<r,; <r<pr, find a continuous function @: [0, 27]-~C such that 
p(9)f(re'®) = | f(re'®)| and consider the function F(z) = [2" f(ze'®)o(6)d6. 
(Note that r is fixed, so m may depend onr.) 
7. Let f be analytic in ann (0; R,, R,) and not identically zero; define 

an 

100 = 5. | Urea, 
an 
0 


Show that log /,(r) is a convex function of logr, R, <r < R3. 
$4. The Phragmen-Lindeléf Theorem 


This section presents some results of E. Phragmeén and E. Lindelof (pub- 
lished in 1908) which extend the Maximum Principle by easing the require- 
ment of boundedness on the boundary. 

The Phragmén-Lindelof Theorem bears a relation to the Maximum 
Modulus Theorem which is analogous to the relationship of the following 
result to Liouville’s theorem. If f is entire and | f(z)| < 1+|z|* then fis a 
constant function. (Prove it!) So it is not necessary to assume that an entire 
function is bounded in order to prove that it 1s constant; it is sufficient to 
assume that its growth as z — oo is restricted by 1+|z|?. The Phragmén- 
Lindel6f Theorem places a growth restriction on an analytic function 
f: G-C as z nears a point on the extended boundary. Nevertheless, the 
conclusion, like that of the Maximum Modulus Theorem, is that fis bounded. 


4.1 Phragmén-Lindeléf Theorem. Let G be a simply connected region and let 
f be an analytic function on G. Suppose there is an analytic function op: G > C 
which never vanishes and is bounded on G. If M is a constant and 0,,G = AU B 
such that: 


(a) for every a in A, lim sup|f(z)| SM; 
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(b) for every b in B, and y > 0, lim sup |f(z)| |[9{z)|" s M; 
z~b 


then | f(z)|< MforallzinG. 


Proof. Let |p(z)| < « for all z in G. Also because G is simply connected 
there is an analytic branch of log y(z) on G (Corollary IV. 6.17). Hence 
g(z) = exp(7 log y(z)) is an analytic branch of p(z)” for n > 0; and 
lg(z)| = |p(z)|". Define F: G->C by F(z) = f(z)g(z)x"; then F is 
analytic on G and |F(z)| < | f(z)| since |p(z)| < « for all z in G. But then, 
by conditions (a) and (b) on 0,G, F satisfies the hypothesis of Theorem 1.4. 
Thus |F(z)| < max(M, «~"M) for all z in G. This gives 


| f(z)| |x /p(z)|"max( M, eM) 


for all z in G and for all 7 > O. Letting 7 ~0+ gives that |/f(z)| < M tor 
all z in G. 


4.2 Corollary. Let a > 4 and put 


G = F larg z| < ae 
2a 


Suppose that f is analytic on G and there is a constant M such that lim sup 


sm 


| f(z)| < M for all win eG. If there are positive constants P andb < a such that 
4.3 [f(2)| s P exp ((z/”) 
for all z with |z| sufficiently large, then | f(z)| < M for all z in G. 


Proof. Let b < c < a and put 9(z) = exp (—2z°) for z in G. If z = re’®, 
|6| < w/2a, then Re z° = r° cos cé. So for z in G 


lp(z)| = exp (—r* cos cé) 


when z = re'®. Since c < a, cos c > p > O for all z in G. This gives that ¢ is 
bounded on G. Also, if 7 > 0 and z = re’® is sufficiently large, 


[f(2)| eZ)" <P exp (r?—ar® cos cf) 
< Pexp(r?—nr‘p) 


But r°—nr°p = r(r°-*—np). Since b < c, r?~° +>0+ as r—>oo so that 


r?—nrép > —co as r—> oo. Thus 


lim sup | f(Z)| |p(2)/" = 0 


Hence, f and ¢ satisfy the hypothesis of the Phragmén-Lindeléf Theorem 


Note that the size of the angle of the sector G is the only relevant fact 
in this corollary; its position is inconsequential. So if G is any sector of angle 
aja the conclusion remains valid. 
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4.4 Corollary. Let a > 4, 


G= \F larg z| < xf 
2a 


and suppose that for every w in 0G, lim sup | f(z)| < M. Moreover, assume that 


ead 


for every 8 > Q there is a constant P (which may depend on 8) such that 
4.5 [f(z)| < P exp (8|z\*) 
for zin G and |z| sufficiently large. Then | f(z)| < M for all z in G. 


Proof. Define F: G > C by F(z) = f(z) exp (—ez*) where « > 0 is arbitrary. 
If x > 0 and 6 is chosen with 0 < 6 < « then there is a constant P with 


|F(x)| < P exp [(8—«)x*]. 


But then |F(x)| > 0 as x > «© in R; so M, = sup {|F(x)|: 0 < x < «} 
< oo. Define M, = max {M,, M} and 


H, = {zeG:0 < argz < 2/2a}, 
H_ = {z¢G:0> argz > —7x/2a}; 
then | lim PSuP [f(z)| < M, for all z in GH, and 0H_. Using hypothesis (4.5), 


Corollary 4.2 gives |F(z)| < M, for allzin H, and H_ hence, |F(z)| < M, 
for all z in G. 

We claim that M, = M. In fact, if M, = M, > M then |F| assumes its 
maximum value in G at some point x, 0 < x < © (because |F(x)| > 0 as 
x — 0 and we pSuP | f(x)| = lim SUP [F(x)| < M < M,). This would give 


that Fis a Sonstant by the Mamie Principle and so M = M,. Thus, 
M, = M and |F(z)| < M for all z in G; that is, 


|f(z)| = M exp (e Re z’) 


for all zin G; since M is independent of «, we can let e > Oand get | f(z)| < M 


for all z in G. 


Let G = {z: z #0 and jargz| < 7/2a} and let f(z) = exp(z’) for 
zeéG. Then | f(z)| = exp(|z|*cosa@) where 6 =argz. So for z in 6G, 
(f(z)| = 1; but f(z) 1s clearly unbounded in G. In fact, on any ray in G we 
have that | f(z)| — oo. This shows that the growth condition (4.5) is very 
delicate and can’t be improved. 


Exercises 


1. In the statement of the Phragmén-Lindelof Theorem, the requirement 
that G be simply connected 1s not necessary. Extend Theorem 4.1 to 
regions G with the property that for each z in 0,,G there is a sphere V in 
C,, centered at z such that V MG is simply connected. Give some 
examples of regions that are not simply connected but have this property 
and some which don’t. 
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2. In Theorem 4.1 suppose there are bounded analytic functions 9,q),..., 
g, on G that never vanish and 0, G=AUB,U...U B, such that condition 
(a) is satisfied and condition (b) is also satisfied for each g, and B,. Prove 
that | f(z)|< M for all z in G. 

3. Let G = {z: |Im 2| < 47} and suppose f/: G > C is analytic and lim sup 


zw 


f(z)\ < M for w in 6G. Also, suppose A < oo anda < 1 can be found such 
| p 
that 

|f(z)| < exp [A exp (a [Re z))] 


for all z in G. Show that | f(z)| < M for all z in G. Examine exp (exp z) to 
see that this is the best possible growth condition. Can we take a = 1 above? 
4. Let f: G > C be analytic and suppose M is a constant such that lim sup 
| f(z,)| < M for each sequence {z,} in G which converges to a point in 0,G. 
Show that | f(z)| < M. (See Exercise 1.8). 

5. Let f: GC be analytic and suppose that G is bounded. Fix zy in @G 
and suppose that lim sup | f(z)| < M for w in ¢éG, w ¥ Zo. Show that if 


lim |z—Zo|‘ | f(z)| = 0 for every « > 0 then |f(z)| < M for every z in 0G. 
(Hint: If a¢ G, consider 9(z) = (z—z9) (z—a)"*.) 

6. Let G = {z: Re z > 0} and let f: G-»C be an analytic function with 
lim sup | f(z)| < M for w in 6G, and also suppose that for every € > 0, 


lim sup {exp(—e/r)| f(re’)|: |6| < 32} = 0. 
Show that | f(z)) < M for all z in G. 
7. Let G = {z: Re z > 0} and let f: G ~ C be analytic such that f(1) = 0 


and such that lim sup | f(z)| < M for w in ¢G. Also, suppose that for every 


Zw 


6, 0 < 6 < |, there is a constant P such that 


[f(z)| < P exp (|z|'~°). 
Prove that 


f@)| <M] 


| (1+x)? +y? 
(Hint: Consider f(z) (3, : 


Ke x)? nll 


Chapter VII 


Compactness and Convergence in the 
Space of Analytic Functions 


In this chapter a metric is put on the set of all analytic functions on a 
fixed region G, and compactness and convergence in this metric space is 
discussed. Among the applications obtained is a proof of the Riemann 
Mapping Theorem. 

Actually some more general results are obtained which enable us to also 
study spaces of meromorphic functions. 


81. The space of continuous functions C(G,&2) 


In this chapter (Q, d) will always denote a complete metric space. 
Although much of what is said does not need the completeness of Q, those 
results which hold the most interest are not true if (Q, d) is not assumed to 
be complete. 


1.1 Definition. If G is an open set in C and (Q, d) is a complete metric space 
then designate by C(G, Q) the set of all continuous functions from G to Q. 

The set C(G, Q) is never empty since it always contains the constant 
functions. However, it is possible that C(G, Q) contains only the constant 
functions. For example, suppose that G is connected and Q=N = {1, 
2,...}. Tf fis in C(G, Q) then f(G) must be connected in Q and, hence, must 
reduce to a point. 

However, our principal concern will be when Q is either C or C,. For 
these two choices of 2, C(G, 2) has many non constant elements. In fact, 
each analytic function on G is in C(G, C) and each meromorphic function 
on G is in C(G, C,,) (see Exercise V. 3.4). 

To put a metric on C(G, ©) we must first prove a fact about open subsets 
of C. The third part of the next proposition will not be used until Chapter 
VUl. 


1.2 Proposition. /f G is open in C then there is a sequence {K,} of compact 


oO 
subsets of G such that G = |] K,. Moreover, the sets K, can be chosen to 
n=] 


satisfy the following conditions: 


(a) K,, = int Kinet 
(b) K < Gand K compact implies K < K, for some n: 
(c) Every component of C,,—K,, contains a component of C,,—G. 
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Proof. For each positive integer n let 


= 425 (2) 2A ‘7 d(z,C-—G) = 7 : 
n 


since K, is clearly bounded and it is the intersection of two closed subsets 
of C, K, 1s compact. Also, the set 


{z:|z| < n+1} nye dz, C-~G) > ri 
n+1 


is open, contains K,, and is cones in K,,,. This gives that an is satisfied. 


Since it easily follows that G = U K, we also get that G = U int K,; so if 


K is a compact subset of G the sets {int K,} form an open caved of K. This 
gives part (b). 

To see part (c) note that the unbounded component of C,, — K, (> C,, —G) 
must contain co and must therefore contain the component of C,—G 
which contains oo. Also the unbounded component contains {z: |z) > n}. 
So 1f D is a bounded component of C,;—K, it contains a point z with 


] 
dz, C-—G)<-. But by definition this gives a point w in C—G with 
n 
l ] 
lw—z| <—. But then ze af w 4 < C,,—K,,; since disks are connected and 
n n 


no 


] 
zis in the component D of C,,—K, m ") < D. If D, is the component 
n 


of C,,— G that contains w it follows that D, cD. 
If G = U K, where each K, is compact and K, © int K,.,, define 


1.3 Pal fs 8) = sup id(f(z), g(z)): z € K,} 

for all functions f and g in C(G, 2). Also define 

1.4 gy = ¥ Gye), 
oe 2 Oe 


since ((1+1f)~* < 1 for all ¢ > 0, the series in (1.4) is dominated by "(4)" and 
must converge. It will be shown that p is a metric for C(G, Q). To do this the 
following lemma, whose proof is left as an exercise, is needed. 


1.5 Lemma. /f (S, d) is a metric space then 


Rae 


is also a metric on S. A set is open in (S, d) iff it is open in (S, »); a sequence 
is a Cauchy sequence in (S, d) iff it is a Cauchy sequence in (S, p). 


1.6 Proposition. (C(G, ©), p) is a metric space. 
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Proof. It is clear that p(f, g) = p(g, f). Also, since each p, satisfies the triangle 
inequality, the preceding lemma can be oS to show that p satisfies the 


triangle inequality. Finally, the fact that G = U K,, gives that f = g whenever 
pf, g) = 9. 

The next lemma concerns subsets of C(G, Q) x C(G, Q) and is very useful 
because it gives insight into the behavior of the metric p. Those who know 
the appropriate definitions will recognize that this lemma says that two 
uniformities are equivalent. 


1.7 Lemma. Let the metric p be defined as in (1.4). Ife > 0 is given then there 
isa > 0 anda compact set K < G such that for f and g in C(G, Q), 


1.8 sup {d(f(z), g(z)): ze K} < 6=> p(fig) <«. 


Conversely, if 5 > 0 and a compact set K are given, there is an « > 0 such 
that for f and g in C(G, Q), 


1.9 ef, zg) < «=> sup {d(/(2), g(z)): ze K} < 4. 
Proof. If « > 0 is fixed let p be a positive integer such that } (4)" < 4 


n=p+1 
t 
and put K = K,. Choose 6 > Osuchthat 0 < rf < 6 gives ar < 4e. Suppose 


fand g are functions in C(G, Q) that satisfy sup {d(/(z), g(z)): ze K} < 6. 
Since K, © K, = K for 1 <n <p, pf, g) < 6 for 1 <n < p. This gives 


Pats &) ‘ 


Tox Se aT < Fe 


I+p,(f, 8) 
for 1 <n < p. Therefore 


sa< Yardo+ Y wy 


<€ 


That is, (1.8) is satished. 
Now suppose K and 5 are given. Since G = U K,= -U int K, and K is 


compact there is an integer p > | such that K < K,; this aes 


pAf, g) = sup {d(f(z), g(z)): 2 K} 


t 
Let « > 0 be chosen so that 0 < s < 2? « implies ae < 6; then ae < 2P«¢ 


implies t <0. Soif pS, g) << then; anmee < 2P e and this gives pach zg) 
1+ p,(f, 8) 


< 6. But this is exactly the statement contained in (1.9). J 


1.10 Proposition. (a) A set 0 < (C(G, ), p) is open iff for each f in © there 
is a compact set K and a6 > 0 such that 


O > {g: d(f(), g(z)) < 6,26 K} 
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(b) A sequence {f,} in (C(G, Q), p) converges to f iff {f,} converges to f 
uniformly on all compact subsets of G. 


Proof. If © is open and fe © then for some « > 0, O > {g: p(f, g) < «€}. 
But now the first part of the preceding lemma says that there is a 6 > 0 
and a compact set K with the desired properties. Conversely, if © has the 
stated property and fe © then the second part of the lemma gives an e > 0 
such that 0 > {g: p(f, g) < ¢«}; this means that @ is open. 

The proof of part (b) will be left to the reader. 


1.11 Corollary. The collection of open sets is independent of the choice of the 
sets {K,}. That is, ifG = U K, where each K,, is compact and K, <— int Ky4 


and if is the metric dbjined in the sets {K,} then a set is open in (C(G, Q), 4 
iff it is open in (C(G, Q), p). 


Proof. This is a direct consequence of part (a) of the preceding proposition 
since the characterization of open sets does not depend on the choice of the 
sets {K,,}. | 

Henceforward, whenever we consider C(G, @) as a metric space it will 
be assumed that the metric p is given by formula (1.4) for some sequence 


{ K,} of compact sets such that K, < int K,,, and G = |) K,. Actually, the 
n=1 
requirement that K, < int K,,, can be dropped and the above results will 
remain valid. However, to show this requires some extra effort (e.g., the 
Baire Category Theorem) which, though interesting, would be a detour. 
Nothing done so far has used the assumption that Q is complete. How- 
ever, if Q is not complete then C(G, Q) is not complete. In fact, if {w, } is 
a non-convergent Cauchy sequence in @ and f(z) = wo, for all z in G, then 
{f,.} is a non-convergent Cauchy sequence in C(G, ). However, we are 
assuming that 2. is complete and this gives the following. 


1.12 Proposition. C(G, 2) is a complete metric space. 


Proof. Again utilize Lemma1.7. Suppose { f,} is a Cauchy sequence in C(G, Q). 
Then for each compact set K < G the restrictions of the functions f, to K 
gives a Cauchy sequence in C(K, 9). That is, for every 6 > O there is an 
integer N such that 


1.13 sup {d( f(z), f(z): 2¢K} < 6 


for n,m > N. In particular { f(z)} is a Cauchy sequence in Q; so there is a 
point f(z) in @ such that f(z) = lim f(z). This gives a function f: G>Q; 
it must be shown that fis continuous and p(f,, f) ~ 0. 
Let K be compact and fix 6 > 0; choose N so that (1.13) holds for n, 
> N. If zis arbitrary in K but fixed then there is an integer m > N so that 
d( f(z), f,{z)) < 6. But then 


df (Z), f{Z)) < 28 
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for all n > N. Since N does not depend on z this gives 
sup {d( f(z), f,(z)): 2 ¢ K} > 0 


asn-> co. That is, {f,} converges to f uniformly on every compact set in G. 
In particular, the convergence 1s uniform on all closed balls contained in G. 
This gives (Theorem I]. 6.1) that fis continuous at each point of G. Also, 
Proposition 1.10 (b) gives that p(f,, f) — 0. 

The next definition is derived from the classical origins of this subject. 
Actually it could have been omitted without interfering with the development 
of the chapter. However, even though there is virtue in maintaining a low 
ratio of definitions to theorems, the classical term is widely used and should 
be known by the reader. 


1.14 Definition. A set A < C(G, ) is normal if each sequence in Y has a 
subsequence which converges to a function fin C(G, Q). 

This of course looks like the definition of sequentially compact subsets, 
but the limit of the subsequence is not required to be in the set ¥. The next 
proof is left to the reader. 


1.15 Proposition. A set # < C(G, Q) is normal iff its closure is compact. 


1.16 Proposition. A set FA < C(G, Q) is normal iff for every compact set 
K < G and 6 > 0 there are functions f,,....f, in F such that for f in F 
there is at least one k, 1 < k <n, with 


sup id(f(Z), f(z): ze KY < 6. 


Proof. Suppose ¥ is normal and let K and & > 0 be given. By Lemma 1.7 
there is an « > O such that (1.9) holds. But since *”” is compact, ¥ is 
totally bounded (actually there are a few details to fill in here). So there 
are f;,...,f, in ¥ such that 


n 


FOE Ted) = 


k=] 
But from the choice of « this gives 


n 


FG We f: Af (z), f(z) < 6,2 € K}; 
that is, -¥ satisfies the condition of the proposition. 

For the converse, suppose ¥ has the stated property. Since it readily 
follows that “~~ also satisfies this condition, assume that ¥ is closed. But 
since C(G, 2) is complete ¥ must be complete. And, again using Lemma 1.7, 
it readily follows that ¥ is totally bounded. From Theorem 11.4.9, ¥ is 
compact and therefore normal. 

This section concludes by presenting the Arzela-Ascoli Theorem. AI- 
though its proof is not overly complicated it is a deep result which has 
proved extremely useful in many areas of analysis. Before stating the theorem 
a few results of a more general nature are needed. 
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Let (X,, d,) be a metric space for each m > | and let X = || X, be their 


n=} 
cartesian product. That is, X = {€ = {x,}: x,¢X, for each n > 1}. For 
& = {x,} and » = {y,} in X define 


1.17 ie a= : ay re arn : 


1.18 Proposition. (T | x ‘) where d is defined by (1.17), is a metric space. 


If & = {4° | is in X = I1x, then & > & = {x,} iff xk -> x, for each n. 
Also, if each (X,, d,) is sa then X is compact. 


Proof. The proof that dis a metric is left to the reader. Suppose d(£*, £) > 0; 
since 
DA Xns Xn) Ca x n) < "dh E*, E) 
l +d,(xn3 Xn) 
we have that 
k 
lim AA Xns Xn) = 
k+0 | + di (xk, x,) 


This gives that xi > x, for each n > 1. The proof of the converse is left to 
the reader. 

Now suppose that each (X,, d,) is compact. To show that (X, d) is com- 
pact it suffices to show that every sequence in Y has a convergent subsequence; 
this is accomplished by the Cantor diagonalization process. Let &* = {xt}e X¥ 
for each k > 1 and consider the sequence of the first entries of the &*; that 
is, consider {xf}, < X,. Since ¥, is compact there is a point x, in X, 
and a subsequence of {x{} which converges to it. We are now faced with a 
problem in notation. If this subsequence of {xj}?_, is denoted by {x} ee 
there is little confusion at this stage. However, the next step in the proof is to 
consider the corresponding subsequence of second entries { x4/} © j~1 and take 
a subsequence of this. Furthermore, it is necessary to continue this process 
for all the entries. It is easy to see that this is opening up a notational 
Pandora’s Box. However, there is an alternative. Denote the convergent 
subsequence of {xf} by {x*: ke N,}, where N, is an infinite subset of the 
positive integers N. Consider the sequence of second entries of {é*: ke N,}. 
Then there is a point x, in X, and an infinite subset N, C N, such that 
lim {x5: kK EN,} = x). (Notice that we still have lim { xf: k € N, } = X,.) 
Continuing this process gives a decreasing sequence of infinite subsets of 
N,N, ON, > ...; and points x, in X, such that 


1.19 lim {(:keN,} = x, 


Let k; be the jth integer in N, and consider {£"/}; we claim that &/ > é = 
{x,} as j — oo. To show this it suffices to show that 


1.20 x, = lim x 


kyo 


148 Compactness and Convergence 


for each n = 1. But since N, CN, for) 2 n, x, 


/, J =n} is a subsequence 


of {x*: k € N,}. So (1.20) follws from (1.19). @ 
The following definition plays a central role in the Arzela-Ascoli Theorem. 


1.21 Definition. A set # < C(G, Q) is equicontinuous at a point Zo in G iff 
for every « > 0 there is a 8 > O such that for |z—z,| < 8, 


Uf (Zz), f(Zo)) < € 


for every fin #.F is equicontinuous overa set E < Gif forevery« > O there 
is a 6 > Osuch that for z and z’ in Eand |z—z'| < 4, 


A f(z), f(z) <€ 
for all fin ¥. 

Notice that if A consists of a single function f then the statement that F 
is equicontinuous at Zp) 1s only the statement that fis continuous at zo. The 
important thing about equicontinuity is that the same 5 will work for all 
the functions in #. Also, for # = {f} to be equicontinuous over E is to 
require that fis uniformly continuous on E£. For a larger family F to be 
equicontinuous there must be uniform uniform continuity. 

Because of this analogy with continuity and uniform continuity the 
following proposition should not come as a surprise. 


1.22 Proposition. Suppose F < C(G, Q) is equicontinuous at each point of G; 
then F is equicontinuous over each compact subset of G. 


Proof. Let K < G be compact and fix « > 0. Then for each w in K there is 
a 5, > 0 such that 


d(f(w'), fw) < te 


for all f in F whenever |w—w’|<6,. Now { B(w; 6,,): w e K} forms an open 
cover of K; by Lebesgue’s Covering Lemma (II. 4.8) there is a 6>0 such 
that for each z in K, B(z; 6) is contained in one of the sets of this cover. So 
if z and z’ are in K and |z—z’|<6 there is a w in K with z’¢ B(z;8)c 
B(w; 6,). That is, |z—w|<6, and |z’-w|<6,. This gives d( f(z), f(w)) 
<jeand d( f(z), f(w) <6 so that d( f(z), f(z’))<e andF is equicon- 
tinuous over K. 


1.23 Arzela-Ascoli Theorem. A set A < C(G, Q) is normal iff the following 
two conditions are satisfied: 


(a) for each z in G, (f(z): fe F} has compact closure in Q; 
(b) ¥# is equicontinuous at each point of G. 


Proof. First assume that ¥ is normal. Notice that for each z in G the map 
of C(G, Q) > © defined by f ~ f(z) is continuous; since ¥~ is compact its 
image is compact in Q and (a) follows. To show (b) fix a point zp) in G and 
let « > 0. If R > 0 is chosen so that K = B(z,; R) < G then K is compact 
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and Proposition 1.16 implies there are functions f/,,...,/, in ¥ such that 
for each fin ¥ there is at least one f, with 


1.24 sup {d( f(z), f(z): 26 K} < : 


But since each f, is continuous there is a 6,0 < 6 < R, such that |z—zp)| < 6 
implies that 


d fz), filZ0)) < : 


for 1 < k <n. Therefore, if |z—z | < 6, fe #, and k is chosen so that 
(1.24) holds, then 


A f(z), f(Z0)) S UFZ), AZ) + UAAZ), AZ 0)) + Uhi(Z 0), F(Z) 
<e€ 


That is, A” is equicontinuous at Zo. 

Now suppose ¥ satisfies conditions (a) and (b); it must be shown that ¥ 
is normal. Let {z,} be the sequence of all points in G with rational real and 
imaginary parts (so for z in G and 6 > O there is a z, with iz—z,| < 6). For 
each n > | let 

X, = (F(Z): fe F}7 SQ; 


from part (a), (X,, d) is a compact metric space. Thus, by Proposition 1.18, 
X = |] X, is a compact metric space. For fin F define f in X by 
n=] 
ii = {f(21), f(Z2), eo ps 


Let {f,} be a sequence in ¥; so {f,} is a sequence in the compact metric 
space Y. Thus there is a € in X and a subsequence of {f,} which converges 
to €. For the sake of convenient notation, assume that € = lim f,. Again 
from Proposition 1.18, 


1.25 lim f,(z,) = w, 
k-> 0 


where € = {w,}. 

It will be shown that {/,} converges to a function fin C(G, Q). By (1.25) 
this function f will have to satisfy f(z,) = w,. The importance of (1.25) is 
that it imposes control over the behavior of {f,} on a dense subset of G. We 
will use the fact that {f,} is equicontinuous to spread this control to the rest 
of G. 

To find the function f and show that {f,} converges to fit suffices to show 
that { f,} isa Cauchy sequence. So let K be a compact set in G and let « > 0; 
by Lemma 1.10(b) it suffices to find an integer J such that for k, j > J, 


1.26 sup {d( f(z), f(z): ze K} < «. 


Since K is compact R = d(K, eG) > 0. Let K, = {z: d(z, K) < 4R}; then 
K, is compact and K < int K, © K, © G. Since F is equicontinuous at each 
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point of G it is equicontinuous on K, by Proposition 1.22. So choose 4, 
0 < 6 < 4R, such that 


1.27 df2).f@) <5 
for all fin A whenever z and z’ are in K, with |z—z’| < 6. Now let D be 
the collection of points in {z,} which are also points in K,; that is 

D = {z,:Z,¢€K;} 


If ze K then there is a z, with |z—z,| < 4; but 6 < 4R gives that d(z,, K) 
< 4R, or that z,¢ K,. Hence {B(w; 6): we D} is an open cover of K. Let 
Wi,---,W, €D such that 


Ke U B(w;; 9). 
Since aes f,.(w;) exists for 1 < i < n (by (1.25)) there is an integer J such 
that for j,k > J 
1.28 AAC), HOD) <5 
0) ae ea A 7 


Let z be an arbitrary point in K and let w,; be such that |jw,—2z| < 4. If 
kK and j are larger than J then (1.27) and (1.28) give 


KAZ), (2) S MAA), Aw) + Aw), Fwd) + AG wd); F) 


<= €. 


Since z was arbitrary this establishes (1.26). 


Exercises 
i 
1. Prove Lemma 1.5 (Hint: Study the function f(t) = ae fort > —1.) 


2. Find the sets K, obtained in Proposition 1.2 for each of the following 
choices of G: (a) G is an open disk; (b) G is an open annulus; (c) G is the 
plane with n pairwise disjoint closed disks removed; (d) G is an infinite strip; 
(ec) G = C-Z. 

3. Supply the omitted details in the proof of Proposition 1.18. 

4. Let F be a subset of a metric space (X, d) such that F~ is compact. Show 
that Fis totally bounded. 

5. Suppose {f,} is a sequence in C(G, Q) which converges to fand {z,} isa 
sequence in G which converges to a point z in G. Show lim /,(z,) = f(z). 
6. (Dini’s Theorem) Consider C(G, R) and suppose that {/,} is a sequence 
in C(G, R) which is monotonically increasing (.e., f(z) < f,+,(z) for all 
zin G) and lim f(z) = f(z) for all z in G where fe C(G, R). Show thatf, - / 
7. Let { f,} < C(G, Q) and suppose that { f,} is equicontinuous at each point 
of G. If fe C(G, Q) and f(z) = lim f,(z) for each z then show that f,- f 
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8. (a) Let f be analytic on B(O; R) and let f(z) = 5 a,2" for |z| < R. If 
fz) = Yaz", show that f, >f in C(G; ©). ia 

(b) Let G = ann 0; 0, R) and let f be analyuc on G with Laurent series 


development f(z) = y a,z". Put f(z) = y a,z* and show that f, >/f in 
C(G; C). eae Re 


§2. Spaces of analytic functions 


Let G be an open subset of the complex plane. If H(G) is the 
collection of analytic functions on G, we can consider H(G) as a subset of 
C(G,C). We use H(G) to denote the analytic functions on G rather than 
A(G) because it is a universal practice to let A(G) denote the collection of 
continuous functions f:G~ -»C that are analytic in G. Thus A(G)# 
H(G). The letter H is used in reference to “analytic” because the word 
holomorphic is commonly used for analytic. Another term used in place of 
analytic is regular. 

The first question to ask about H(G) is: Is H(G) closed in C(G,C)? 
The next result answers this question positively and also says that the 
function f/f’ is continuous from H(G) into H(G). 


2.1 Theorem. If {f,} is a sequence in H(G) and f belongs to C(G, ©) such that 
f, ~>f then f is analytic and f — ff“ for each integer k > 1. 


Proof. We will show that fis analytic by applying Morera’s Theorem (IV. 
5.10). So let T be a triangle contained inside a disk D<G. Since T 1s 
compact, { f,} converges to f uniformly over 7. Hence {,f=lim/,/f,=0 
since each f, is analytic. Thus f must be analytic in every disk D <G; but 
this gives that f is analytic in G. 

To show that f™ > f™, let D = B(a; r) < G; then there is a number 
R>r such that Bia; R) < G. If y is the circle |z—a| = R then Cauchy’s 
Integral Formula gives 


[f= I) IO) 4 
SP) -fFO®) = wen 
for z in D. Using Cauchy’s Estimate, 
k!M,R 
2.2 fPW—-f@| < (R—)**! for zZ—al < fr, 


where M, = sup {| f,(w)—/(v)|: |w—a| = R}. But since f, > f lim M, = 0. 
Hence, it follows from (2.2) that (“ > ¢™ uniformly on B(a; r). Now if K 
is an arbitrary compact subset of G and 0 < r < d(K, ¢G) then there are 


a,,...,a, in K such that K < U B(a,; r). Since f > f uniformly on 


each B(a,; r), the convergence is ‘an oh on K. 7 


We will always assume that the metric on H(G) is the metric which it 
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inherits as a subset of C(G, C). The next result follows because C(G, C) is 
complete. 


2.3 Corollary. H(G) is a complete metric space. 


2.4 Corollary. /f f,: GC is analytic and ) f(z) converges uniformly on 
n=l 


compact sets to f(z) then 


oO 
LZ) = YAY). 

n= 1 
It should be pointed out that the above theorem has no analogue in the 
theory of functions of a real variable. For example it is easy to convince 
oneself by drawing pictures that the absolute value function can be obtained 
as the uniform limit of a sequence of differentiable functions. Also, it can 
be shown (using a Theorem of Weierstrass) that a continuous nowhere 
differentiable function on [0, 1] is the limit of a sequence of polynomials. 
Surely this is the most emphatic contradiction of the corresponding theorem 
for Real Variables. A contradiction in another direction is furnished by the 


I 
following. Let f(x) = ~ x" for0 < x < 1. ThenO = u—lim f,; however the 
n 


sequence of derivatives {f’} does not converge uniformly on [0, 1]. 

To further illustrate how special analytic functions are, let us examine a 
result of A. Hurwitz. As a consequence it follows that if f, ~f and each f, 
never vanishes then either f = O or f never vanishes. 


2.5 Hurwitz’s Theorem. Let G be a region and suppose the sequence {f,} in 
H(G) converges to f. If f #0, Bla; R) < G, and f(z) + 0 for |z—a| = R 
then there is an integer N such that for n = N, f and f, have the same number 
of zeros in Bla; R). 


Proof. Since f(z) # 0 for |z—a| = R, 
5 = inf {|f(z)|: |z—a} = R} > 0. 


But f, ~ f uniformly on {z:|z — a| = R} so there is an integer N such 
that if n > N and |z — aj = R then f(z) # 0 for |z — aj = R and 


M2)- F< 58< FSI + 2h 


Hence Rouché’s Theorem (V.3.8) implies that f and f, have the same 


2.6 Corollary. If G is a region and { f,} C H(G) converges to fin H(G) and 
each f,, never vanishes on G then either f = 0 or f never vanishes. 

In order to discuss normal families in H(G) the following terminology is 
needed. 


Spaces of analytic functions 153 


2.7 Definition. A set & < H(G) is locally bounded if for each point a in G 
there are constants M and r > 0 such that for all fin F¥, 


[f(z)| < M, for |z—al <r. 
Alternately, F is locally bounded if there is an r > O such that 
sup {| f(z)|: |z—-al < r,feF} < o. 


That is, F is locally bounded if about each point a in G there is a disk on 
which ¥ is uniformly bounded. This immediately extends to the requirement 
that ¥ be uniformly bounded on compact sets in G. 


2.8 Lemma. A set ¥ in H(G) is locally bounded iff for each compact set 
K < G there is a constant M such that 


If@| < M 


forall fin F and z in K. 
The proof is left to the reader. 


2.9 Montel’s Theorem. 4 family F in H(G) is normal iff F is locally bounded. 


Proof. Suppose ¥ is normal but fails to be locally bounded; then there is a 
compact set K < G such that sup {| f(z)|: z¢K, fe ¥ } = oo. That is, there 
is a sequence {f,} in ¥ such that sup {|f,(z)|:z¢K} = n. Since F is normal 
there is a function fin H(G) and a subsequence {f,,} such that f,, > /. But 
this gives that sup {|f,,(z)—f(z)|: z¢ K} ~0 as k > o. If |f(z)| s M for 
zin K, 


ny, < sup {|f,,(2)-f()|: 2€ K}+M; 


since the right hand side converges to M, this is a contradiction. 

Now suppose ¥ is locally bounded; the Arzela-Ascoli Theorem (1.23) 
will be used to show that ¥ is normal. Since condition (a) of Theorem 1.23 
is clearly satisfied, we must show that #is equicontinuous at each point of 
G. Fix a point a in G and e > 0; from the hypothesis there is an r > 0 and 
M > Osuch that B(a; r) C Gand |f(z)| < M for all z in B(a; r) and for all 
fin ¥. Let |z — a| < 5r and fe ¥; then using Cauchy’s Formula with 
y(t)=atre",0 <t < 27, 


(a — f@ = an (w—a) (w—z) 


| ONG) i 


— Sa Z| 
r 


Letting 8 < min 1 ang + it follows that |a—z| < 8 gives | f(a)—f(2)| 


<e¢forall fin *. 7 
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2.10 Corollary. A set # < H(G) is compact iff it is closed and locally 
bounded. 


Exercises 


1. Let f. fi, fo,... be elements of H(G) and show that f, — / iff for each 

closed rectifiable curve y in G, f(z) > f(z) uniformly for z in {y}. 

2. Let G be a region, let ae R, and suppose that f: [a, o]xG—>C is a 

continuous function. Define the integral F(z) = [? f(t, z)dt to be uniformly 

convergent on compact subsets of G if lim i T(t, z)dt exists uniformly for z 
b 


—>~ 


in any compact subset of G. Suppose that this integral does converge uni- 
formly on compact subsets of G and that for each t in (a, o), f(t, -) is 
analytic on G. Prove that F is analytic and 


F®(z) = god) dt 

3. The proof of Montel’s Theorem can be broken up into the following 
sequence of definitions and propositions: (a) Definition. A set #7 < C(G, C) 
is focally Lipschitz if for each a in G there are constants M and r > O such 
that | f(z)—f(a)) < M|z—a) for all fin ¥ and |z-a| < r. (b) If F | C(G, 
C) is locally Lipschitz then ¥Y is equicontinuous at each point of G. (c) If 
F < H(G) is locally bounded then ¥ is locally Lipschitz. 
4. Prove Vitalis Theorem: If G is a region and {f,}< A(G) is locally 
bounded and f « H(G) that has the property that A={ze¢G:limf,(z)= 
f(z)} has a limit point in G then f,f. 
5. Show that for a set “A < H(G) the following are equivalent conditions: 

(a) FY is normal; 

(b) For every « > 0 there is a number c > 0 such that {cf: fe F}¢ 
B(O; «) (here B(O; €) is the ball in H(G) with center at 0 and radius e). 
6. Show that if # © H(G)is normal then ¥’ = {f': fe F} is also normal. 
Is the converse true? Can you add something to the hypothesis that F’ is 
normal to insure that ¥ is normal? 
7. Suppose ¥ is normal in H(G) and Q is open in C such that f/(G) © Q for 
every fin F. Show that if g is analytic on Q and is bounded on bounded sets 
then {go f: fe F } is normal. 
8. Let D = {z: |z| < 1} and show that # < H(D) is normal iff there is a 
sequence {M,} of positive constants such that lim sup 2/M, < 1 and if 


f(z) = } a,z" is in F then |a,| < M,, for all n. 
0 
9. Let D= B(O; 1) and for 0<r<1 let y,(t)=re?"", O< tS 1. Show that a 
sequence { f,} in H(D) converges to f iff [\f@-£,2)) |dz| 0 as n-00 
yy 


for each r,O<r<l. 


10. Let {f,} < A(G) be a sequence of one-one functions which converge 
to f. If G is a region, show that either fis one-one or fis a constant function. 
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11. Suppose that {/,} is a sequence in H(G), f is a.non-constant function, 
and f, > fin H(G). Let ae G and « = f(a); show that there is a sequence 
{a,} in G such that: (i) a = lim a,; (ii) f,(a,) = « for sufficiently large n. 
12. Show that hmtan nz = —i uniformly for z in any compact subset of 
G = {z: Imz < 0}. 

13. (a) Show that if fis analytic on an open set containing the disk B(a; R) 
then 

2x R 


f@l’* s op | | Mere? rdrdé. 


(b) Let G be a region and let M be a fixed positive constant. Let F be 


the family of all functions fin H(G) such that rf | f(z)? dxdy < M. Show 


that ¥ is normal. ¢ 


§3. Spaces of meromorphic functions 


If G is a region and fis a meromorphic function on G, and if f(z) = 00 
whenever z is a pole of f then f: G > C,, is a continuous function (Exercise 
V. 3.4). If M(G) is the set of all meromorphic functions on G then consider 
M(G) as a subset of C(G, C,,) and endow it with the metric of C(G, C,). 
In this section this metric space will be discussed as H(G) was discussed in 
the previous section. 

Recall from Chapter I that the metric d is defined on C,, as follows: 
for z, and z, in C 


2|z,;—-Z| 
CA) aloo maa wearer pm FT 
ne (+e) +22) 
and for zin C 
2 
d(z, ©) = ——_—. 
ee (1 +|2|*)? 
Notice that for non zero complex numbers z, and 2,, 
3.1 dey, 22) = a(=.. _ , 
2, £2 
and for z # 0 
3.2 d(z, 0) = a(). 2). 
2 


Also recall that if {z,} 1s a sequence in C and zeC that satisfies 
d(z,z,)—0 then |z — z,|-0. 

Some facts about the relationship between the metric spaces C and C, 
are summarized in the next proposition. In order to avoid confusion B(a; r) 
will be used to designate a ball in C and B,,(a; r) to designate a ball in C,. 
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3.3 Proposition. (a) [fa is in C and r > 0 then there is a number p > U such 
that B,(a; p) < Bla; r). 

(b) Conversely, if p > 0 is given and ae C then there is a number r > 0 
such that Bia; r) < B,(a; p). 

(c) If p > 0 is given then there is a compact set K < C such that C,,—K 
= B,(0; p). 

(d) Conversely, if a compact set K < C is given, there is a number p > 0 
such that B,(0; p) © C, —K. 

The proof is left to the reader. 

The first observation is that M(G) is not complete. In fact if f(z) = n 
then {f,} 1s a Cauchy sequence in M(G). But {f,} converges to the function 
which is identically oo in C(G, C,,) and this is not meromorphic. 

However this 1s the worst that can happen. 


3.4 Theorem. Let {f,} be a sequence in M(G) and suppose f, > f in C(G, C,). 
Then either f is meromorphic or f = o. If each f,, is analytic then either f is 
analytic or f= @. 


Proof. Suppose there is a point ain G with f(a) # 00 and put M = | f(a)| + 1. 
Using part (a) of Proposition 3.3 we can find a number p > 0 such that 
B(f(@; p) < Bla); M). But since f, -> f there is an integer ) such that 
d( f(a), f(a)) < 4p for all n > No. Also tf, fi, fo,-..} 1s compact in C(G, C,) 
so that it is equicontinuous. That is, there is an r > 0 such that |z—a] < r 
implies d(f,(z), f,(a)) < 4p. That gives that d(f,(z), f(a@)) < p for |z—a] < r 
and for n = ng. But by the choice of p, [f,(2)| < [A(2))—-f(@/4+ | f(a < 2M 
for all z in B(a; r) and n > ng. But then (from the formula for the metric d) 
Ze 


ee A) —-S(2)| < df,l2), (2) 


for z in B(a; r) and n > no. Since d(f,(z), f(z)) > 0 uniformly for z in 
B(a; r), this gives that | f,(z)—f(z)| > 0 uniformly for z in B(a; r). Since the 
tail end of the sequence {f,} is bounded on B(a; r), f, has no poles and must 
be analytic nearz = aforn = ng. It follows that fis analytic in a disk about a. 
Now suppose there is a point a in G with f(a) = oo. For a function g in 

| 


C(G, C,,) define : by e (2)-= a if g(z) 40 or w; a (2) OF eZ): = 
aes g(z) g 


L I 
co; and a (z) = oc if g(z) = 0. It follows that ~ « C(G, C,,). Also, since 
& § 


l l 
tn —>f in C(G, C,,) it follows from formulas (3.1) and (3.2) that f. a in 


n 


ae AF : 
C(G, C,,). Now each function — is meromorphic on G; so the preceding 


J 


I 
paragraph gives a number r > O and an integer ny such that — and -- are 


n 


: l I a 
analytic on B(a; r) for n > ny and a? uniformly on B(a; r). From 


an 


Spaces of meromorphic functions 157 


] l 
Hurwitz’s Theorem (2.5) either — = 0 ay has isolated zeros in B(a; r). So 


f 
l a 
if f# aw ne # 0 and f must be meromorphic in B(a; r). Combining this 


with the first part of the proof we have that fis meromorphic in G if fis not 
identically infinite. 


l 
If each f, 1s analytic then i has no zeros in B(a; r). It follows from 


fi 


, l l , 
Corollary 2.6 to Hurwitz’s Theorem that a = 0 or f never vanishes. 


I 
But since f(a) = oO we have that f has at least one zero; thus f = oo In 


B(a;r). Combining this with the first part of the proof we see that f = oo or f 
is analytic. 


3.5 Corollary. M(G) U {oo} is a complete metric space. 


3.6 Corollary. H(G) U {a} ts closed in C(G, C,,). 
To discuss normality in @(G) one must introduce the quantity 


2\ f'(2) 


1+| f(z)? 


for each meromorphic function f. However if z is a pole of f then the above 
expression is meaningless since f’(z) has no meaning. To rectify this take the 
limit of the above expression as z approaches the pole. To show that the 
limit exists let a be a pole of fof order m > 1; then 


Am _ AL 
f(z) = 2(2) + (z—a)" eae Coa 


for z in some disk about a and g analytic in that disk. For z # a 


f'@) = 82) - | e Mam gg 4] 


(z—a)"*! (z—a)’ 


Thus 
_— MAn _ a i (z) 
Aasol _ “\We-grt*  * @-a? TF 
1+([f(z)|? 7 Am i : 
1 be FO ea nant 
as Gay" ag Ba ) + g(z) 


Iz—alP"™+|A 4+ --- + A(z - ay" + g(z)(z-a)"/? 
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So ifm > 2 


m —2/F'@)) 


hi = 
ra 1+ f(2)/? 


If m = 1 then 
2f'()| _ 2 


3.7 Definition. If fis a meromorphic function on the region G then define 
u(f): G > R by 


_ APS 
uF) (2) Lt f@P 
whenever z is not a pole of f, and 
aif" 


uf) (a) = im er 


if ais a pole of £- 

It follows that u(f) ¢ C(G, C). 

The reason for introducing p(f) is as follows: If f: G+ C, is mero- 
morphic then for z close to z’ we have that d( f(z), f(z’)) is approximated by 
wf) (z) |z—z’|. So if a bound can be obtained for u(f) then f is a Lipschitz 
function. If f belongs to a family of functions and p(/) is uniformly bounded 
for fin this family, then the family is a uniformly Lipschitz set of functions. 
This is made precise in the following proof. 


3.8 Theorem. A family # < M(G) is normal in C(G, C.,) iff MF) = {u/): 
fé F } is locally bounded. 


2 
Note. If f(z) = nz for n > 1 then u(f,) (2) = ——"5 


L4n\z)?° 
normal in C(G, C,) and p(F) is locally bounded. However, ¥ is not 
normal in M(G) since the sequence { f,} converges to the constantly infinite 
function which does not belong to M(G). 


Thus F = {f} is 


Proof of Theorem 3.8. We will assume that u(.F) is locally bounded and 
prove that ¥ is normal by applying the Arzela-Ascoli Theorem. Since C,, 
is compact it suffices to show that ¥ is equicontinuous at each point of G. 
So let A be an arbitrary closed disk contained in G and let M be a constant 
with u(f) (z) < M for all z in K and all fin ¥. Let z and z’ be arbitrary 


points in K. 
Suppose neither z nor z’ are poles of a fixed function fin FY and let 
« > Q be an arbitrary number. Choose points wy = z, W,,...,W, = Z’ in 


K which satisfy the following conditions: 


3.9 win [w,_,, W,] implies w is not a pole of /; 


Spaces of meromorphic functions 159 


ae 


3.10 > [wye—M-1| S 2\z—-2'; 


k= 1] 


3.11 ees Ce —-ll}<a, lsk<n; 
(1 + 1f0%,) 7) + 1 f0% DPE 
3.12 Sov Le) _ f'm-di<« lsken. 


Wyn We 


To see that such points can be found select a polygonal path P in K satisfying 
(3.9) and (3.10). Cover P by small disks in which conditions similar to (3.11) 
and (3.12) hold, choose a finite subcover, and then pick points wyo,..., w, 
on P such that each segment [w,_,, w,] lies in one of these disks. Then 
{Wo,...,W,} will satisfy all of these conditions. If 8, = [(1+|/(,-4)|*) 
(1+|f(»,)|?)}* then 


df(2), fz) < > aC for-1),f0%0) 
k=] 


A 


ni 


> = fon) -f0n-1) 


zt Bi 
eS 2 fof) _ pry yl ppm, 
Py Wy Wet 


A 


© > 2 IF (Me — 1) |Wam Wea 
k=] B, 


Using the fact that 2//'(w,)| < M(U+/|f(,)|*) and the conditions on 
Wo,..., W, this becomes 


RR Mt 2 
A f(z), f(z’) < 20 > : [Wy Wy 1] +M > ——) [Wem Wy 
1 Ba k=l B, 


< (42+24M) |2—z'| + > M|wy—my—11 
k=] 


< (4a+2aM+2M)z—z’'| 


Since a > O was arbitrary this gives that if z and z’ are not poles of f then 
3.13 a f(z), f(z’) < 2M\z—2’'|. 

Now suppose z’ is a pole of f but z is not. If w is in K and is not a pole 
then it follows from (3.13) that 


A f(z), ©) = d(f(z), fw) + df), 2) 
< 2M|z—w\|+d(/(w), o). 
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Since it 1s possible to let w approach z’ without w ever being a pole of f 
(poles are isolated!), this gives that fGw) > f(z’) = oc and |z—w) > |z—2’!. 
Thus (3.13) holds if at most one of z and z’ is a pole. But a similar procedure 
gives that (3.13) holds for all z and z’ in K. Soif K = Bla; r) ande > O are 
given then for 6 < min {r, «/2M} we have that |z—a| < 6 implies d(/(2), 
f(a)) < ©, and dis independent of fin *. This gives that FY is equicontinuous 
at each point a in G. 

The proof of the converse is left to the reader. J 


Exercises 


1. Prove Proposition 3.3. 
2. Show that if 4% < M(G) is a normal family in C(G, C,,) then pF) is 
locally bounded. 


84. The Riemann Mapping Theorem 


We wish to define an equivalence relation between regions in C. After 
doing this it will be shown that all proper simply connected regions in C 
are equivalent to the open disk D = {z: |z| < 1}, and hence are equivalent 
to one another. 


4.1 Definition. A region G, is conformally equivalent to G, if there is an analytic 
function f: G, — C such that fis one-one and /(G,) = G,. Clearly, this is 
an equivalence relation. 

It is immediate that C is not equivalent to any bounded region by 
Liouville’s Theorem. Also it 1s easy to show from the definitions that if G, 
is simply connected and G, is equivalent to G, then G, must be simply 
connected. If fis the principal branch of the square root then f is one-one 
and shows that C— {z: z < 0} 1s equivalent to the right half plane. 


4.2 Riemann Mapping Theorem. Let G be a simply connected region which Is 
not the whole plane and let ae G. Then there is a unique analytic function 
f: G>C having the properties: 


(a) f(a) = Oand f'(@) > 0; 


(b) fis one-one; 
(c) HG) = {2: [2] < 1). 


The proof that the function f is unique is rather easy. In fact, if g also 
has the properties of fand D = {z: |z| < 1} then fog™': D> Dis analytic, 
one-one, and onto. Also fo g~'(0) = f(a) = 0 so Theorem VI. 2.5 implies 
there is a constant c with |c| = 1 and fog™‘(z) = cz for all z. But then 
f(z) = cg(z) gives that 0 < f’(a) = cg’(a); since g’(a) > 0 it follows that 
c=l,orf=g. 

To motivate the proof of the existence of f, consider the family F of all 
analytic functions f having properties (a) and (b) and satisfying | f(z)| < 1 
for zin G. The idea is to choose a member of ¥ having property (c). Suppose 
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{K,,} is a sequence of compact subsets of G such that |) K, = GandaeK, 
n=1 


for each n. Then {/(K,)} is a sequence of compact subsets of D = {z: |z| 
< 1}. Also, as n becomes larger f(K,) becomes larger and larger and tries to 
fill out the disk D. By choosing a function fin A with the largest possible 
derivative at a, we choose the function which “‘starts out the fastest’ at z = a. 
It thus has the best possible chance of finishing first; that is, of having 


UJ(K,) = D. 


Before carrying out this proof, it is necessary for future developments 
to point out that the only property of a simply connected region which will 
be used is the fact that every non-vanishing analytic function has an analytic 
square root. (Actually it will be proved in Theorem VIII. 2.2 that this property 
is equivalent to simple connectedness.) So the Riemann Mapping Theorem 
will be completely proved by proving the following. 


4.3 Lemma. Let G be a region which is not the whole plane and such that 
every non-vanishing analytic function on G has an analytic square root. IfaéeG 
then there is an analytic function f on G such that: 


(a) f(a) = Oand f(a) > 0; 
(b) fis one-one; 


(c) f(G) = D = {z: |z| < 1}. 
Proof. Define F by letting 
F = {fe H(G): fis one-one, f(a) = 0, f(a) > 0, f(G) < D} 


Since f(G) < D, sup {|/(z)}: z¢G} < 1 for fin #; by Montel’s Theorem 
¥ is normal if it is non-empty. So the first fact to be proved is 


4.4 FA #£ (1. 
It will be shown that 
4,5 F-=FU O}. 


Once these facts are known the proof can be completed. Indeed, suppose (4.4) 
and (4.5) hold and consider the function f— f'(a) of H(G) > C. This is a 
continuous function (Theorem 2.1) and, since A~ is compact, there is an 
fin F~ with f(a) > g(@ for all g in F. Because ¥ # (7, (4.5) implies 
that fe #. It remains to show that f(G) = D. Suppose we D such that 
w ¢f(G). Then the function 

I(Z)—w 

1 —af(z) 
is analytic in G and never vanishes. By hypothesis there is an analytic function 
h: G->C such that 


4.6 (A(z)? = ans 


162 Compactness and Convergence 


0) 


Since the Mobius transformation T¢ = — maps D onto D, A(G) < D. 
—™ WwW 
Define g: G > C by 


\n'(a)| A(z) — Aa) 
h'(a) 1—h(a)h(z) 


Then g(G) < D, g(a) = 0, and g is one-one (why?). Also 
vy — A@| , A'@ [1 |A@|?) 


g(z) = 


FO @ = l@re 
wp AOE. 
1—|h(@)|? 
But |A(a)|* = |—w| = |w| and differentiating (4.6) gives (since f(a) = 0) that 
2h{a)h'(a) = f'(a) 1—||’). 
Therefore 
i _f@A-|e)) 1 
Oe aflal | TI 
= f’ at 
= (si 
> f(a) 


This gives that g is in “# and contradicts the choice of f. Thus it must be 
that f(G) = D. 

Now to establish (4.4) and (4.5). Since G # C, let be C—G and let g 
be a function analytic on G such that [e(z)]* = z—b. If z, and z, are points 
in G and g(z,) = +g(z,) then it follows that z, = z,. In particular, ¢ is 
one-one. By the Open Mapping Theorem there is a number r > 0 such that 


4.7 g(G) > B(g(a);r) 


So if there is a point z in G such that g(z) « B(—g(a); r) then r > |g(z)+2(a)| 
= |—g(z)—g(a)|. According to (4.7) there is a w in G with g(w) = —g(z); 
but the remarks preceding (4.7) show that w = z which gives g(z) = 0. But 
then z—b = [g(z)]? = 0 implies } is in G, a contradiction. Hence 


4.8 g(G) 0 (6: [$+g(a)| <r} = 0. 


Let U be the disk {¢€: [€+g(a)) < r} = B(—g(a); r). There is a Mobius 
transformation 7 such that 7(C,—U~) = D. Let g, = Tog; then g, is 
analytic and g,(G) < D. If « = g,(a) then let g,(z) = », ° g,(z); so we still 
have that g.(G) < D and g, is analytic, but we also have that g,(a) = 0. 
Now it is a simple matter to find a complex number c, |c| = 1, such that 
23(z) = cg,(z) has positive derivative at z = a and is, therefore, in F. 
This establishes (4.4). 
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Suppose {f,} iS a sequence in ¥ and f, >fin H(G). Clearly f(a) = 0 
and since f'(a) > f’(a) it follows that 


4.9 f(a) = 0. 


Let z, be an arbitrary element of G and put ¢ = f(z,); let &, = f,(z,). Let 
2, €G, 2, # Zz, and let K be a closed disk centered at z, such that z, ¢ K. 
Then /,(z) — ¢, never vanishes on K since f, is one-one. But f,(z)—¢, > f(z)—¢ 
uniformly on K, so Hurwitz’s Theorem gives that f(z)— never vanishes on 
K or f(z) = ¢. if f(z) = ¢ on K then fis the constant function ¢ throughout 
G; since f(a) = 0 we have that f(z) = 0. Otherwise we get that f(z,) # /(z,) 
for z, # z,; that is, fis one-one. But if fis one-one then /’ can never vanish; 
so (4.9) implies that f’(a) > 0 and fis in ¥. This proves (4.5) and the proof 
of the lemma is complete. 77 


4.10 Corollary. Among the simply connected regions there are only two 
equivalence classes; one consisting of © alone and the other containing all the 
proper simply connected regions. 


Exercises 


I. Let G and Q be open sets in the plane and let f: G > Q be a continuous 
function which is one-one, onto, and such that f~ 1: Q — Gis also continuous 
(a homeomorphism). Suppose {z,} is a sequence in G which converges to a 
point z in éG; also suppose that w = lim f(z,) exists. Prove that we @Q. 
2. (a) Let G be a region, let ae G and suppose that f: (G— {a}) > C is an 
analytic function such that f(G— {a}) = Q is bounded. Show that f has a 
removable singularity at z = a. If f is one-one, show that f(a) « éQ. 

(b) Show that there is no one-one analytic function which maps G = 
{z: 0 < |z| < 1} onto an annulus Q = {z: r < |z| < R} where r > 0. 
3. Let G be a simply connected region which is not the whole plane and 
Suppose that Z¢G whenever zeG. Let ae GOR and suppose that f: 
G-—> D = {z: |z| < |} is a one-one analytic function with f(a) = 0, f'(a)>0 
and f(G) = D. Let Gi ={zeG: Im z > 0}. Show that /(G,) must lie 
entirely above or entirely below the real axis. 
4. Find an analytic function f which maps {z: |z| < 1, Re z > 0} onto 
B(O; 1) in a one-one fashion. 
). Let f be analytic on G = {z: Re z > 0}, one-one, with Re f(z) > 0 for 
all z in G, and f(a) = a for some real number a. Show that | f’(a)| < 1. 
6. Let G, and G, be simply connected regions neither of which is the whole 
plane. Let f be a one-one analytic mapping of G, onto G,. Let ae G, and 
put « = f(a). Prove that for any one-one analytic map A of G, into G, with 
h(a) = « it follows that |h’(a)| < |f’(a)|. Suppose A is not assumed to be 
one-one; what can be said? 
7. Let G be a simply connected region and suppose that G is not the whole 
plane. Let A = {€: |€| < 1} and suppose that fis an analytic, one-one map 
of G onto A with f(a) = 0 and f(a) > 0 for some point a in G. Let g be 
any other analytic, one-one map of G onto A and express g in terms of f. 
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8. Let r,, r2, R,;, Rz, be positive numbers such that R,/r, = R,/r,; show 
that ann (0; r,, R,) and ann (0; r,, R,) are conformally equivalent. 

9. Show that there is an analytic function f defined on G = ann(0; 0,1) 
such that f’ never vanishes and f(G) = B(0; 1). 


85. The Weierstrass Factorization Theorem 


The notion of convergence in H(G) can be used to solve the following 
problem. Given a sequence {a,} in G which has no limit point in G and a 
sequence of integers {m,}, is there a function f which is analytic on G and 
such that the only zeros of fare at the points a,, with the multiplicity of the 
zero at a, equal to m,? The answer to the question is yes and the result is due 
to Weierstrass. 

If there were only a finite number of points, a,,...,a, then f(z) = 
(z—a,)"'...(z—a,)"" would be the desired function. What happens if there 
are infinitely many points in this sequence? To answer this we must discuss 
the convergence of infinite products of numbers and functions. 

Clearly one should define an infinite product of numbers z, (denoted 


ie: 6) 
by I] z,) as the limit of the finite products. Observe, however, that if one of 
n=] 


the numbers z, is zero, then the limit is zero, regardless of the behavior of 
the remaining terms of the sequence. This does not present a difficulty, but 
it shows that when zeros appear, the existence of an infinite product is 


trivial. 


§.1 Definition. If {z,} is a sequence of complex numbers and if z = lim [| z, 
k=} 


exists, then z is the infinite product of the numbers z, and it is denoted by 


(8) 
dea eae 
n=] 


co 
Suppose that no one of the numbers z, is zero, and that z = [|] z, exists 


. n=l 

and is also not zero. Let p, = [|z, for n => 1; then no p, is zero and 
Pr k=1 
Pa-1 
for the cases where zero appears, a necessary condition for the convergence 
of an infinite product is that the n-th term must go to 1. On the other hand, 
note that for z, = a for all and |a| < 1, []z, = 0 although lim z, = a # 0. 

Because of the fact that the exponential of a sum is the product of the 
exponentials of the individual terms, it is possible to discuss the convergence 
of an infinite product (when zero is not involved) by discussing the con- 
vergence of the series }' log z,, where log is the principal branch of the 
logarithm. However, before this can be made meaningful the z, must be 


= z,. Since z # 0 and p, — z we have that lim z, = 1. So that except 
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restricted so that log z, is meaningful. If the product is to be non-zero, then 
z, > 1. So it is no restriction to suppose that Re z, > 0 for all n. Now 


suppose that the series )° log z, converges. If s, = )| log z, and s, — s then 
bs k=1 


# 
exp Ss, -> exp s. But exp s, = [|] z, so that |] z, is convergent to z = e° # 0. 
k=1 n=1 


5.2 Proposition. Let Re z, > 0 for alln > 1. Then || z, converges to a non 


n=1 


co 
zero number iff the series ) log z, converges. 
n=l 


Proof. Let p, = (21'°°°Z,), Z = re", ~7 < 6 < 7, and “(p,) = log [p,| +78, 
where 9—7 < 6, < 0+7. If s, = log z,+---+log z, then exp (s,) = p, so 
that s, = ¢(p,)+2zik, for some integer k,. Now suppose that p, —> z. Then 
S,—S,-, = log z,->0; also ¢(p,)—¢(p,—,) > 0, Hence, (k,—k,~,) > 0 as 
n —> oo. Since each k, is an integer this gives that there is an 7, and ak such 
that k, =k, =k for m, n = ng. So s, > &(z)+2ik; that is, the series 
)_ log z, converges. Since the converse was proved above, this completes the 
proof. FF 

Consider the power series expansion of log (1+-z) about z = 0: 


ce n 2 
log (1-+z) = Do es =z 2s Eston 
a=1 


which has radius of convergence 1. If |z| < 1 then 


ee Cae) eee eee 


2 


< 4(\z|+]z|*+...) 


ae 
ae 


If we further require |z| < 4 then 


,; — les +z) < 4. 
Z 


This gives that for |z| < 4 
5.3 4\z| < jlog (1+z)| < lz]. 
This will be used to prove the following result. 


5.4 Proposition. Let Re z, > —1; then the series ) log (14+z,) converges 
absolutely iff the series ¥\ z, converges absolutely. 


Proof. If $° |z,| converges then z,->0; so eventually |z,| < 4. By (5.3) 
) |log (1+z,)| is dominated by a convergent series, and it must converge 
also. If, conversely, 5° |log (1+z,)| converges, then it follows that |z,| < 4 
for sufficiently large n (why?). Again (5.3) allows us to conclude that ¥° |z,| 
converges. 
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We wish to define the absolute convergence of an infinite product. The 
first temptation should be avoided. That is, we do not want to say that 
[| |z,| converges. Why? If [] |z,| converges it does not follow that [] z, 
converges. In fact, let z, = —1 for all n; then |z,| = 1 for all n so that 


n 
[| |z,| converges to 1. However [] z, is + 1 depending on whether n is even 
k=l 
or odd, so that [| z, does not converge. Thus, if absolute convergence is to 
imply convergence, we must seek a different definition. 


On the basis of Proposition 5.2 the following definition is justified. 


5.5 Definition. If Re z, > 0 for all n then the infinite product |] z, is said to 
converge absolutely if the series ) log z, converges absolutely. 

According to Proposition 5.2 and the fact that absolute convergence of 
a series implies convergence, we have that absolute convergence of a product 
implies the convergence of the product. Similarly, if a product converges 
absolutely then any rearrangement of the terms of the product results in a 
product which is still absolutely convergent. If we combine Propositions 5.2 
and 5.4 with the definition, the following fundamental criterion for con- 
vergence of a infinite product is obtained. 


5.6 Corollary. [f Re z, > 0 then the product || z, converges absolutely iff 
the series ) (z,—1) converges absolutely. 

Although the preceding corollary gives a necessary and sufficient con- 
dition for the absolute convergence of an infinite product phrased in terms 
with which we are familiar, it does not give a method for evaluating infinite 
products in terms of the corresponding infinite series. To evaluate a particular 
product one must often resort to trickery. 

We now apply these results to the convergence of products of functions. 
A fundamental question to be answered is the following. Suppose {/,} is a 
sequence of functions on a set X and f,(x) > f(x) uniformly for x in X; 
when will exp (/,(x)) — exp (/(x)) uniformly for x in X? Below is a partial 
answer which is sufficient to meet our needs. 


5.7 Lemma. Let X be a set and let f, f,, f,,...be functions from X into C 
such that f(x) — f(x) uniformly for x in X. If there is a constant a such that 
Re f(x) < a for all x in X then exp f,(x) — exp f(x) uniformly for x in X. 


Proof. lf « > O is given then choose 8 > 0 such that |e? —1| < «e” * whenever 
lz} < 5. Now choose wg such that | f,(x)—f(x)| < 6 for all x in X whenever 
H > No. Thus 


ce? > lexpLf(x)—fI- 1 


_ (EXPL) _ | 
exp f(x) 


It follows that for any x in X and for n = no, 


lexp f,(x) —exp f(x)| < ee * exp f(x)| < «.] 


5.8 Lemma. Let (X, d) be a compact metric space and let {g,} be a sequence 
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of continuous functions from X into C such that )\ g,(x) converges absolutely 
and uniformly for x in X. Then the product 


fo) = T] A+80) 


converges absolutely and uniformly for x in X. Also there is an integer No such 
that f(x) = Oiffg,(x) = —1 for somen, 1 <n < ng. 


Proof. Since >° g,(x) converges uniformly for x in X there is an integer ng 
such that |g,(x)| < $ for all xin X andn > no. This implies that Re [1+ ¢,(x)] 
> 0 and also, according to inequality (5.3), |log (1+g,(x))| < 2 |g,(x)| for 
alln > Ho and x in X. Thus 


00 


A(x) = Slog (1+g,(x)) 
R=ngtl 

converges uniformly for x in YX. Since /A is continuous and Y¥ is compact it 

follows that : must be bounded; in particular, there is a constant @ such that 

Re A(x) < a for all x in X. Thus, Lemma 5.7 applies and gives that 


exph(x) = [I (+8, 


n=ng + 
converges uniformly for x in_X, 
Finally, 
FQ) = [+i 09] + Lh +8,,0)] exp A) 


and exp A(x) # 0 for any x in X. So if f(x) = 0 it must be that g(x) = —1 
for some n with 1 <n < no. 
We now leave this general situation to discuss analytic functions. 


5.9 Theorem. Let G be a region in C and let {f,} be a sequence in H(G) such 
that no f, is identically zero. If ¥ [f,(z)—1] converges absolutely and uniformly 


on compact subsets of G then [| f,{z) converges in H(G) to an analytic function 
n=] 


J (z). If a is a zero of f then a is a zero of only a finite number of the functions 
Jn, and the multiplicity of the zero of f at a is the sum of the multiplicities of the 
zeros of the functions f, at a. 

Proof. Since > [f,(z)—1] converges uniformly and absolutely on compact 
subsets of G, it follows from the preceding lemma that f(z) = [| /A,() 
converges uniformly and absolutely on compact subsets of G. That is, the 
infinite product converges in H(G). 

Suppose f(a) = 0 and let r > 0 be chosen such that B(a; r) < G. By 
hypothesis, > [f,(z) — 1] converges uniformly on B(a; r). According to Lemma 
5.8 there is an integer m such that f(z) = f(z)... f,(z)e(z) where g does not 
vanish in B(a; r). The proof of the remainder of the theorem now follows. 

Let us now return to a discussion of the original problem. If {a,} is a 
sequence in a region G with no limit point in G (but possibly some point 
may be repeated in the sequence a finite number of times), consider the 
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functions (z — a,). According to Theorem 5.9 if we can find functions g (z) 
which are analytic on G, have no zeros in G, and are such that 
2|(z —a,)g,(z) — 1| converges uniformly on compact subsets of G; then f(z)= 
II(z — a, )g,(z) is analytic and has its zeros only at the points z = a,. The saf- 
est way to guarantee that g,(z) never vanishes is to express it as ¢,(z)=exp 
h,(z) for some analytic function h,(z). In fact, if G is simply connected it 
follows that g,(z) must be of this form. The functions we are looking for 
were introduced by Weierstrass. 


5.10 Definition. An elementary factor is one of the following functions £,(z) 
for p = Op A sees 


E(z) = 1—z, 
| Z ras 
Ez) = (12) exp (2 + 5 oe es =) .p > I. 
The function £,(z/a) has a simple zero at z = a and no other zero. Also 


a—b 
=<) has a simple zero at z = a and is 


if b is a point in C—G then Ef 


analytic in G. These functions will be used to manufacture analytic functions 
with prescribed zeros of prescribed multiplicity, but first an inequality must 
be proved which will enable us to apply Theorem 5.9 and obtain a con- 
vergent infinite product. 


5.11 Lemma. Jf |z| < 1 and p > 0 then |1—E,{z)| < |z|?*”. 


Proof. We may restrict our attention to the case where p > 1. For a fixed 
p let 


E,(z)=1+ >) a,z" 
K=1 


be its power series expansion about z = 0. By differentiating the power 
series as well as the original expression for £,(z) we obtain 


EXz) = > ka,z*~* 
kat 


aP 
~2" exp(z + +2] 
Pp 


Comparing the two expressions gives two pieces of information about the 
coefficients a,. First, a, = a, =... = a, = 0; second, since the coefficients 


oP 
of the expansion of exp (: gee ae =) are all positive, a, < Ofork > p+l. 
P 
Thus, |a,| = —a, fork > p+1; this gives 
O= £)=1+ dis 


k=pti 
Or 
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Hence, for |z| < 1, 


|E,(z) = I ae | » a2" 
k=p+1 


i. @) 
= Herth] Saeko 
(=p 


CO 


= ee ae |a,| 


= iz|Pt} 
which is the desired inequality. 

Before solving the general problem of finding a function with prescribed 
zeros, the problem for the case where G = C will be solved. This is done for 
several reasons. In a later chapter on entire functions the specific information 
obtained when G is the whole plane is needed. Moreover, the proof of the 
general case, although similar to the proof for C, tends to obscure the rather 
simple idea behind the proof. 


5.12 Theorem. Let {a,} be a sequence in C such that lim |a,| = 00 anda, # 0 
for alln > 1. (This is not a sequence of distinct points; but, by hypothesis, no 
point is repeated an infinite number of times.) If {p,} is any sequence of integers 
such that 


© r Pnti 
§.13 >, (a) < 


for all r > 0 then 


fle) = T] Ep, (lay) 


converges in H(C). The function f is an entire function with zeros only at the 
points a,. If Zq occurs in the sequence {a,} exactly m times then f has a zero 
at Zz = Zq of multiplicity m. Furthermore, if p, = n-1 then (5.13) will be 
satisfied. 


Proof. Suppose there are integers p, such that (5.13) is satisfied. Then, 


according to Lemma 5.11, 
Patil Pnti 
|1—£, (z/a,)| < st < (=) 
° a, la, 


whenever |z| < r and, < |a,|. For a fixed r > O there is an integer N such 
that |a,| > r for all = N (because lim |a,| = 00). Thus for each r > 0 the 
series } |1—£,(z/a,,)| is dominated by the convergent series (5.13) on the 
disk B(0; r). This gives that }° [1 —£,,(z/a,)] converges absolutely in H(C). 


By Theorem 5.9, the infinite product [] £, (z/a,) converges in H(C). 
n=i 
To show that {p,} can be found so that (5.13) holds for all r is a trivial 
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matter. For any r there is an integer N such that |a,| > 2r for all n > N. 


This gives that ( — Sy <4for alln > N; so if p, = n—1 for all n, the tail 


ia, 

end of the series (5.13) is dominated by ys (4)". Thus, (5.13) converges. 

There is, of course, a great latitude in picking the integers p,. If p, were 
bigger than n—1 we would have the same conclusion. However, there is an 
advantage in choosing the p, as small as possible. After all, the smaller the 
integer p, the more elementary the elementary factor E, (z/a,). As is evident 
in considering the series (5.13), the size of the integers p, depends on the rate 
at which {/a,/} converges to infinity. This will be explored later in Chapter 
XI. 


5.14 The Weierstrass Factorization Theorem. Let f be an entire function and 
let {a,} be the non-zero zeros of f repeated according to multiplicity; suppose 
f has a zero at z=0 of order m>0 (a zero of order m=0 at z=0 means 
f(0)#0). Then there is an entire function g and a sequence of integers { p,\ 
such that 


= PA 
fase | | ED, & 
n= 1 ay 


Proof. According to the preceding theorem integers {p,} can be chosen such 


that 
a= |], (2) 
n=} . 


has the same zeros as f with the same multiplicities. It follows that f(z)/A(z) 
has removable singularities at z = 0, a,, a,,... . Thus f/A is an entire 
function and, furthermore, has no zeros. Since C is simply connected there 
is an entire function g such that 


The result now follows. 


5.15 Theorem. Let G be a region and let {a,;} be a sequence of distinct points 
in G with no limit point in G; and let {m,} be a sequence of integers. Then 
there is an analytic function f defined on G whose only zeros are at the points 
a,; furthermore, a, is a zero of f of multiplicity m,. 


Proof. We begin by showing that it suffices to prove this theorem for the 
special case where there is a number R > 0 such that 


5.16 {z:|z| > R} © Gand |a,| < Rforallj > 1. 


j 
It must be shown that with this hypothesis there is a function f in H(G) 
with the a,’s as its only zeros and m, = the multiplicity of the zero at z = a; 
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and with the further property that 
5.17 lim f(z) = 


In fact, if such an f can always be found for a set satisfying (5.16), let G, be 
an arbitrary open set in C with {a,} a sequence of distinct points in G, 
with no limit point, and let {m,} be a sequence of integers. Now uf B(a; r) 
is a disk in G, such that a, € B(a;r) for all j = 1, consider the Mobius 
avastonmation Tz =(z-—a)"'. Put G = T(G,)\ {00}; it is easy to see 
that G satisfies condition (5.16) where a, = Ta; = (a; — a)~'. If there is a 
function f in H(G) with a zero at each a, of multiplicity m,, with no other 
zeros, and such that f satisfies (5.17); then g(z) = f(7Tz) is analytic in 
G, — {a} with a removable singularity at z = a. Furthermore, g has the 
prescribed zero at each a, of multiplicity m,. 

So assume that G satisfies (5.16). Define a second sequence {z, } consisting 
of the points in {a,}, but such that each a, is repeated according to its multi- 
plicity m,;. Now, for each n > 1 there is a point w, in C—G such that 


Wr Zn a d(z,,, C—G). 


Notice that the hypothesis (5.16) excludes the possibility that G = C unless 
the sequence {a,;} were finite. In fact, if {a,} were finite the theorem could 
be easily proved so it suffices to assume that {a,} is infinite. Since |a,| < R 
for all j and {a,} has no limit point in G it follows that C—G is non-empty as 
well as compact. Also, 


lim |z,—w,| = 0. 


E, & =| 
Z—W, 


each has a simple zero at z = z,. It must be shown that the infinite product 
of these functions converges in H(G). 

To do this let K be a compact subset of G so that d(C~—G, K) > 0. For 
any point z in K 


Consider the functions 


nal < Jz, — Wol [Cry KY? 


< |z,—w,| [d(C —G, K)]7* 
It follows that for any 6, 0 < 6 < 1, there is an integer N such that 


5.18 
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for all z in K and n > N. But this gives that the series 


aCe) 


converges uniformly and absolutely on K. According to Theorem 5.9 


fa=[]4, (2) 


n=] 


converges in H(G), so that fis an analytic function on G. Also, Theorem 5.9 
implies that the points {a,} are the only zeros of fand m, is the order of the 
zero at z = a, (because a; occurs m, times in the sequence {z,}). To show 
that lim f(z) = 1, let « > 0 be an arbitrary number and let R, > R(R, will 


Z->D 


be further specified shortly). If |z| => R, then, because |z,| < Rand w,¢« C— 
G < BO; R), 


So, if we choose R, > R so that 2R < 6(R,—R) for some 6, 0 < 6 < I, 


(5.18) holds for |z| = R, and for a/l n > 1. In particular, Re B{ =) > 0 
for all m and jz} => R,; so that 


exp (> tog £, (2 wy) - 


is a meaningful equation. On the other hand (5.3) and (5.18) give that 


Zn” Wp 
> log E, & “2s log E,, (=) 
—W zZ—wW, 


5.19 Lf@)—1| = 


n= 1 


lA 
Ms 
Ko] G2 


IA 

M 

hol Ge 
°% 
: 


for |z| => R,. If we further restrict 6 so that je”’—1| < « whenever 
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then equation (5.19) gives that |f(z)—1| < « whenever |z| => R,. That is, 
lim f(z) = 1. 


Z~> D 


One of the more interesting results that follows from the above theorem 
says (in algebraic terms) that M(G) is the quotient field of the integral 
domain H(G). Avoiding this language the result is as follows. 


5.20 Corollary. [f f is a meromorphic function on an open set G then there are 
analytic functions g and h on G such that f = g/h. 


Proof. Let {a;} be the poles of f and let m, be the order of the pole at a,. 
According to the preceding theorem there is an analytic function / with a 
zero of multiplicity m,; at each z = a, and with no other zeros. Thus if has 
removable singularities at each point a,. It follows that g = Af is analytic in 
G. | 


Exercises 


1. Show that |] (1+z,) converges absolutely iff [|] (1+|z,|) converges. 


log (1+2z 
2. Prove that lim a 


z—0 


3. Let f and g be analytic functions on a region G and show that there are 
analytic functions f,, g,, and A on G such that f(z) = A(z)f,(z) and g(z) = 
h(z)g,(z) for all z in G; and f, and g, have no common zeros. 

4. (a) Let 0 < ja < 1 and jz) < r < 1; show that 


l+r 
~ Jr 


ata) z 
(1—az)a 


(b) Let {a,} be a sequence of complex numbers with 0 < |a,| < 1 and 
) (l—|a,|) < oo. Show that the infinite product 


= la,| Qa, 2 
Bz) =| | (2 
@) | a, \1—4a,2z 
converges in H(B(Q; 1)) and that |B(z)| < 1. What are the zeros of B? 
(B(z) is called a Blaschke Product.) 

(c) Find a sequence {a,}in B(O; 1) such that §’ (1—|a,|) < 00 and every 
number e” is a limit point of {a, }. 
5. Discuss the convergence of the infinite product iz - for p > 0. 

n=1 nP 


6. Discuss the convergence of the infinite products | | [ a | and I) a ‘ 
n n 


= ] I 
foe eee 
J ( 2) 2 


n=Z 
8. For which values of z do the products [| (1 —2") and [| (i +2*”) converge? 
Is there an open set G such that the product converges uniformly on each 
compact subset of G? If so, give the largest such open set. 


7. Show that , 
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9. Use Theorem 5.15 to show there is an analytic function f on D = {z: 
|Z; < 1} which is not analytic on any region G which properly contains D. 
10. Suppose G is an open set and {f,} is a sequence in H(G) such that 
f(z) = [| f,@) converges in H(G). (a) Show that 


2 [ce I] A] 
k=] ny&k 
converges in H(G) and equals f’(z). (b) Assume that fis not the identically 
zero function and let K be a compact subset of G such that f(z) # 0 for all 
z in K. Show that 

£@ _ Sf@ 

I@) At AZ) 
and the convergence is uniform over K. 
11. A subset ¥% of H(G), G a region, is an ideal iff: (i) f and g in ¥ implies 
af + bg is in ¥ for all complex numbers a and 6; (1i) fin % and g any function in 
H(G) implies fg isin %. % is called a proper ideal if % # (0) and ¥ 4 H(G); 
JF is a maximal ideal if ¥ is a proper ideal and whenever Y is an ideal with 
Jc Y then either J = ¥ or J = H(G); F is a prime ideal if whenever 
fand ge H(G) and fge¢ ¥ then either fe % or ge ¥. If fe H(G) let Z(f) 
be the set of zeros of f counted according to their multiplicity. So 2((z—a)*) 
= {a,a,a}.If S < H(G) then 2(S%) = N {2(f): fe}, where the zeros 
are again counted according to their multiplicity. So if Y = {(z—a)° (z—6), 
(z—a)*} then 2(S) = {a, a}. 

(a) If fand ge H(G) then £ divides g (in symbols, f/g) if there is an A in 
H(G) such that g = fh. Show that flg iff Z(f) < 2(g). 

(b) If SC A(G) and Y¥ contains a non-zero function then f is a 
greatest common divisor of ¥ if: (i) f|g for each g in and (11) whenever 
h\g for each g in Y, h|f. In symbols, f= g.c.d.¥%. Prove that f= g.c.d.F. 
iff #(f) = #(S) and show that each non-empty subset of H(G) has a 
GiCd. 

(c) If A < G let (A) = {fe H(G): Z(f) > A}. Show that #(A) is a 
closed ideal in H(G) and “(A) = (0) iff A has a limit point in G. 

(d) Let ae Gand ¥ = ¥4({a}). Show that % is a maximal ideal. 

(ec) Show that every maximal ideal in H(G) is a prime ideal. 

(f) Give an example of an ideal which is not a prime ideal. 

12. Find an entire function f such that f(n+in) = 0 for every integer n 
(positive, negative or zero). Give the most elementary example possible (.e., 
choose the p, to be as small as possible). 

13. Find an entire function f such that f(m+in) = 0 for all possible integers 
m,n. Find the most elementary solution possible. 


§6. Factorization of the sine function 


In this section an application of the Weierstrass Factorization Theorem 
to sin wz is given. If an infinite sum or product is followed by a prime 
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(apostrophe) (i.e., ).’ or []’), then the sum or product is to be taken over all 
the indicated indices n except n = 0. For example, 


8 
ip48 
8 


The zeros of sin 7z = y (e'*? — e~ '"*) are precisely the integers; moreover, 


i 
> () 
S’ (2) < @ 
n= —- oO is 
for all r > 0, one can (5.13) choose p, = 1 for all in the Weierstrass 
Factorization Theorem. Thus 


each zero is simple. Since 


sin wz = [exp g(z)] z 


or, because the terms of the infinite product can be rearranged, 


se ae 
6.1 sin wz = [exp e(z)] z ‘a (1 2 =| 
it) 


n=1 


for some entire function g(z). If f(z) = sin wz then, according to Theorem 2.1, 


7 cot mz a) 
f(2) 
; = 2z 
“Otst 2 a 


and the convergence is uniform over compact subsets of the plane that 
contain no integers (actually, a small additional argument is necessary to 
justify this—see Exercise 5.10). But according to Exercise V. 2.8, 


I Dz 
mcotmz =-+ > 5} 3 


for z not an integer. So it must be that g is a constant, say g(z) = a for all z. 
It follows from (6.1) that for 0 < |z| < I 


° eo @) 
sinwz  e? ie 2? 
WZ r n 


n=1 


Letting z approach zero gives that e* = 7. This gives the following: 


6.2 sin WZ == 1Z | 


and the convergence is uniform over compact subsets of C. 
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Exercises 


5 B 42 
1. Show that cos wz = | |} 1 — ———. J. 
ie (2n—1) 


2. Find a factorization for sinh z and cosh 2. 


= 


ees CE eZ 
3. Find a factorization of the function cos | | sin| A } 


A: Prove Wallies tormulas © ia (2n)" 
é § 8 [orm ia ne J 
Ea = L | Qn—-DQnth 


n=l 


§7. The gamma function 


Let G be an open set in the plane and let {f,} be a sequence of analytic 
functions on G. If {f,} converges in H(G) to fand fis not identically zero, 
then it easily follows that {f,} converges to f in M(G). Since d(z,, z,) = 


1 1 
a( ; =} , where d ts the spherical meiric on C,, (see (3.1)), it follows that 


“1 £2 


l | ] 
‘=| converges 1 in M(G). It is an easy exercise to show that ‘st con- 


"i n 


verges uniformly to ; on any compact set K on which no f, vanishes. (What 


does Hurwitz’s Theorem have to say about this situation?) Since, according 
to Theorem 5.12, the infinite product 


4 e72/n 
—. 


converges in H(C) to an entire function which only has simple zeros at 
z= —1l, —2,..., the above discussion yields that 


0 -1 
71 I(: Er :) ern 
Pl 


n= ] 


converges on compact subsets of C—{-1, ~2,...}! to a function with 
simple poles atz = —1, —2,.... 


7.2 Definition. The gamma function, T(z), is the meromorphic function on C 
with simple poles at z = 0, —1,... defined by 


~ 72 4 


7.3 T(z) = 


— 


where y is a constant chosen so that ['(1) = 1. 
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The first thing that must be done is to show that the constant y exists; 
this is an easy matter. Substituting z = 1 in (7.1) yields a finite number 


oa 


= I t/n 
e=T](1+5) € 


which is clearly positive. Let y = log c; it follows that with this choice of y, 
equation (7.3) for z = 1 gives T(1) = I. This constant y is called Luler’s 
constant and it satisfies 


74 = | | ( ii |” 
n=] 


Since both sides of (7.4) involve only real positive numbers and the real 


logarithm is continuous, we may apply the logarithm function to both sides 
of (7.4) and obtain 


r= Zorel(es) | 


> AF — log (A+1)+log | 


k= 


= lim > IF — log (e+ I+ og 


| 


n> co 


J | 
lim (1 eS Sus ae ae ) - tog (n+ 1), 
n> 00 2 H 


Adding and subtracting log n to each term of this sequence and using the 


fact that lim log (“= = 0 yields 
n 


J l 
75 ya tin | (14 5+. # 1) — tog] 
n-> 00 Z A 


This last formula can be used to approximate y. Equation (7.5) is also 


used to derive another expression for ['(z). From the definition of I'(z) it 
follows that 


ev z 7\~! 
[(z) = - lim [T( + elk 


I 
sax) 
N 
bal 
N 
=| 
I F 
a | & 
+] %, 
nl 


lim aa 14+44+4 “+ 
ap | 10 ge seaege rs exp |Z $4+e0.. + 
noo 2(Z+1)...(24n) > 2 i 
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However 


J I 
er exp| (144+ sais +i)e| = mt exp] 2( -r-+144 +o... -- log) | 
n 


So that the following is obtained 


7.6 Gauss’s Formula. For z # 0, —1,... 


nln? 
C(z) = im ——-________ 
(2) n>o 2(Z+1)...(z+n) 
The formula of Gauss yields a simple derivation of the functional equation 
satisfied by the gamma function. 


7.7 Functional Equation. For z # 0, —1,... 
P(z+i) = zl) 


To obtain this important equation substitute z+1 for z in (7.6); this 
gives 
ree ii alae? 
Z = im ——-—_________- 
noo (Z+1)...(z+n4+1) 


, nin? n 
= 166 Me euormcenes SS aa eran ee 
* neo | ZZ+1)...(¢+n) || zine 


= zI(z) 


since lim (=55) = |. 
z+n+l 
Now consider I'(z +2); we have [(z+2) = [(z+1)4+1) = (c+ 1) T(z4+1) 
by the functional equation. A second application of (7.7) gives ['(z+2) = 


2(z+1)1(z). In fact, by reiterating this procedure 


7.8 D(i+n) = 2(22+1)...(2+n-DP(2) 

for n a non negative integer and z 4 0, —1,.... In particular setting z = 1 
gives that 

719 Pian+1) = 2! 


That is, the function is analytic in the right half plane and agrees with the 
factorial function at the integers. We may therefore consider the gamma 
function as an extension of the factorial to the complex plane; alternately, 
ifz ~ —1, —2,... then letting z! = ['(z+1) is a justifiable definition of z!. 
As has been pointed out, [ has simple poles at z = 0, —1,...; we wish 
to find the residue of I‘ at each of its poles. To do this recall from Proposition 
V. 2.4 that | 


Res (0; ~—n) = lim (z+n)I(z) 
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for each non-negative integer n. But from (7.8) 


I(z+n+1) 
2(z+1)...(z+n—-1) 
So letting z approach —n gives that 


(2+n)T(z) = 


— 1)" 
7.10 Res ((; —n) = ( pelt SO: 
n} 


According to Exercise 5.10 we can calculate ['’/T" by 


(2) 1 < Z 
711 see ee eee 2 
D(z) aa = n(n+z) 
for z #0, —1,... and convergence is uniform on every compact subset 


of C—{0, —1,...}. It follows from Theorem 2.1 that to calculate the 
derivative of ['’/I’ we may differentiate the series (7.11) term by term. Thus 
when z is not a negative integer 


l'(z) 1 = 
7.42 (= 2) ar ae es ed 


At this time the reader may well be asking when this process will stop. 
Will we calculate the second derivative of [’/I? The answer to this question 
is no. The answer to the implied question of why anyone would want to 
derive formulas (7.11) and (7.12) is that they allow us to characterize the 
gamma function in a particularly beautiful way. 

Notice that the definition of ['(z) gives that T(x) > 0 if x > 0. Thus, 
log U(x) is well defined for x > 0 and, according to formula (7.12), the 
second derivative of log I(x) is always positive. According to Proposition 
VI. 3.4 this implies that the gamma function is logarithmically convex on 
(0, oo); that is, log [(x) is convex there. It turns out that this property 
together with the functional equation and the fact that [(1) = 1 completely 
characterize the gamma function. 


7.13 Bohr-Mollerup Theorem. Let f be a function defined on (O, 0) such that 
f(x) > 0 for all x > 0. Suppose that f has the following properties: 


(a) log f(x) is a convex function; 
(b) f(x+1) = x f(x) for all x; 
(c) f() = 1. 


Then f(x) = T(x) for all x. 


Proof. Begin by noting that since f has properties (b) and (c), the function 
also satisfies 


7.14 (x+n) = x(v41)... (x+n—-I1)fO). 


for every non-negative integer n. So if f(x) = [(x) for 0 < x < 1, this 
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equation will give that f and [ are everywhere identical. Let 0 < x < 1 and 
let n be an integer larger than 2. From Exercise VI. 3.3 


log f(n—1)—log f(n) e log f(x +n) —log f(n) 3 log f(n+ 1)—log f(x) 
(n—l—n - (x+n)—n - (n+1l)—n 


Since (7.14) holds we have that f(m) = (m—1)! for every integer m > I. 
Thus the above inequalities become 
l ‘ —| 1—1)! 
—log (n—2)!+log (n—I1)! < EI Un OeNiS2): < logn!—log(n—1)!; 
x 
or 
x log (n—1) < log f(x+n)—log(n—1)! < xloga. 


Adding log (n—1)! to each side of this inequality and applying the 
exponential (exp is a monotone increasing function and therefore preserves 
inequalities) gives 

(n—1)* (n—1)! < f(x+n) < nw (n—D)! 


Applying (7.14) to calculate f(x+n) yields 


(n—1)*(n—-1)! n*(n—1)! 
Ris ne 


lA 


Since the term in the middle of this sandwich, f(x), does not involve the 
integer » and since the inequality holds for all integers n > 2, we may vary 
the integers on the left and right hand side independently of one another 
and preserve the inequality. In particular, 7+1 may be substituted for 7 on 
the left while allowing the right hand side to remain unchanged. This gives 


es nn! Xn 
Sy Os oS eserememins (Sah icy 
x(x+I]). ..(x+n) x(x+1)...(%+n) 


A 
= 1, Gauss’s formula implies that [(x) = f(x) for 0 < x < 1. The result 
now follows by applying (7.14) and the Functional Equation. [J 


7.15 Theorem. /f Re z > 0 then 


X+H 
for all» > 2 and x in [0, 1). Now take the limit as » — oo. Since lim ( — — 


Lis re dt 
0) 

The integrand in 7.15 behaves badly at t = 0 and ft = o, so that the 
meaning of the above equation must be explicitly stated. Rather than give 
a formal definition of the convergence of an improper integral, the properties 
of this particular integral are derived in Lemma 7.16 below (see also Exercise 
2.2): 
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7.16 Lemma. Let S = {z: a < Rez < A} whereO<a<A< &. 


(a) For every e > 0 there isad > O such that for allzinS 


<€ 


B 
le dt 
4 


whenever 0 < « < B < 4, 
(b) For every « > 0 there is a number « such that for all z in S 


B 
ene dtl <e 
& 


whenever B > « > k. 


Proof. To prove (a) note that if 0 < ¢ < 1 and zis in S then (Re z—1) log 
t < (a—1) log ft; since e~* < I, 


let? 74 < pRe s=4 < pad 


So if0 < a< B < 1 then 


B 
{ effi dtl < 
4 


A 
R Semme “epy 
Sh, 
ts) 
j 
= 


for allz in S. Ife > O then we can choose 6, 0 < 8 < 1, such that a7 1(8°—«‘) 
< «for |«—f| < 8. This proves part (a). 

To prove part (b) note that for z in S and ¢ > 1, |t7~'| < t47*. Since 
t4-! exp (—4) is continuous on [l, 00) and converges to zero as t > ©, 
there is a constant c such that t4~' exp (~—4n) < c for all ¢ = 1. This gives 
that 


for allzin Sandt >1.If 8 > « > 1 then 


A 
Len) 
camer 
oy 
ae 


p 
| ei al = 
x 


2c(e7 *#%*—e7 #4), 


Again, for any « > O there is a number « > 1 such that |2c(e~?*—e7**)| < 

whenever a, 8 > x, giving part (b). 
The results of the preceding lemma embody exactly the concept of a 

uniformly convergent integral. In fact, if we consider the integrals 


1 
ee dt 
(o4 
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for 0 < a < I, then part (a) of Lemma 7.16 says that these integrals satisfy 
a Cauchy criterion as « > 0. That is, the difference between any two will be 
arbitrarily small if « and f are taken sufficiently close to zero. A similar 
interpretation is available for the integrals 


& 
| ee at 
1 


for « > 1. The next proposition formalizes this discussion. 


7.17 Proposition. 7fG = {z: Re z > 0} and 


n 


f(z) = eto! dt 


ifn 


fer n> 1 and z in G, then each f, is analytic on G and the sequence is con- 
vergent in H(G). 


Proof. Think of f,(z) as the integral of p(t, z) = e~'t*~' along the straight line 
I 

segment F ; "| and apply Exercise IV. 2.2 to conclude that /, is analytic. 
it 

Now if K is a compact subset of G there are positive real numbers a and A 

such that K < {z: a < Rez < A}. Since 


ijn 


fo2)-f2) = | et * dt + fe dt 


1/m 


form > n, Lemma 7.16 and Lemma 1.7 imply that {f,} is a Cauchy sequence 
in H(G). But H(G) is complete (Corollary 2.3) so that {f, } must converge. 

If fis the limit of the functions {f,} from the above proposition then 
define the integral to be this function. That is, 


7.18 f(z) = ewe t?~! dt, Rez > 0. 


0 


To show that this function f(z) is indeed the gamma function for Rez > 0 
we only have to show that f(x) = I(x) for x = 1. Since [1], oo) has limit 
points in the right half plane and both f and I are analytic then it follows 
that fmust be [ (Corollary IV. 3.8). Now observe that successive performing 
of integration by parts on (1—t/n)"t*~' yields 


ae ey ante is 
n ~~ x(xt1)...(xt+n) 


0 


which converges to ['(x) as n -> co by Gauss’s formula. If we can show that 
the integral in this equation converges to [3° e‘'t*~* dt = f(x) as n -> 00 then 
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Theorem 7.15 is proved. This is indeed the case and it follows from the 
following lemma. 


7.19 Lemma. (a) i(: + 4 converges to e’ in H(C). 
n 


t Ba 
(b) if 0 then(1 ~ £) <e' foralln > t. 
n 


Proof. (a) Let K be a compact subset of the plane. Then [z| < 7 for all z in 
K and v sufficiently large. It suffices to show that 


lim 7 og (1 + :) 4 
no H 


uniformly for z in K by Lemma 5.7. Recall that 


k 


= Ww" 
log 1+w) = z (—1)*7! ra 


for |w| < 1. Let 2 > |z| for all z in K; if z is any point in K then 


m ba? lz? 12° 

n ee pee ee SE ae 
6 n 2n 3p? 
So 


~ 2 
7.20 nie Pa easel yes stl 
n 2\n 3\n 


taking absolute values gives that 


nog (1 +i)os < 
A 


< 
n-—R 


where R > |z| for all z in K. If n> oo then this difference goes to zero 
uniformly for z in K. 


(b) Now let ¢ > O and substitute —¢ for z in (7.20) where t < n. This gives 


nio (1 = w\4e- = 33 r(4) <0 
n pom Att 
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Thus 
t 
n fog (1 — | et 
A 


and since exp is a monotone function part (b) is proved. | 


Proof of Theorem7.15. Fix x > land lete > 0. According to Lemma 7.16 (b) 
we can choose x > 0 such that 


r 


7.21 | ev tpl dpc = 
4 


K 


whenever r > x. Let # be any integer larger than « and let f, be the function 
defined in Proposition 7.17. Then 
1/n 


£00 -|(1 = ‘) aoe ee -|(1 _ 7 pol de 4 
fH 4] 


0 0 
<5 ae een 
||. (1 iG ' dt 
n 
ljn 
Now by Lemma 7.19 (b) and Lemma 7.16 (a) 
ifn if/n 


o ft n 
7.22 {( = ) tl dt< few ie 
n 4 
'¢) 9) 


for sufficiently large n. Also, if n is sufficiently large, part (a) of the preceding 


lemma gives 
t \" 2 
Ge al 
n 


for tin [0, x] where M = {6 ¢*~' dt. Thus 


t 4 
Vsk2 |ler-(1 ~ty fect 
H 
ijn 


Using Lemma 7.19 (b) and (7.21) 


Ile - 


for n > x. If we combine this inequality with (7.22) and (7.23), we get 


fix) - {( — yea 
n 


<= € 
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for n sufficiently large. That is 


me 


0 = lim Ee —~ ie _ ee | 


0 


| nin* 
= lim Ee 7 oomarrencet| 
= f(x)— P(x). 


As an application of Theorem 7.15 and the fact that [(4) = Va (Exercise 
2) notice that 


oO 


Jn = { et”? dt. 


0 


Performing a change of variables by putting t = s? gives 


(9.@) 


sm e~**s~! (2s) ds 


i) 


That is, 


This integral is often used in probability theory. 


Exercises 


1. Show that 0 < y < 1. (An approximation to y is .57722. It is unknown 
whether y is rational or irrational.) 

2. Show that [(z) ((1—z) = a csc wz for z not an integer. Deduce from this 
that 1G) = Jz. 

3. Show: \/m [(2z) = 2?*7!T(z) P(z+4). (Hint: Consider the function T(z) 
P(z+4) P(2z)7.) 

4. Show that log ['(z) is defined for z in C —(— ©, O] and that 


log [(z) = —logz—yz - ¥° toe (1 a “| = ‘|. 
fl i 


n=] 


5. Let f be analytic on the right half plane Re z > O and satisfy: f(1) = 1, 


(e+) = zf(z), and lim oe = 1 for all z. Show that f= Lf. 
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6. Show that 


e.@) 


r= 5 Sat + [etd 


n=o0 Ni{z+n) 


I 


for z #0, —1, —2,... (not for Re z > 0 alone). 
7. Show that 


6) 


{ sin (2?) dt = | cos (02) dt = 4) Fn. 
0 0 
8. Let uw > O and v > O and express I'(u) T'(v) as a double integral over the 
first quadrant of the plane. By changing to polar coordinates show that 
r/2 


P(u) P(e) = 2P@+v) | (Cos 8)?""! (sin 8"~! 8. 
0) 


The function 


a aaa rE 


is called the beta function. By changes of variables show that 


1 
Blu, v) = f= dt 
0 


toa 
Sa a 
la 


0 


Can this be generalized to the case when uw and v are complex numbers with 
positive real part? 
9. Let «, be the volume of the ball of radius one in R” (n > 1). Prove by 
induction and iterated integrals that 
1 
B= 209 fa-rye-vP dt 


0 


10. Show that 


ql 2 


where «,, 1s defined in problem 9. Show that ifn = 2k,k > 1, thene, = a*/k! 
11. The Gaussian psi function is defined by 
I") 
Yz2) = =< 
(z) F(z) 
(a) Show that V is meromorphic in C with simple poles at z = 0, —1,... 
and Res (V7; ~—n) = —1 forn > 0. 
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(b) Show that YU) = —y. 
l 
(c) Show that W(z+1)—V(z) = -. 
Z 


(d) Show that W(z)—‘YU —z) = —7 cot rz. 
(e) State and prove a characterization of YY analogous to the Bohr- 
Mollerup Theorem. 


§8. The Riemann zeta function 


Let z be a complex number and v a positive integer. Then |n7| = [exp 
(z log n)| = exp (Re z log n). Thus 


Rn 


S exp (—Re z log k) 


k=] 


», |Ao*| 
k=1 


fT 


= > fo~Re z 


k=1 
So if Re z > 1+. then 


3 a < >; ete. 
k=1 


k=1 = 


that is, the series 
e.8) 
De ie 
n=] 


converges uniformly and absolutely on {z: Re z => 1+e}. In particular, this 
series converges in H({z: Re z > 1}) to an analytic function {(z). 


8.1 Definition. The Riemann zeta function is defined for Re z > 1 by the 
equation 


The zeta function, as well as the gamma function, has been the subject 
of an enormous amount of mathematical research since their introduction. 
The analysis of the zeta function has had a profound effect on number 
theory and this has, in turn, inspired more work on ¢. In fact, one of the 
most famous unsolved problems in Mathematics is the location of the zeros 
of the zeta function. 

We wish to demonstrate a relationship between the zeta function and 
the gamma function. To do this we appeal to Theorem 7.15 and write 


D(z) = [ ented 
©) 
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for Re z > 0. Performing a change of variable in this integral by letting 
t = nu gives 


T(z) = 7? | eon dk 
0 
that is 
aol (Z) = | er! dt, 
0 


If Re z > 1 and we sum this equation over all positive n, then 


8.2 e(z)i(z) = s n *T(z) 


1 
eS i eee de 

0 
We wish to show that this infinite sum can be taken inside the integral sign. 
But first, an analogue of Lemma 7.16. 
8.3 Lemma. (a) Let S = {z: Re z = a} where a > 1. Ife > 0 then there is 


a number 6,0 <6 < 1, such that for allzinS 


B 
[ (e§-1)71F dt| < « 


whenever 0 > fp >a > 0. 
(b) Let S = {z: Rez < A} where —-w < A < «w. Ife > 0 then there is 


a number « > 1 such that for all zin S 


p 
f@-pute dt 


ed 


< 


whenever B > a > k. 
Proof. (a) Since e'—1 > tfor allt => Owe have that for0 < ¢ < landzinS 
le’ —1) 712777] < pa7 2, 


Since a > 1 the integral (§ t7~? dt is finite so that 5 can be found to satisfy (a). 
(b) Ift => 1 and zis any point in S then, as in the proof of Lemma 7.16 (b), 
there is a constant c such that 


ef —1)7 1227 < (e'—1) 7147! < ce? (et- 1)". 


Since e?‘(e'—1)~! is integrable on [1, 00) the required number « can be 
found. 
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8.4 Corollary. (a) Jf S = {z: a < Re z < A} where 1 <a< A < & then 
the integral 


[@-pue dt 
0 


converges uniformly on S. 
(b) If S = {z: Rez < A} where —0 < A < © then the integral 


io. 8) 


[@-pe dt 
i 
converges uniformly on S. 


8.5 Proposition. For Re z > 1 


oO 


(z)0(Z) = [@-p oe dt 


0 


Proof. According to the above corollary this integral is an analytic function 
in the region {z: Rez > 1}. Thus, it suffices to show that ¢(z)I'(z) equals this 


integral forz = x > l. 
From Lemma 8.3 there are numbers « and 8,0 < a < B < o, such that: 


ee ees ee eee 
fe-nretaet 
0 


toajipri gg <=, 
fe-mae: 
B 


Since 


Se"]2 Ye" eesi 


for alln = 1, 


az 
ie 0] 
> ent l dye = 
— 4° 
n= 1 


0 


[e.@) 
gent et poe * 
4 
B 


We 


tt 


n= I 


Using equation (8.2) yields 


e.@) 


B 
(oT) — f (eI) te! at : 
0 


fe at »x—1 dt 


am 


ya 


1 


< € + 


CO 


ni 


B 
= f@-pue dt 
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But ) e~™ converges to (e'~1)~! uniformly on [«, A], so that the right hand 


We wish to use Proposition 8.5 to extend the domain of definition of ¢ to 
{z: Re z > —1} (and eventually to all C). To do this, consider the Laurent 
expansion of (e*—1)7~!; this is 


i lL I< 
8.6 Fee eee Eh ST Se ‘i 
re a ae >, ae 


for some constants a,, @,.... Thus [(e’— 1)” '—1t~ *] remains bounded in a 


2 


neighborhood of ¢ = 0. But this implies that the integral 


1 
7 l l 
Sa ad 
li ) 
0 


converges uniformly on compact subsets of the right half plane {z: Rez > 03 
and therefore represents an analytic function there. Hence 


1 co 
l | pe 
8.7 C(z)P(z) = l(s5 = 7 pet pga 1) |= dt, 
0 1 


and (using Corollary 8.4(b)) each of these summands, except (z—1)7!, is 
analytic in the right half plane. Thus one may define ((z) for Re z > 0 by 
setting it equal to [I['(z)]~’ times the right hand side of (8.7). In this manner 
¢ is meromorphic in the right half plane with a simple pole at z = 1 (> no} 
diverges) whose residue is 1. 

Now suppose 0 < Re z < 1; then 


(g-1)t = — aes, 
1 


Applying this to equation (8.7) gives 


I 1 
8.8 ((z)P(z) = Hay = *) 1 d10< Rez <1. 
0 


Again considering the Laurent expansion of (e7—1)~! (8.6) we see that 
[(e'—1)~'—t7*'+4] < ct for some constant ¢ and all ¢ in the unit interval 
[O, 1]. Thus the integral 


1 
] 1 
eee uk es GES ge aE 
C= t % ) 
0 


is uniformly convergent on compact subsets of {z: Re z > —1}. Also, since 
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there is a constant c’ such that 


converges uniformly on compact subsets of {z: Re z < 1}. Using these last 
two integrals with equation (8.8) gives 


i oO 
I re ] ] ] 
8.9 ¢(z) T(z) = IG = ; - ;) 1 dt — a> a (5 = | eat 
0 l 


for 0 < Rez < 1. But since both integrals converge in the strip ~1 < Rez 
< 1 (8.9) can be used to define {(z) in {z: —1 < Rez < 1}. What happens 
at z = 0? Since the term (2z)~' appears on the right hand side of (8.9) will 
¢ have a pole at z = 0? The answer is no. To define {(z) we must divide (8.9) 
by T(z). When this happens the term in question becomes [2zI(z)]~' = 
[2P'(z+1)]~* which is analytic at z = 0. Thus, if { is so defined in the strip 
{z: —1 < Re z < 1} it is analytic there. If this is combined with (8.7), 
C(z) is defined for Re z > —1 with a simple pole at z = 1. 
Now if —1 < Rez < 0 then 


] 
jr ses —-; 
z 


inserting this in (8.9) gives 


i io. 
810  (z)I(z) = \(s5 ast 3 "1dr, —1 < Rez <0. 


2 


0 


But 


are ey Co ae eee 
fat 2 Ba 


A straightforward computation with Exercise V. 2.8 gives 


2 _ ] 
cot (471) = — — 4it ———_—_-_-—~ 
(3) it 2 t7 +4227? 


] a 
e'—] t 2 


for t ~ 0. Thus 


= 2 


RK 


ee | pene 


= 1 
a t? +4ny27? 
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Applying this to (8.10) gives 


ao B , 
8.11 ((z)0(z) = 2 | (> a ee) t? dt 
0 "7 


ag 
z-1 
= 2 > (277) rE ja 


0 
220)? 41-2) | at 
= rs cs fa, ee 
fog es 
@) 


for ~1 < Rez < 0. (It 1s left to the reader to justify the interchanging of 
the sum and the integral.) Now for x a real number with —1 < x < 0, the 
change of variable s = ¢? gives (by Example V. 2.12) 


i 1 fs? 7D 
8.12 a, | ee a eee ese 
Rte | stl 
0 0 
l 
ay ee [g7(1 —x)] 


l 
= sec (47x). 


] Pad—--x) . Pd —x) 
= sin 7x = — 


[2 sin (47x) cos (477x)] 


Combining this with (8.11) and (8.12) yields the following. 
8.13 Riemann’s Functional Equation. 


{(z) = 227)?! TU —z)&(1 —2) sin (472) 


for —~1 < Rez < 0. 

Actually this was shown for x real and in (—1, 0); but since both sides 
of (8.13) are analytic in the strip —1 < Rez < 0, (8.13) follows. The same 
type of reasoning gives that (8.13) holds for —1 < Rez < | (what happens 
at z = 07). But we wish to do more than this. We notice that the right hand 
side of (8.13) is analytic in the left hand plane Re z < 0. Thus, use (8.13) to 
extend the definition of {(z) to Re z < 0. We summarize what was done as 
follows. 
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8.14 Theorem. The zeta function can be defined to be meromorphic in the 


plane with only a simple pole atz = 1 and Res(€; 1) = 1. Forz # 1 € satisfies 
Riemann’s functional equation. 


Since [(1~—z) has a pole at z = 1, 2,... and since ¢ is analytic at z = 
2, 3,... we know, from Riemann’s functional equation, that 
8.15 ¢(1—z) sin rz) = 0 
for z = 2, 3,.... Furthermore, since the pole of [(1—z) at z = 2, 3,... 
is simple, each of the zeros of (8.15) must be simple. Since sin (47z) = 0 
whenever z is an even integer, ((1—z) = 0 for z = 3, 5,.... That is &{z) = 
0 for z = —2, —4, —6,.... Similar reasoning gives that £ has no other 


zeros outside the closed strip {z:0 < Rez < 1}. 


8.16 Definition. The points z = —2, —4,... are called the trivial zeros of ¢ 
and the strip {z: 0 < Re z < 1} is called the critical strip. 

We now are in a position to state one of the most celebrated open questions 
in all of Mathematics. Is the following true? 


The Riemann Hypothesis. /f z is a zero of the zeta function in the critical 
strip then Rez = 4. 

It is known that there are no zeros of € on the line Re z = 1 (and hence 
none on Re z = 0 by the functional equation) and there are an infinite 
number of zeros on the line Re z = 4. But no one has been able to show that 
¢ has any zeros off the line Re z = 4 and no one has been able to show that 
all zeros must lie on the line. 

A positive resolution of the Riemann Hypothesis will have numerous 
beneficial effects on number theory. Perhaps the best way to realize the 
connection between the zeta function and number theory is to prove the 
following theorem. 


8.17 Euler’s Theorem. /f Re z > 1 then 


where {p,} is the sequence of prime numbers. 


Proof. First use the geometric series to find 


8.18 = = S pe 


for alln = 1. Now ifn > 1 and we take the product of the terms (1 —p, 7)7! 
for | < k < n, then by the distributive law of multiplication and by (8.18), 


8.19 


where the integers n,,,,... are all the integers which can be factored as a 
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product of powers of the prime numbers p,,..., p, alone. (The reason that 
no number n; 7 has a coefficient in this expansion other than | is that the 
factorization of x, into the product of primes is unique.) By letting n—> co 
the result is achieved. [7% 


Exercises 


1. Let &(z) = 2(z—1)77?7&(z)T'Gz) and show that é is an entire function 
which satisfies the functional equation &(z) = &(1—z). 

2. Use Theorem 8.17 to prove that }° p,* = oo. Notice that this implies 
that there are an infinite number of primes. 


3. Prove that €7(z) = > an) for Re z > 1, where d(n) is the number of 
= Tn 
divisors of n. 
4. Prove that (z)¢(z—1) = » ae , for Re z > 1, where o(v) is the sum of 
Hl 
n=1 


the divisors of x. 
U(z—-1) ~~ on) 


5. Prove that is) = ~~ for Re z > 1, where ¢() is the number of 
> z 
n=l 
integers less than n and which are relatively prime to n. 
1 12.6) 
6. Prove that —~ = Hn) 


= —- for Re z > 1, where p(n) is defined as follows. 

eer ed 
Let n = p*'pk? ... pk be the factorization of m into a product of primes 
Pi,+-+,;Pm and suppose that these primes are distinct. Let u(l) = 1; if 
kK, =...=k,, = 1 then let p(n) = (—1)"; otherwise let n(n) = 0. 


C'(z) — A(n) ; 
——_ = — —— for Re z > 1, where A(n) = log p ifn = 
(2) > 7 (1) gp 
p™ for some prime p and m > 1; and A(m) = O otherwise. 

8. (a) Let n(z) = 0'(2)/f(z) for Re z > 1 and show that lim (z—Z,)n(z) is 


zZ->Z0 


always an integer for Rez) > 1. Characterize the point zy (in its relation to ¢) 
in terms of the sign of this integer. 
(b) Show that fore > 0 


7. Prove that 


Ren (l+e+it) = — 3 A(n)n7“*® cos (t log n) 
n=1 
where A(n) is defined in Exercise 7. 
(c) Show that for all e > 0, 
3Re yn (1+¢e)+4Re 7 1 +e+is)+ Rey Ul +e4+2it) < 0. 
(d) Show that ¢(z) # 0 if Re z = 1 (or 0). 


Chapter VIII 


Runge’s Theorem 


In this chapter we will prove Runge’s Theorem and investigate simple 
connectedness. Also proved is a theorem of Mittag-Leffler on the ex- 
istence of meromorphic functions with prescribed poles and singular parts. 


§1. Runge’s Theorem 


In Chapter IV we saw that an analytic function in an open disk is given 
by a power series. Furthermore, on proper subdisks the power series con- 
verges uniformly to the function. As a corollary to this result, an analytic 
function on a disk D is the limit in H(D) of a sequence of polynomials. We 
ask the question: Can this be generalized to arbitrary regions G? The answer 
is no. As one might expect the counter-example is furnished by G = {z: 
0 < [z| < 2}. If {p,(z)} is a sequence of polynomials which converges to an 
analytic function f on G, and y is the circle |z| = 1 then (Sf = lim [Pr = Q, 
But z~+ is in H(G) and |,z~* # 0. 

The fact that functions analytic on a disk are limits of polynomials is due 
to the fact that disks are simply connected. If G is a punctured disk then the 
Laurent series development shows that each analytic function on G is the 
uniform limit of rational functions whose poles lie outside G (in fact at the 
center of G). That is, each f in H(G) is the limit of a sequence of rational 
functions which also belong to H(G). This is what can be generalized to 
arbitrary regions, and it is part of the content of Runge’s Theorem. 

We begin by proving a version of the Cauchy Integral Formula. Unlike 
the former version, however, the next proposition says that there exist 
curves such that the formula holds; not that the formula holds for every 
curve. 


1.1 Proposition. Let K be a compact subset of the region G; then there are 
straight line segments y,,...,y, in G-—K such that for every function f in 
H(G), 


Yk 
for all z in K. The line segments form a finite number of closed polygons. 
Proof. Observe that by enlarging K a little we may assume that K= 
(intK)~. Let 0<8<4d(K,C-—G) and place a “grid” of horizontal and 


vertical lines in the plane such that consecutive lines are less than a 
distance 5 apart. Let R,,...,R,, be the resulting rectangles that intersect K 
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(there are only a finite number of them because K is compact). Also let JR, 
be the boundary of R,, |< jm, considered as a polygon with the 
counter-clockwise direction. 

IfzeR,;, | <j < m, then d(z, K) < \/26 so that R; < G by the choice 
of 6. Also, many of the sides of the rectangles R,,..., R,, will intersect. 
Suppose &,; and R; have a common side and let o, and o; be the line segments 
in ¢R,, and @R; respectively, such that R,; OR; = {o,;} = {o,;}. From the 
direction given CR, and cR;, co, and o; are directed in the opposite sense. So 
if » is any continuous function on {e,}, 


Jere 


oO; 


Let y,....,y, be those directed line segments that constitute a side of 
exactly one of the K,, 1 <j <m. Thus 


1.2 ae y | ¢ 


for every continuous function ¢ on u OR;. 
=] 


We claim that each y, is in G— K. In fact, if one of the y, intersects K, it 
is easy to see that there are two rectangles in the grid with y, as a side and 
so both meet K. That is, y, is the common side of two of the rectangles 
R,,..-, 8, and this contradicts the choice of y,. 

If z belongs to K and is not on the boundary of any R, then 


is continuous on U CR, for fin H(G). It follows from (1.2) that 
Pt 


= for) f(w) 
. Eanes a i eee 2 5) 
D>. ni | aan ee 
But z belongs to the interior of exactly one K,. lf z ¢ R,, 


] fv) 
27i | w—-Z 
OR; 
and if z is in R,, this integral equals f(z) by Cauchy’s Formula. Thus (1.3) 
becomes 


1.4 fe=> ee alee 


Qnl | w-Z 
Vk 


whenever ze K — [J OR; But both sides of (1.4) are continuous functions 
jal 
on K (because each y, misses K) and they agree on a dense subset of K. 


Thus, (1.4) holds for all z in K. The remainder of the proof follows. 


dw = 0; 
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This next lemma provides the first step in obtaining approximation by 
rational functions. 


1.5 Lemma. Let y be a rectifiable curve and let K be a compact set such that 
KO fy} = 0. If f is a continuous function on ty} and « > 0 then there is a 
rational function R(z) having all its poles on {y} and such that 


[&. dw — R(z) 
w—-Z 


<e€ 


for all z in K. 


Proof. Since K and {y} are disjoint there is a number r with O < r < d(K, 
{y}). If y is defined on [0, 1] then forO < s,¢ < landzin Kk 


fo) — fos) 
y)—z ys)—z 


] 
3 SOM) 8) Fy GS) — AFOO) FO)! 


I 
<5 SOO) 9) - vO} + 3 (OD) FO) 
=I HO) : i rs) fo) 


There is a constant c > 0 such that |z| < ¢ for all z in K, |()| < ¢ and 
|f(y(t))| < c for all ¢ in [0, 1]. This gives that for all s and ¢ in [0, 1] and zin K, 
fo) — fOAs)) 
yt)-z  y(s)-z 


Since both y and fo y are uniformly continuous on [0, 1], there is a partition 
{0 = ty) <t, <...< t, = 1} such that 


25 “5 W)- —(1)| +5 5 FG) F000) 


1.6 FOO) — fo)| 

v—-z y(t)-z| VO) 
for t;-, <t<t;, 1 <j <a, and z in K. Define R(z) to be the rational 
function 


RE) = Y FOG) —vltj- Mbt; 


The poles of R(z) are y(0), y(t,),..., y(t,-,). Using (1.6) yields that 


f() _ FOAD) — fOAt-1)) 
(fe a Re = > Ale 2 Wi a4) 3 avy 


tj 


a > | dinl(t) 
Na 
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Before stating Runge’s Theorem let us agree to say that a polynomial is 
a rational function with a pole at oo. It is easy to see that a rational 
function whose only pole is at oo is a polynomial. 


1.7 Runge’s Theorem. Let K be a compact subset of C and let E be a subset 
of C,,-— K that meets each component of C,,— K. If f is analytic in an open 
set containing K and €>0 then there is a rational function R(z) whose only 
poles lie in E and such that 


If(z)-R(z)|<e 
for all z in K. 
The proof that will be given here was obtained by S. Grabiner (Amer. 


Math. Monthly, 83 (1976), 807-808). For this proof we place the result in a 
different setting. On the space C(K,C) we define a distance function p by 


p( f.g)=sup{|f(z)—g(z)|:z € K } 
for f and g in C(K,C). It is easy to see that p(f,.f)-0 iff f=u—limf, on 
K. Hence C(K,C} is a complete metric space. 

So Runge’s Theorem says that if fis analytic on a neighborhood of K 
and «€>0 then there is a rational function R(z) with poles in E such that 
p( f.R)<e. By taking «=1/vn it is seen that we want to find a sequence of 
rational functions {R,(z)} with poles in E such that p(f,R,)-0; that is, 
such that f=u—limR, on K. 

Let B(£)=all functions f in C(K,C) such that there is a sequence 
(&,,} of rational functions with poles in F such that f=u—limR, on K. 
Runge’s Theorem states that if f is analytic in a neighborhood of K then 
f\K, the restriction of f to K, is in B(E). 


18 Lemma. B(E) is a closed subalgebra of C(K,C) that contains every 
rational function with a pole in E. 

To say that B(E£) is an algebra is to say that if fand g are in B(E) and 
a eC then af, f+ g, and fg are in B(E). The proof of Lemma 1.8 is left to 
the reader. 


1.9 Lemma. Let V and U be open subsets of C with V< U and OV ONU=[. 
If H is a component of U and HOAV+#(] then Hc V. 


Proof. Leta e HOV and let G be the component of V such that ae G. 
Then HUG is connected (11.2.6) and contained in U. Since H is a 
component of U, Gc #H. But 0G < dV and so the hypothesis of the lemma 
says that dG 0 H=[{7]. This implies that 


H-G=HO|(C-G_)udG] 


so that H—G is open in H. But G is open implies that H- G=Hn(C-— 
G) is closed in H. Since H is connected and G#[], H-G=[. That is, 
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Proof. Case 1. 00 ¢ E. 
Let U=C—K and let V={aeC:(z-—a)'e B(E)}; soE CV cU. 


1.11 Ifa € Vand |b— a\<d(a, K) thenbe V. 


The condition on b gives the existence of a number r, 0<r<1, such that 
|b—a|<r|z— al for all z in K. But 


1.12 (2b) teem ay [1-28 


Hence |b—a||z—a|~'<r<1 for all z in K gives that 


1.13 ies. (2=4)' 


za yas 8 


n=O 


converges uniformly on K by the Weierstrass M-test. 

If O(z)= > (2=2)' then (z—a)~'O,(z)< B(E) since ae V and 
B(E) is an algebra. Since B(£) is closed (1.12) and the uniform conver- 
gence of (1.13) imply that (z— 5)~' € B(E). That is, b ¢ V. 

Note that (1.11) implies that V is open. 

If be dV then let {a,} be a sequence in V with b=\lima,,. Since b ¢ V it 
follows from (1.11) that |b—a,|2= d(a,,K). Letting n—»0o gives (by IT.5.7) 
that O= d(b,K), or be K. Thus 0oV NU=[]. 

If H is a component of U=C—K then HN E#+(, so HOV#¥[]. By 
Lemma 1.9, H cV. But H was arbitrary so Uc V, or V=U. 


Case 2. oc E. 


Let d=the metric on C,,. Choose a, in the unbounded component of 
C-—K such that d(ap,00)<5d(0,K) and |a)|>2max{|z|:z¢ K}. Let 
Eg=(E — {00})U {ag}; so Ey meets each component of C,,-— K. If ae C—- 
K then Case 1 gives that (z~a)~' € B(E,). If we can show that (z—a,)7! 
e B(E) then it follows that B(E,)< B(E) and so (z—a)7' ¢ B(E) for 
each a inC—K. 

Now |z/do| <3 for all z in K so 


—_ 
— 


l l I 5 
aoe eS 2/0)" 
a 0G ag(1 —z/ap) 49 n =0 : 
converges uniformly on K. So Q,(z)= — a9 ‘24 20(z/ ay) is a polynomial 
and (z—a,)~'=u—lim@, on K. Since Q, has its only pole at oo, Q,€ 


The Proof of Runge’s Theorem. If f is analytic on an open set G and KcG 
then for each € > 0 Proposition 1.1 and Lemma 1.5 imply the existence of a 
rational function R(z) with poles in C ~ K such that | f(z)— R(z)|<e for 
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1.14 Corollary. Let G be an open subset of the plane and let E be a subset of 
C..~ G such that E meets every component of C,,—- G. Let R(G,E) be the 
set of rational functions with poles in E and consider R(G,E) as a subspace 
of H(G). If f € H(G) then there is a sequence (R,} in R(G,E) such that 
f=limR,. That is, R(G,E) is dense in H(G). 


Proof. Let K be a compact subset of G and ¢« > 0; it must be show that 
there is an R in R(G, E) such that |f(z) — R(z)| <e for all z in K. 
According to Proposition VII.1.2 there is a compact set K, such that 
KC K, C G and each component of C,, — K, contains a component of 
C., — G. Hence, E meets each component of C, — K,. The corollary now 


The next corollary follows by letting E = {oo} and using the fact that a 
rational function whose only pole is at oo is a polynomial. 


1.15 Corollary. [f G is an open subset of C such that C ,, — G is connected 
then for each analytic function f on G there is a sequence of polynomials { p, \ 
such that f = lim p, in H(G). 

Corollary 1.14 can be strengthened a little by requiring only that E~ 
meets each component of C° — G. The reader is asked to do this (Exercise 
1). | 

The condition that E~ meet every component of C,—G cannot be 
relaxed. This can be seen by considering the punctured plane C— {0} = G. 
So C,,—G = {0, 0}. Suppose that for this case we could weaken Runge’s 
Theorem by assuming that E consisted of oo alone. Then for each integer 
n = 1 we could find a polynomial p,(z) such that 


1 1 
1.16 : = PrZ) sae 
Zz A 
z| | 
Bee < |z| <n. Then {1 —zp,(z)| < — < 1 for ~ < |z] <n. But if |z| =n 
KH n 
then 
I 1 1 2 
lPa(z)| = — [zp,(z)| < - lzp,(z)-1]} +- <-. 
nt n nh oR 


2 
By the Maximum Modulus Theorem, |p,(z)| < - for [z] < x. In particular, 
n 


p,Az) > 0 uniformly on |z| < 1. This clearly contradicts (1.16) and shows 
that E must be the set {0, 00}. 

Of course, the point in the above paragraph could have been made by 
appealing to what was said about this same example at the beginning of 
this section. However, this further exposition gives an introduction to a 
concept whose connection with Runge’s Theorem is quite intimate. 


1.21 Definition. Let K be a compact subset of the plane; the polynomially 
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convex hull of K, denoted by K, is defined to be the set of all points w such 
that for every polynomial p 


[pQw)) < max {|p(z)|: z¢ K}. 


That is, if the right hand side of this inequality is denoted by ||p||,, then 
K = {w:|p(w)| < |lp/|, for all polynomials p}. 


If K is an annulus then K is the disk obtained by filling in the interior 
hole. In fact, if K is any compact set the Maximum Modulus Theorem gives 
that K is obtained by filling in any “holes” that may exist in K. 


Exercises 


1, Prove Corollary 1.14 if it is only assumed that E~ meets each compo- 
nent of C,,—G. 

2. Let G be the open unit disk B(O; 1) and let K = {z: } < [z| < 2}. Show 
that there is a function f analytic on some open subset G, containi-e K 
which cannot be approximated on K by functions in H(G). 


Remarks. The next two problems are concerned with the following question. 
Given a compact set K contained in an open set G, © G, can functions in 
H(G,) be approximated on K by functions in H(G)? Exercise 2 says that 
for an arbitrary choice of K, G, and G, this is not true. Exercise 4 below 
gives criteria for a fixed K and G such that this can be done for any G,. 
Exercise 3 is a lemma which is useful in proving Exercise 4. 


3. Let K be a compact subset of the open set G and suppose that any bounded 
component Dof G—Khas D7 OcG # —). Then every component of C, —K 
contains a component of C,,—G. 
4. Let K be a compact subset of the open set G; then the following are 
equivalent: 

(a) If fis analytic in a neighborhood of K and « > 0 then there is a g 
in H(G) with | f(z)—g(z)| < « for all z in K; 

(b) If D is a bounded component of G—K then D” NéG # ©; 

(c) If z is any point in G—K then there is a function fin H(G) with 


[f(2)| > sup {[f0»)|: win K}. 


5. Can you interpret part (c) of Exercise 4 in terms of K? 
6. Let K be a compact subset of the region G and define Kg = {zeG: 
/@)| < life for all fin H(G)}. oo 

(a) Show that if C, —G is connected then Kg = K. 

(b) Show that d(K, C—G) = d(K,, C—G). 

(c) Show that K, < the convex hull of K = the intersection of all convex 
subsets of C which contain K. 
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(d) IfKg < G, < Gand G, is open then for every g in H(G,) ande > 0 
there is a function fin H(G) such that | f(z)—g(z)| < ¢ for all z in Kg. (Hint: 
see Exercise 4.) 

(e) Kg = the union of K and all bounded components of G—K whose 
closure does not intersect ¢G. 


§2. Simple connectedness 


Recall that an open connected set G is simply connected if and only if 
every closed rectifiable curve in G is homotopic to zero. The purpose of this 
section 1s to prove some equivalent formulations of simple connectedness. 


2.1 Definition. Let XY and Q be metric spaces; a homeomorphism between 
X and Q is a continuous map f: X -> Q which is one-one, onto, and such 
that f~*: Q — X is also continuous. 

Notice that if f: ¥ - @ is one-one, onto, and continuous then f is a 
homeomorphism if and only if fis open (or, equivalently, f is closed). 

If there is a homeomorphism between X and 22 then the metric spaces 
X and Q are homeomorphic. 

We claim that C and D = {z: z2| < 1} are homeomorphic. In fact 
f(z) = 2(14+|z))~' maps C onto D in a one-one fashion and its inverse, 
ff) (@) = w(l—|w!)7!, is clearly continuous. Also, if fis a one-one analytic 
function on an open set G and 2 = f(G) then G and © are homeomorphic. 
Finally, all annuli are homeomorphic to the punctured plane. 


2.2 Theorem. Let G be an open connected subset of C. Then the following are 
equivalent: 


(a) G is simply connected; 

(b) n(y; a) = 0 for every closed rectifiable curve y in G and every point 
ainC—G; 

(c) C,—G is connected; 

(d) For any f in H(G) there is a sequence of polynomials that converges 
to fin H(G): 

(e) For any f in H(G) and any closed rectifiable curve y in G, 1 f0; 

(f) Every function f in H(G) has a primitive; 

(g) For any fin H(G) such that f(z) # 0 for all z in G there is a function g 
in H(G) such that f(z) = exp g(z); 

(h) For any fin H(G) such that f(z) # 0 for all z in G there is a function 
gin H(G) such that f(z) = [g(z)]*; 

G) G is homeomorphic to the unit disk; 

G) Ifu: G-—> R is harmonic then there is a harmonic function v: G—> R 
such that f = u+iv is analytic on G. 


Proof. The plan is to show that (a) = (b) >... => (i) = (a) and (h) = (j) 
=> (g). Many of these implications have already been done. 
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(a) = (b) If y is a closed rectifiable curve in G and a is a point in the 
complement of G then (z—a)~' is analytic in G, and part (b) follows by 
Cauchy’s Theorem. 

(b) = (c) Suppose C,, —G is not connected; then C, —G = A U B where 
A and B are disjoint, non-empty, closed subsets of C,,. Since oo must be 
either in A or in B, suppose that oo is in B; thus, A must be a compact subset 
of C (A is compact in C,, and doesn’t contain 00). But then G, = GUA = 
C,,—B is an open set in C and contains A. According to Proposition 1.1 
there are a finite number of polygons y,,..., y,, in G,—A = G such that 
for every analytic function fon G, 


fe) = > 5 | 2 


W-—-Z 


dw 


for all z in A. In particular, if f(z) 


[= y: n(y,3 2) 


k=1 
for all z in A. Thus for any z in A there is at least one polygon y, in G such 
that n(y,; z) # 0. This contradicts (b). 

(c) = (d) See Corollary 1.15. 

(d) = (e) Let y be a closed rectifiable curve in G, let f be an analytic 
function on G, and let {p,} be a sequence of polynomials such that f = lim p, 
in H(G). Since each polynomial is analytic in C and y~ 0 in C, |, p, = 0 
for every n. But {p,} converges to f uniformly on {y} so that J, f = lim 

P, = 9. 
hy (e) = (f) Fix a in G. From condition (e) it follows that there is a function 
F: G —C defined by letting F(z) = {, f where y is any rectifiable curve in G 
from a to z. It follows that F’ = f (see the proof of Corollary IV. 6.16). 

(f) = (g) If f(z) # 0 for all zin G then f’/fis analytic on G. Part (f) implies 
there is a function F'such that F’ = f’/f It follows (see the proof of Corollary 
IV. 6.17) that there is an appropriate constant c such that g = F+c satisfies 
f(z) = exp g(z) for all z in G. 

(g) => (h) This is trivial. 

(h) => (i) If G = C then the function z(1 + |z|)~’ was shown to be a homeo- 
morphism immediately prior to this theorem. If G # C then Lemma VII. 4.3 
implies that there is an analytic mapping f of G onto D which is one-one. 
Such a map is a homeomorphism. 

(i) > (a) Let h: G—> D = {z: |z| < 1} be a homeomorphism and let y 
be a closed curve in G (note that y is not assumed to be rectifiable). Then 
o(s) = A(y(s)) is a closed curve in D. Thus, there is a continuous function 
A: I? -— D such that A(s, 0) = o(s) forO < s < 1, A(s,1)=Ofor0 <5 <1 
and A(O, 4) = A(l, 1) for O < ¢ < 1. It follows that f = h7'o A is a con- 
tinuous map of /* into G and demonstrates that y is homotopic to the curve 
which is constantly equal to #~'(0). The details are left to the reader. 

(h) = (j) Suppose that G # C; then the Riemann Mapping Theorem 
implies there is an analytic function 4 on G such that / is one-one and A(G) 
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= D.Ifu: G > Ris harmonic thenu, = uch! isa harmonic function on D. 
By Theorem III. 2.30 there is a harmonic function v,: D— R such that 
J, = u,tiv, is analytic on D. Let f= f,°h. Then f is analytic on G and 
u is the real part of f. Thus v = Im f= v, ch is the sought after harmonic 
conjugate. Since Theorem III. 2.30 also applies to C, (j) follows from (h). 
(j) = (g) Suppose f: G — C is analytic and never vanishes, and let uv = 
Re f, v = Im/f. If U: G- R is defined by U(x, y) = log |f(x+iy)| = log 
[u(x, y)* + v(x, y)*]? then a computation shows that U is harmonic. Let V 
be a harmonic function on G such that g = U+iV is analytic on G and 


f@) 
h(z) 
zin G. That is, f/f is an analytic function whose range is not open. It follows 
that there is a constant c such that f(z) = c A(z) = c exp g(z) = exp [g(z)+ 
c,]. Thus, g(z)+¢, 1s a branch of log f(z). 

This completes the proof of the theorem. 7 

This theorem constitutes an aesthetic peak in Mathematics. Notice that it 
says that a topological condition (simple connectedness) is equivalent to 
analytical conditions (e.g., the existence of harmonic conjugates and Cauchy’s 
Theorem) as well as an algebraic condition (the existence of a square root) 
and other topological conditions. This certainly was not expected when 
simple connectedness was first defined. Nevertheless, the value of the theorem 
is somewhat limited to the fact that simple connectedness implies these nine 
properties. Although it is satisfying to have the converse of these implica- 
tions, it is only the fact that the connectedness of C,,—G implies that G is 
simply connected which finds wide application. No one ever verifies one of 
the other properties in order to prove that G is simply connected. 

For an example consider the set G = C—{z = re: 0 < r < 00}; that 
is, G is the complement of the infinite spiral r = 6, 0 < 8 < oc. Then 
C., ~G is the spiral together with the point at infinity. Since this is connected, 
G is simply connected. 


= | for all 


let A(z) = exp g(z). Then A is analytic, never vanishes, and 


Exercise 


1. The set G={re":-oo<t<O0 and I+e'’<r<1+2e‘} is called a 
cornucopia. Show that G is simply connected. Let K=G_; is intK con- 


nected? 
2. If K is polynomially convex, show that the components of the interior of 


K are simply connected. 


§3 Mittag-Leffler’s Theorem 


Consider the following problem: Let G be an open subset of C and let 
{a,} be a sequence of distinct points in G such that {a,} has no limit point 
in G. For each integer k => 1 consider the rational function 


3.1 S,(z) = » Cay 5 
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where m, is some positive integer and A,,,..., Ajm,, are arbitrary complex 
coefficients. Is there a meromorphic function f on G whose poles are exactly 
the points {a,} and such that the singular part of f at z = a, is S,(z)? The 
answer is yes and this is the content of Mittag-Leffler’s Theorem. 


3.2 Mittag-Leffler’s Theorem. Let G be an open set, {a,} a sequence of 
distinct points in G without a limit point in G, and let {S,(z)} be the sequence 
of rational functions given by equation (3.1). Then there is a meromorphic 
function f on G whose poles are exactly the points {a,} and such that the 
singular part of f at a, is S,(z). 


Proof. Although the details of this proof are somewhat cumbersome, the 

idea is simple. We use Runge’s Theorem to find rational functions {R,(z)} 

with poles in C,,—G such that { > S2)- R@)| is a Cauchy sequence in 
k=1 


M(G). The resulting limit is the sought after meromorphic function. (Actually 
we must do a little more than this.) 
Use Proposition VII. 1.2 to find compact subsets of G such that 


G = \) Ka. K, CC int Ky 445 
n=l 


and each component of C,,—XK, contains a component of C,,—G. Since 
each K, is compact and {a,} has no limit point in G, there are only a finite 
number of points a, in each K,. Define the sets of integers J, as follows: 


I, = tk: a, € Ky}, 


i, == {k: ay & Ket a4 
for n > 2. Define functions f, by 


TAZ) = Z S,(z) 


for n= 1. Then f, is rational and its poles are the points {a,:k ef,} CK, — 
K,_,. (lf J, is empty let f, =0.) Since f, has no poles in K,,_ , (for n 2 2) it 1s 
analytic in a neighborhood of K,_,. According to Runge’s Theorem there 
is a rational function R,(z) with its poles in C,,— G and that satisfies 


|fi(2Z) ~ Ralz)| < G)” 


for all z in K,_,. We claim that 
33 f@) = file) + ¥ 4@)- ROI 


is the desired meromorphic function. It must be shown that fis a mero- 
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morphic function and that it has the desired properties. Start by showing 
that the series in (3.3) converges uniformly on every compact subset of 
G — {a,:k > 1}. This will give that fis analytic on G — {a,:k > 1} and it 
will only remain to show that each a, is a pole with singular part S,(z). So 
let K be a compact subset of G— {a,: k = 1}; then K is a compact subset of 
G and, therefore, there is an integer N such that K ¢ Ky. If nm > N then 
F(z) -R,(z)| < G)” for all z in K. That is, the series (3.3) is dominated on K 
by a convergent series of numbers; by the Weierstrass M-test (II. 6.2) the 
series (3.3) converges uniformly on K. Thus fis analytic on G—{a,: k > 1}. 

Now consider a fixed integer k > 1; there is a number R > 0 such that 
la;—a,| > R for j # k. Thus f(z) = S,(z)+g(z) for 0 < |z—a,| < R, where 
g is analytic in B(a,; R). Hence, z = a, is a pole of fand S,(z) is its singular 
part. This completes the proof of the theorem. | 

Just as there is merit in choosing the integers p, in Weierstrass’s Theorem 
(VII. 5.2) as small as possible, there is merit in choosing the rational functions 
R,{z) in G.3) to be as simple as possible. As an example let us calculate the 
simplest meromorphic function in the plane with a pole at every integer n. 


The simplest singular part is (z—n)~* but ¥° (z—n)~! does not converge in 


M(C). However (z—n)7'+(z+n)7' = 22(2? ~n2)~! and 


does converge in M(C). The singular part of this function at z = nis(z—n)7?. 
In fact, from Exercise V. 2.8 we have that this function is 7 cot zz. 


Exercises 

1. Let G be a region and let {a,} and {5,,} be two sequences of distinct points 
in G without limit points in G such that a, # 5, for all n, m. Let S,(z) be a 
singular part at a, and let p,, be a positive integer. Show that there is a 
meromorphic function fon G whose only poles and zeros are {a,} and {b,,} 
respectively, the singular part at z =a, in S,(z), and z=), is a zero of 
multiplicity p,,. 

2. Let {a,} be a sequence of points in the plane such that |a,| —> 90, and let 
{b,} be an arbitrary sequence of complex numbers. 

(a) Show that if integers {k,} can be chosen such that 


seis 
si Pia is 


converges absolutely for all r > 0 then 


— {z\ke b 
3.5 >) a. 


converges in M(C) to a function f with poles at each point z = a,. 
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(b) Show that if lim sup |b,| < oo then (3.4) converges absolutely if 


k, = n for all n. 
(c) Show that if there is an integer & such that the series 


3.6 S oi 
n=" 


converges absolutely, then (3.4) converges absolutely if k, = & for all n. 

(d) Suppose there is anr > O such that |a,—a,, = rfor alln 4 m. Show 
that ¥" |a,|~° < oo. In particular, if the sequence {5,} is bounded then the 
series (3.6) with k = 2 converges absolutely. (This is somewhat involved and 
the reader may prefer to prove part (f) directly since this is the only applica- 
tion.) 

(e) Show that if the series (3.5) converges in M(C) to a meromorphic 
function f then 


- b, b, z a Nee 


(f) Let w and w’ be two complex numbers such that Im (w’/w) # 0. 
Using the previous parts of this exercise show that the series 


] 1 l Z 
zy=- +S" (—— 4+ - 4+ -5], 
(2) Cs br (+544) 
where the sum is over all w = 2nw+2n'w for n,n’ = 0, +1, +2,... but 


not w = 0, is convergent in M(C) to a meromorphic function ¢ with simple 
poles at the points 2nw+2n'w’. This function is called the Weierstrass zeta 
function. 

(g) Let £(z) = —C’(z); @ is called the Weierstrass pe function. Show that 


where the sum is over the same w as in part (f). Also show that 
Q(z) = ~(z+2nw4+2n'w" 


for all integers n and n’. That is, 9 is doubly periodic with periods 2w and 2w’. 
3. This exercise shows how to deduce Weierstrass’s Theorem for the plane 
(Theorem VII. 5.12) from Mittag-Leffler’s Theorem. 

(a) Deduce from Exercises 2(a) and 2(b) that for any sequence {a,} in C 
with lim a, = oo and a, # O there is a sequence of integers {k,} such that 


= I 1 1 f(z 1 fz \keo} 
nz) = > eee eee ey ee es ee 
n=1 Z— ay a, ay, a, a, a, 


is a meromorphic function on C with simple poles at a,, a),... . 
The remainder of the proof consists of showing that there is a function f 
such that A = f’/f. This function f will then have the appropriate zeros. 
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(b) Let z be an arbitrary but fixed point in C — {a,, a,,...}. Show that if 
y, and y, are any rectifiable curves in C — {a,, aj,...} from 0 to z and his 
the function obtained in part (a), then there is an integer m such that 


[A _ [A = 2rim. 
"1 v2 


(c) Again let h be the meromorphic function from part (a). Prove that 
for z # a,, a,,... and y any rectifiable curve in C— {a,, ao,...}, 


fle) = exp ( { : 
y 
defines an analytic function on C— {a,, a,,...} with f’/f = h. (That is, the 
value of f(z) is independent of the curve y and the resulting function / is 
analytic. 

(d) Suppose that z < {a,, a,,...}; show that z is a removable singularity 
of the function f defined in part (c). Furthermore, show that f(z) = 0 and 
that the multiplicity of this zero equals the number of times that z appears 
in the sequence {a,, @,...}. 

(e) Show that 


7 = 12 2 . kia \s 1 fz \h 
3.7 f= | | ak exp BONG. seats 8 


Remark. We could have skipped parts (b), (c), and (d) and gone directly 
from (a) to (e). However this would have meant that we must show that (3.7) 
converges in H(C) and it could hardly be classified as a new proof. The steps 
outlined in parts (a) through (d) give a proof of Weierstrass’s Theorem 
without introducing infinite products. 

4. This exercise assumes a knowledge of the terminology and results of 
Exercise VII. 5.11. 

(a) Define two functions fand gin H(G) to be relatively prime (in symbols, 
(f/, g) = 1) if the only common divisors of f and g are non-vanishing functions 
in H(G). Show that (f g) = 1 iff F(f) 0 #(g) = £0. 

(b) If (4 g) = 1, show that there are functions f,, g, in H(G) such that 
if, +292, = 1. (Hint: Show that there is a meromorphic function » on G 
such that f; = pg « H(G) and gi(i—ff,).) 

(c) Let f,,...,f,¢ H(G) and g = g.c.d {f;,...,f,}. Show that there 
are functions 9,,...,9, in H(G) such that g = 9,f,+...+9,/f,. (Hint: 
Use (b) and induction.) 

(d) If {%,} is a collection of ideals in H(G), show that % = (\ ¥, is 


also an ideal. If “ < A(G) then let ? = {Y: Y is an ideal of H(G) and 
F< J}. Prove that % is the smallest ideal in H(G) that contains Sf 
and ¥ = {9,fit+...+9,f,:9%,¢H(G), f,eF for 1 <k <n}. F is called 
the ideal generated by & and is denoted by % = (¥). If ¥ is finite then 
(SY) is called a finitely generated ideal. lf S = { f} for a single function 
f then (/) is called a principal ideal. 
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(ce) Show that every finitely generated ideal in H(G) is a principal ideal. 

(f) An ideal ¥ is called a fixed ideal if &(.%) #0); otherwise it is called 
a free ideal. Prove that if = (./) then 2(.%) = 2(/)and that a proper 
principal ideal is fixed. 

(g) Let f(z) = sin (2~"z) for alln => O and let ¥ = ({f;, fo,...}). Show 
that .% is a fixed ideal in H(C) which is not a principal ideal. 

(h) Let #% be a fixed ideal and prove that there is an f in H(G) with 
Ff) = £(Ff) and ¥ < (f/f). Also show that ¥% = (/) if ¥ is finitely gener- 
ated. 

(i) Let .@ be a maximal ideal that is fixed. Show that there is a point 
ain G such that 4 = ((z—a)). 

(j) Let {a,} be a sequence of distinct points in G with no limit point in G. 
Let ¥ = {fe H(G): f(a,) = 0 for all but a finite number of the @,}. Show 
that #% is a proper free ideal in H(G). 

(k) If .% is a proper free ideal show that for any finite subset Y of %, 7(S) 
# []. Use this to show that % can contain no polynomials. 

(1) Let ¥ be a proper free ideal; then ¥% is a maximal ideal iff whenever 
g€ A(G)and 2(g)0 &(f) #U for all f in ¥ then ge ¥. 

5. Let G be a region and let {a,} be a sequence of distinct points in G with 
no limit point in G. For each integer n = 1 choose integers k, = 0 and 
constants AM, 0 < k < k,. Show that there is an analytic function f on G 
such that f(a,) = k!A™. (Hint: Let g be an analytic function on G with a 
zero at a, of multiplicity k, + 1. Let A be a meromorphic function on G with 
poles at each a, of order k, + 1 and with singular part S,(z). Choose the S,, so 
that f = gh has the desired property.) 

6. Find a meromorphic function f with poles of order 2 at 1, /2, /3,... 
such that the residue at each pole is 0 and lim (z—,/n)’f(z) = 1 for all a. 


z= a/an 


Chapter 1X 


Analytic Continuation and Riemann Surfaces 


Consider the following problem. Let fbe an analytic function on a region 
G; when can f be extended to an analytic function f, on an open set G, 
which properly contains G? If G, is obtained by adjoining to G a disjoint 
open set so that G becomes a component of G,, fcan be extended to G, by 
defining it in any way we wish on G,—G so long as the result is analytic. 
So to eliminate such trivial cases it is required that G, also be a region. 

Actually, this process has already been encountered. Recall that in the 
discussion of the Riemann zeta function (Section VII. 8) {(z) was initially 
defined for Re z > 1. Using various identities, principal among which was 
Riemann’s functional equation, € was extended so that it was defined and 
analytic in C— {1} with a simple pole at z = 1. That is, ¢ was analytically 
continued from a smaller region to a larger one. 

Another example was in the discussion that followed the proof of the 
Argument Principle (V.3.4). There a meromorphic function f and a closed 
rectifiable curve y not passing through any zero or pole of f was given. 
If z = ais the initial point of y (and the final point), we put a disk D, about 
a on which it was possible to define a branch ¢@, of log f. Continuing, we 
covered y by a finite number of disks D,, D,,..., D,, where consecutive 
disks intersect and such that there is a branch 7¢, of log fon D,. Furthermore, 
the functions ¢; were chosen so that 7(z) = ¢;_,(z) for z in Dj_, ND, 
2 <j <n. The process analytically continues 7, to D, UD, then D, U D, 
U D3, and so on. However, an unfortunate thing (for this continuation) 
happened when the last disk D, was reached. According to the Argument 
Principle it is distinctly possible that ¢,(z) 4 ¢,(z) for z in D, A D,. In fact, 
¢(z)—¢,(z) = 27iK for some (possibly zero) integer K. 

This last example is a particularly fruitful one. This process of continuing 
a function along a path will be examined and a criterion will be derived 
which ensures that continuation around a closed curve results in the same 
function that begins the continuation. Also, the fact that continuation around 
a closed path can lead to a different function than the one started with, will 
introduce us to the concept of a Riemann Surface. 

This chapter begins with the Schwarz Reflection Principle which is more 
like the process used to continue the zeta function than the process of 
continuing along an arc. 


§1. Schwarz Reflection Principle 


If Gis a region and G* = {z:ze«G} and if fis an analytic function on G, 
then f*: G* +C defined by f*(z) = f(Z) is also analytic. Now suppose that 
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G = G*; that is, Gis symmetric with respect to the real axis. Then g(z) = f(z) 
—f(Z) is analytic on G. Since G is connected it must be that G contains an 
open interval of the real line. Suppose f(x) 1s real for all x in G OR; then 
g(x) = OforxinG OR. But G O Rhasa limit point in G so that f(z) = f(2) 
for all z in G. 

The fact that f must satisfy this equation is used to extend a function 
defined on GN {z: Im z > 0} to all of G. 

If G is a symmetric region (1.e.,G = G*)thenletG, = {zeG:Imz > 0}, 
G_. = {zeG: Imz < 0}, and Go = {zeG: Im z = 0}. 


1.1 Schwarz Reflection Principle. Let G be a region such that G = G*. If 
f: Gy UG, —C is a continuous function which is analytic on G, and if 
J (x) is real for x in Go, then there is an analytic function g: G —> C such that 
g(z) = f(z) for z in G, UG. 


Proof. For z in G_ define g(z) = f(Z) and for z in G, UG, let g(z) = f(z). 
It is easy to see that g: G—C is continuous; it must be shown that g is 
analytic. It is trivial that g is analytic on G, U G_ so fix a point x, in Gp 
and let R > 0 with B(x,; R) < G. It suffices to show that g is analytic on 
B(x9; R); to do this apply Morera’s Theorem. Let T = [a, 5, c, a] be a triangle 
in B(x9; R). To show that [;g =0 it is sufficient to show that [pg =0 


a 


b* a a . — G 


whenever P is a triangle or a quadrilateral lying entirely in G, U Go or 
G_.U Go. In fact, this is easily seen by considering various pictures such as 
the one above. Therefore assume that T < G, U Go and [a, b] < Gp. The 
proof of the other cases is similar and will be left to the reader. (See Exercise 
1 for a general proposition which proves all these cases at once.) 

Let A designate T together with its inside; then g(z) = f(z) for all z in A. 
By hypothesis fis continuous on G, U Gp and so fis uniformly continuous 
on A. Soife > Othere isa é > O such that when z and z’ e Aand |z—2z'| < 8 
then | f(z)—f(z’)| < «. Now choose « and 8 on the line segments [c, a] and 
[b, c] respectively, so that ja—a| < 6 and |8—b| < 8. Let 7, = [«, B, c, «] 
and O = [a, b, B, «, a]. Then (f= {7 f+ lof but 7, and its inside are 
contained in G, and fis analytic there; hence 


12 [r= fF 
T Q 
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But if O < ¢ < 1 then 


(8+ —na]—[rb + —dal| < 6 
so that 
[f(t8+(1—da)—f(th+(1—1a)| < «. 
If M = max {/f(z)|: ze A} and ¢ = the perimeter of T then 


13 | | f+ | f a (o-a) [ 10b+(—daar—(8—2) [8+ (1=daa 
[B, «] 0 0 


[a, 5) 


< |b—al || 1b + =a) - UB +1 = Nada 


+|(b-a)—(B—2)| || (B+ —a)at 


0 
< eb—al+M|(b—8)+(«—a)| 
< «f+2Mé 
Also 
| i fl < Mla—a| < M8 
[o, a] 
and 
| | f| < M8. 
[6, 8} 


Combining these last two inequalities with (1.2) and (1.3) gives that 


| { f| < ef+4M8. 


Since it is possible to choose 6 < ¢ and since « is arbitrary, it follows that 


Can the reflection principle be generalized? For example, instead of 
requiring that G be a region which is symmetric with respect to the real axis, 
suppose that G is symmetric with respect to a circle. (Definition III. 3.17). 
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Can the reflection principle be formulated and proved in this setting? The 
answer is provided in the exercises below. 


Exercises 


1. Let y be a simple closed rectifiable curve with the property that there isa 
point a such that for all z on y the line segment [a, z] intersects {y} only at z; 
1e. fa, z] A {vy} = {z}. Define a point w to be inside y if [a, w] A {fy} = 0 
and let G be the collection of all points that are inside y. 

(a) Show that G is a region and G@ = Gv {fy}. 

(b) Let f: G~ - C be a continuous function such that fis analytic on G. 
Show that J, f= 0. 

(c) Show that n(y; z) = +1 if z is inside y and nly; z) =Oifz¢G. 


Remarks. It is not necessary to assume that y has such a point a as above; 
each part of this exercise remains true if y is only assumed to be a simple 
closed rectifiable curve. Of course, we must define what is meant by the 
inside of y. This is difficult to obtain. The fact that a simple closed curve 
divides the plane into two pieces (an inside and an outside) is the content of 
the Jordan Curve Theorem. This is a very deep result of topology. 

2. Let G be a region in the plane that does not contain zero and let G* be 
the set of all points z such that there is a point w in G where z and w are 
symmetric with respect to the circle [|= 1. (See HI. 3.17.) 

(a) Show that G* = {z: (1/Z)«G}. 

(b) If f: G—C is analytic, define f*: G* > C by f*(z) = f(/Z). Show 
that f* is analytic. 

(c) Suppose that G = G* and f is an analytic function defined on G 
such that f(z) is real for z in G with |z] = 1. Show that f = f*. 

(d) Formulate and prove a version of the Schwarz Reflection Principle 
where the circle || = 1 replaces R. Do the same thing for an arbitrary circle. 
3. Let G, G,, G_, Gg be as in the statement of the Schwarz Reflection 
Principle and let f: G, UG, > C,, be a continuous function such that / is 
meromorphic on G,. Also suppose that for x in Gy f(x) <¢ R. Show that there 
is ameromorphic function g: G+ C,, such that g(z) = f(z) for zin G, UG). 
Is it possible to allow f to assume the value oo on Gy? 


§2. Analytic Continuation Along a Path 


Let us begin this section by recalling the definition of a function. We use 
the somewhat imprecise statement that a function is a triple (f, G, Q) where 
G and { are sets and fis a “‘rule’’ which assigns to each element of G a unique 
element of 2. Thus, for two functions to be the same not only must the rule 
be the same but the domains and the ranges must coincide. If we enlarge the 
range {2 to a set ©, then (f, G, ,) is a different function. However, this 
point should not be emphasized here; we do wish to emphasize that a change 
in the domain results in a new function. Indeed, the purpose of analytic 
continuation is to enlarge the domain. Thus, let G = {z: Re z > —1} and 
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f(z) = log (1 +z) for z in G, where log is the principal branch of the logarithm. 
Let D = BO; 1) and let 


so) = pre 


for zin D. Then (f, G, C) # (g, D, C) even though f(z) = g(z) for all z in D. 
Nevertheless, it is desirable to recognize the relationship between f and g. 
This leads, therefore, to the concept of a germ of analytic functions. 


2.1 Definition. A function element is a pair (f, G) where G is a region and 
fis an analytic function on G. For a given function element (f, G) define the 
germ of f at a to be the collection of all function elements (g, D) such that 
ae D and f(z) = g(z) for all z in a neighborhood of a. Denote the germ 
by [/].- 

Notice that [/], is a collection of function elements and it is not a function 
element itself. Also (g, D) «[f], if and only if (% G) « [g],. (Verify!). It should 
also be emphasized that it makes no sense to talk of the equality of two 
germs [f], and [g], unless the points a and b are the same. For example, if 
(f, G) is a function element then it makes no sense to say that [/], = [/], 
for two distinct points a and 5 in G. 


2.2 Definition. Let y: [0, 1] > C be a path and suppose that for each ¢ in 
[0, 1] there is a function element (/,, D,) such that: 


(a) y(t) D; 
(b) for each ¢ in [0, 1] there is a 5 > 0 such that |s—z} < 8 implies 
y(s) e D, and 
2.3 bane aaa ile 


Then (f,, D,) is the analytic continuation of ( fy, Dy) along the path y: or, 
(f,, D,) is obtained from (fj, Dy) by analytic continuation along y. 

Observe that the sets D, in the definition can be enlarged or diminished 
without affecting the fact that there is a continuation. This will be useful in 
the proofs below. 

Before proceeding, examine part (b) of this definition. Since y is a 
continuous function and y(f) is in the open set D,, it follows that there is a 
3 > 0 such that y(s) © D, for |s — t| < 8. The important content of part (b) 
is that (2.3) is satisfied whenever |s — t| < 6. That is, f(z) = f(z), whenever 
is — t| < 6 and z belongs to the component of D, 7 D, that contains y(s). 

Whether for a given curve and a given function element there is an 
analytic continuation along the curve can be a difficult question. Since no 
degree of generality can be achieved which justifies the effort, no existence 
theorems for analytic continuations will be proved. Each individual case 
will be considered by itself. Instead uniqueness theorems for continuations 
are proved. One such theorem is the Monodromy Theorem of the next 
section. This theorem gives a criterion by which one can tell when a con- 
tinuation along two different curves connecting the same points results in the 
same function element. 
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The next proposition fixes a curve and shows that two different con- 
tinuations along this curve of the same function element result in the same 
function element. Alternately, this result can be considered as an affirmative 
answer to the following question: Is it possible to define the concept of 
“the continuation of a germ along a curve?” 


2.4 Proposition. Let y: [0, 1] > C be a path from a to b and let {Uf,, D,): 
O<t< 1} and (g,, B,): 0 < t < 1} be analytic continuations along y such 


that [fola = [Zol.- Then [fi], = [1],. 
Proof. This proposition will be proved by showing that the set 
T= {t € [0, Lie (fil oc) a [Zloty } 
is both open and closed in [0, 1]; since T is non-empty (Oe T) it will follow 
that 7 = [0, 1] so that, in particular, 1 ¢ T. 

The easiest part of the proof is to show that T is open. So fix t in T and 
assume ¢ # 0 or 1. (If ¢ = 1 the proof is complete; if t = 0 then the argu- 
ment about to be given will also show that [a,a+6)< T for some 6 > 0.) 
By the definition of analytic continuation there is a 6 > O such that for 
ls—zt| < 6, y(s)—e D, O B, and 


2.5 or a [fils 
[2s] 4s) aa EARaY 
Let H be a connected subset of D, > B, which contains (s) and (7). But since 
te T, f(z) = g,(z) for all zin H. Hence fils) = [8elys) for all y(s) in D, > B,. 
So it follows from (2.5) that [fi]... = [gs], whenever |s — t| < 6. That is, 
(¢ — 06, t + 6) < Tand so T is open. 
To show that T is closed let ¢ be a limit point of 7, and again choose 
5 > 0 so that 7(s) ¢ D, A B, and (2.5) is satisfied whenever ls—t| < 8. Since 
t is a limit point of T there is a point s in T with |s — t| < 6. Let G be a 
region such that y((t — 6, t ~ 6)) © G&D, B,; in particular, y(s) e G. Thus, 
F(z) = g,(z) for all z in G by the definition of T. But, according to (2.5), 
fz) = f(z) and g,(z) = gz) for all z in G. So f(z) = g,(z) for all z in G 
and, because G has a limit point in D, 7 B,, this gives that [ Ail 


vt) = [ily 
That is, te T and so T is closed. 


2.6 Definition. If y: [0, 1] > C is a path froma to band {(f,, D,):0 < t < 1} 
is an analytic continuation along y then the germ [f,], is the analytic con- 
tinuation of [fol, along y. 

The preceding proposition implies that Definition 2.6 is unambiguous. 
As stated this definition seems to depend on the choice of the continuation 
{7,, D,)}. However, Proposition 2.4 says that if {(g,, B,)} is another con- 
tinuation along y with [fo], = [go], then[/,], = [g,],. So in fact the definition 
does not depend on the choice of continuation. 


2.7 Definition. If (f G) is a function element then the complete analytic 
function obtained from (f, G) is the collection F of all germs [g], for which 
there is a point a in G and a path y from a to b such that [g], is the analytic 
continuation of [/f], along y. 
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A collection of germs F is called a complete analytic function if there is a 
function element (f, G) such that ¥ is the complete analytic function ob- 
tained from (f, G). 

Notice that the point @ in the definition is immaterial; any point in G 
can be chosen since G is an open connected subset of C (see II. 2.3). Also, 
if F is the complete analytic function associated with (f, G) then [f], ¢ F 
for all z in G. 

Although there is no ambiguity in the definition of a complete analytic 
function there is an incompleteness about it. Is it a function? We should 
refrain from calling an object a function unless it is indeed a function. To 
make a function one must manufacture a domain (the range will be C) 
and show that ¥ gives a “‘rule’’. This is easy. In a sense we let F be its own 
domain; more precisely, let 


A = (2, [f1.): fh, € F }. 


Define F: # —C by F(z, [f],) = f(z). In this way ¥ becomes an “honest” 
function. Nevertheless there is still a lingering dissatisfaction. To have a 
satisfying solution a structure will be imposed on & which will make it 
possible to discuss the concept of analyticity for functions defined on &. 
In this setting, the function .* defined above becomes analytic; moreover, it 
reflects the behavior of each function element belonging to a germ that is in 
#. The introduction of this structure is postponed until Section 5S. 


Exercises 


1. The collection {Dy, D,,..., D,} of open disks is called a chain of disks 
if D;-, AD; # —\ for | ae <n. If tj, D)): 0 <j <n} is a collection of 
function elements such that {Do, D;,..., D,} is a chain of disks and f;_ ,(z) 
= f(z) forzinD,;.,; VD, 1 <j <n; then iCf;, Dj): 0 <j < nm} is called 
an analytic continuation along a chain of disks. We say that (7, D,) is obtained 
by an analytic continuation of (fp, D,) along a chain of disks. 

(a) Let {((f;, D;): 0 <7 < n} be an analytic continuation along a chain 
of disks and let a and 6 be the centers of the disks Dy and D, respectively. 
Show that there is a path y from a to 6 and an analytic continuation {(g,, B,)} 


along y such that ty} U Dj, [fola = [8ola and [fn], = [gi ]o- 


(b) Conversely, let (f. D,): 0 < t < 1} be an analytic continuation 
along a path y: [0, 1] ~ C and let a = (0), 6b = y(1). Show that there is an 
analyte continuation along a chain of disks {(g,, B;): 0 < j < n} such that 


ty} U B;, [fola = [gol], and [f,], = [z,]s- 


pr Wt = = BU; 1) and let f, be the restriction of the principal branch of 
az to Do. Let y(t) = exp (27it) and o(t) = exp (47it) for O < ¢ < 1. 
(a) Find an analytic continuation {(f,, D,):0 < t < 1} of (fo, D,) along 
y and show that [f,], = [—/ol,. 
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(b) Find an analytic continuation {(g,, B,:0 < ¢ < 1} of Yo, Do) along 
o and show that [¢,], = [gol. 
3. Let f be an entire function, Dy = B(O; 1), and let y be a path from 0 to 6. 
Show that if {(f,, D): 0 < t < 1} is a continuation of ({, Do) along y then 
f,() = f(z) for all z in D,. (This exercise is rather easy; it is actually an 
exercise in the use of the terminology.) 
4. Let y: [(0, 1] > C be a path and let {(f,, D,): 0 < t < 1} be an analytic 
continuation along y. Show that {(/7, D,): 0 < t < 1} is also a continuation 
along y. 
5. Suppose y: [0, 1] > C is a closed path with »(0) = y(1) = a and let 
{f,, D,): 0 < t < 1} be an analytic continuation along y such that [fj], = 
[fo], and fo # 0. What can be said about (/9, Do)? 
6. Let Dy = B(1; 1) and let fy be the restriction to Dy of the principal 
branch of the logarithm. For an integer n let y(t) = exp Qzint),O0 <?t < 1. 
Find a continuation {(f,, D,): 0 < t < 1} along y of (fo, Do) and show that 
(Aili = (fot 2zin],. 
7. Let y: [0, 1] > C be a path and let {(f,, D,): 0 < t < 1} be an analytic 
continuation along y. Suppose G is a region such that f,.D,) < G for all ¢, 
and suppose there is an analytic function h: GC such that AC{/o(z)) = z 
for all z in Dy. Show that A(/,(z)) = z for all z in D, and for all ¢. 

Hint: Show that T = {t: ACf,(z)) = z for all z in D,} is both open and 
closed in [0, 1]. 
8. Let y: [0, 1] - C be a path with »(0) = 1 and y(t) # 0 for any ft. Suppose 
that {((f,, D): 0 < t < 1} is an analytic continuation of f,(z) = log z. Show 
that each /, is a branch of the logarithm. 


§3. Monodromy Theorem 


Let a and b be two complex numbers and suppose y and o are two 
paths from a to b. Suppose {(f,, D,)} and {(g,,B,)} are analytic continua- 
tions along y and o respectively, and also suppose that { fo], =[ go], Does it 
follow that [ f,],=[2g,],? If y and o are the same path then Proposition 2.4 
gives an affirmative answer. However, if y and o are distinct then the 
answer can be no. In fact, Exercises 2.2 and 2.6 furnish examples that 
illustrate the possibility that [f,],4[g,],. Since both of these examples 
involve curves that wind around the origin, the reader might believe that a 
sufficient condition for [f,], and [g,], to be equal can be couched in the 
language of homotopy. However, since all curves in the plane are homo- 
topic the result would have to be phrased in terms of homotopy in a 
proper subregion of C. For the examples in Exercises 2.2 and 2.6, this 
sought after criterion must involve the homotopy of the curves in the 
punctured plane. This is indeed the case. The origin is discarded in the 
above examples because there is no germ [A], centered at zero that belongs 
to the complete analytic function obtained from (fo, Do). 

If (f, D) is a function element and ae¢ D then f has a power series expan- 
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sion at z = a. The first step in proving the Monodromy Theorem is to 
investigate the behavior of the radius of convergence for an analytic continua- 
tion along a curve. 


3.1 Lemma. Let y: [0, 1] > C be a path and let {(f,, D): 0 < t < 1} be an 
analytic continuation along y. For 0 < t < 1 let R(t) be the radius of con- 
vergence of the power series expansion of f, about z = y(t). Then either R(t) 
= 00 or R: [0, 1] > (0, ©) is continuous. 


Proof. If R(t) = oo for some value of ¢ then it is possible to extend f, to an 
entire function. It follows that f(z) = f(z) for all z in D, so that R(s) = o 
for each s in [0, 1]; that is R(s) = oo. So suppose that R(t) < oo for all ¢. 
Fix ¢ in [0, 1] and let + = (2); let 


i°-@) 


fz) 7 2 TAZ= 7). 
be the power series expansion of f, about r. Now let 6, > 0 be such that 
|s—t]| < 6, implies that y(s)—¢D, A B(r; R(t)) and [Alosy = ly Fix s 
with |s—t| < 6, and let o = y(s). Now /, can be extended to an analytic 
function on B(r; R(t)). Since f, agrees with f, on a neighborhood of o, f, can 
be extended so that it is also analytic on B(r; R(t) U D,. If f. has power 
series expansion 


h18 


o,(z—a)" 


f(z) = 


0 
about z = a, then the radius of convergence R(s) must be at least as big as 
the distance from o to the circle |z — t| = R(t): that is, R(s) = d(o, {z: 
Iz — tT| = R(t)}) = R(t) — |r — of. But this gives that R(t) — R(s) < |y(t) 
~ y(s)|. A similar argument gives that R(s) — R(t) < |y(t) — y(s)}; hence 


IR()- RO) < ly(O-v6)| 


for |s—t) < 6,. Since y: [0, 1] + C is continuous it follows that R must be 
continuous at ¢. 


3.2 Lemma. Let y: [0, 1] - C be a path from a to b and let {(f,, D,):0 < t 
< 1} be an analytic continuation along y. There is a number « > 0 such that 
if ao: [0, 1] > C is any path from a to b with |(t)—o(t)| < ¢ for all t, and if 
{(g,, B,): O< t < 1} is any continuation along o with [go], = [fol,; then 
[gi], = (filo. 


Proof. For 0 < t < 1 let R(t) be the radius of convergence of the power 
series expansion of f, about z = y(t). It is left to the reader to show that if 
R(t) = oo then any value of ¢« will suffice. So suppose R(t) < oo for all ¢. 
Since, by the preceding lemma, R is a continuous function and since R(t) > 0 
for all ¢, R has a positive minimum value. Let 


3.3 O<e <4min {R(t):0 <5 t< 1} 


and suppose that o and {(g,, B,)} are as in the statement of this lemma. 
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Furthermore, suppose that D, is a disk of radius R(?t) about y(7). The truth 
of the conclusion will not be affected by this assumption (Why?), and the 
exposition will be greatly simplified by it. For the same reason it will also be 
assumed that each B, is a disk. 

Since |o(t)—y(t)| < « < R(t), o(f)<¢ B,D, for all t. Thus, it makes 
sense to ask whether g,(z) = f,(z) for all z in B, A D,. Indeed, to complete 
the proof we must show that this is precisely the case for ¢ = 1. Define the 
set T= {te[0, 1]: f(z) = e,fz) for z in B,O D,}; and show that le T. 
This is done by showing that J is a non-empty open and closed subset of 
[O, 1]. 

From the hypothesis of the lemma, 0¢ 7 so that T # (]. To show T is 
open fix tin T and choose 6 > 0 such that 


(Ir) - 7) <€ [felysy = Silos, 
| |o(s)—o(t)| < €, [gslorsy = [8elors)» and 
o(s) e B, 


whenever |s—t| < 5. We will now show that B,A B,D, D, # 1 for 
|s—t| < 6; in fact, we will show that o(s) is in this intersection. If |s—t| < 6 
then 


3.4 


|o(s)—y(s)] < « < R(s) 
so that o(s) ¢ D,. Also 
lo(s)—y(|_ < lols) —rv(3)| + |X) - VD] < 2 < RY) 
by (3.3); so o(s) ¢ D,. Since we already have that o(s) « BO B, by (3.4), 
os)EB,OAB, OAD, OD, = G. 

Since te T it follows that f(z) = g,(z) for all z in G. Also, from (3.4) f(z) = 
Fz) and g,(z) = gz) for all z in G. Thus f(z) = g,(z) for z in G; but since 
G has a limit point in B, N D, it must be that s « T. That is, (¢(—8, t+6) ¢ T 
and T is open. The proof that T is closed is similar and will be left to the 
reader. 


3.5 Definition. Let (f, D) be a function element and let G be a region which 
contains D; then (f, D) admits unrestricted analytic continuation in G if for 
any path y in G with initial point in D there is an analytic continuation of 
(f, D) along y- 

If D = {z: |z—1| < 1} and fis the principal branch of ,/z or log z then 
(f, D) admits unrestricted continuation in the punctured plane but not in 
the whole plane (see Exercise 2.7). 

It has been stated before that an existence theorem for analytic con- 
tinuations will not be proved. In particular, if (f, D) is a function element 
and G is a region containing D, no criterion will be given which implies that 
(f, D) admits unrestricted continuation in G. The Monodromy Theorem 
assumes that G has this property and states a uniqueness criterion. 


3.6 Monodromy Theorem. Let ({/, D) be a function element and let G be a 
region containing D such that (f, D) admits unrestricted continuation in G. 
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Leta € D, b € Gand let y, and y, be paths in G from a to b; let {(f,, D,): 
O0<t<1)} and {(g,, B,): 0<t< 1} be analytic continuations of (f, D) 
along y. and y, respectively. If yy and y, are FEP homotopic in G then 


file = lerls- 


Proof. Since y> and y, are fixed-end-point homotopic in G there is a con- 
tinuous function T°: [0, 1]x[0, 1] — G such that 


Me 0=y() PeI =r. 
C(O, uv) = a Pd,u) = 6 


for all ¢ and w in (0, 1]. Fix vu, 0 < u < 1 and consider the path y,, defined 
by y,(f) = [, u), from a to 6. By hypothesis there is an analytic continuation 


Cte Da) 0 < f Ss 1} 


of (f D) along y,. It follows from Proposition 2.4 that [g,], = [/,,,], and 
(fil, = (Ay. oly So it suffices to show that 


[Ay ole = [41 a]o. 


To do this introduce the set 
U = {ue (0, 1): [Ay ule = [Ay ole}: 


and show that U is a non-empty open and closed subset of [0, 1]. Since 
Oe U, U # (1). To show that U is both open and closed we will establish the 
following. 


3.7 Claim. For u in [0, 1] there is a5 > Osuch that if |ju—v) < 6 then [h, |, = 
[h, ,],- For a fixed wu in (0, 1] apply Lemma 3.2 to find an « > O such that if 
o is any path from a to b with |y,(t)—o(t)| < « for all t, and if ((k,, £,)} is 
any continuation of (f, D) along oc, then 


3.8 [Ay ule a [Ky], 


Now I is a uniformly continuous function, so there is a 6 > O such that 
if |u—v| < 8 then ly,(t) — (| = [PG w—PC, v)| < ¢ for all 4 Claim 3.7 
now follows by applying (3.8). 

Suppose u € U and let 6 > 0 be the number given by Claim 3.7. By the 
definition of U, (u — 6,u + 8) Cc U; so Uis open. If u © U and 6 is again 
chosen as in (3.7) then there is a v in U such that ju — v| < 8. But by (3.7) 
[A, wl, = (Ai,,],; and since v € U, [h, ,], = [Ayo], Therefore [h, ,,]b = 
[A, 9], so that u © U, that is, U is closed. & 

The following corollary is the most important consequence of the 
Monodromy Theorem. 


llu 


3.9 Corollary. Let (f, D) be a function element which admits unrestricted 
continuation in the simply connected region G. Then there is an analytic 
function F: G - C such that F(z) = f(z) for all z in D. 


Proof. Fix a in D and let z be any point in G. If y is a path in G from a to z 
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and {(f,, D,): 0 < ¢ < 1} 1s an analytic continuation of (f, D) along y then 
let F(z, y) = f,(z). Since G is simply connected F(z, y) = F(c, o) for any 
two paths y and o in G from a to z. Thus, F(z) = F(z, y) gives a well defined 
function F: G—C. To show that F is analytic let z<¢G and let y and 
{(f,, D,)} be as above. A simple argument gives that F(w) = f,;(w) for w ina 
neighborhood of z (Verify!); so # must be analytic. 


Exercises 


1. Prove that the set 7 defined in the proof of Lemma 3.2 is closed. 

2. Let (f, D) be a function element and let ae D. If y: [0, 1] > C is a path 
with y(0) = a and y(1) = 6 and {(f,, D,): 0 < ¢ < I} is an analytic con- 
tinuation of (f, D) along y, let R(t) be the radius of convergence of the power 
series expansion of f, at z = y(¢). 

(a) Show that R(t) is independent of the choice of continuation. That 1s, 
if a second continuation {(g,, B,)} along y is given with [go], = [/f], and r(Z) 
is the radius of convergence of the power series expansion of g, about 
z = y(t) then r(t) = R(t) for all ¢. 

(b) Suppose that D = BCI; 1), fis the restriction of the principal branch 
of the logarithm to D, and ){t) = 1+atr for 0 <t <1 and a> O. Find 
R(t). 

(c) Let (f, D) be as in part (b), let O < a < 1 and let y(t) = (1—ad) 
exp (27it) for 0 < ¢ < 1. Find R(#). 

(d) For each of the functions R(t) obtained in parts (b) and (c), find 
min {R(t): 0 < ¢ < 1} as a function of a and examine the behavior of this 
function as a—> © ora->0. 

3. Let [: (0, 1]<[0, 1] - G be a continuous function such that [(0, uv) = a, 


O < t < 1}is an analytic continuation along y, such that [fo..1, = Lfowl, for 
all w and v in [0, 1]. Let R(t, uv) be the radius of convergence of the power 
series expansion of f,,, about z = ['(¢, u). Show that either A(t, u) = © or 
R: (0, 1] x [0, 1] + (0, co) is a continuous function. 

4. Use Exercise 3 to give a second proof of the Monodromy Theorem. 


§4. Topological Spaces and Neighborhood Systems 


The notion of a topological space arises by abstracting one of the most 
important concepts in the theory of metric spaces—that of an open set. 
Recall that in Chapter Il we were given a metric or distance function on a 
set X¥ and this metric was used to define what is meant by an open set. Ina 
topological space we are given a collection of subsets of a set X which are 
called open sets, but there is no metric available. After axiomatizing the 
properties of open sets, it will be our purpose to recreate as much of the 
theory of metric spaces as is possible. 


4.1 Definition. A topological space is a pair (X, Y) where X is a set and .7 
is a collection of subsets of X having the following properties: 
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(a) (JeF and Xe ZT: 


(b) if U,,..., U, ea eT: 
ae 
(c) if {U;: ie} is any collection of sets in F then |) U; is in 7. 


rer 

The collection of sets 7 is called a topology on X, and each member of 7 
is called an open set. 

Notice that properties (a), (b), and (c) of this definition are the 
properties of open subsets of a metric space that were proved in Proposi- 
tion II. 1.9. So if (X,d) is a metric space and 7 is the collection of all open 
subsets of X then (X,.7) is a topological space. 

When it is said that a topological space is an abstraction of a metric 
space, the reader should not get the impression that he is merely playing a 
game by discarding the metric. That is, no one should believe that there is a 
distance function in the background, but the reader is now required to prove 
theorems without resorting to it. This is quite false. There are topological 
spaces (Y, 7) such that for no metric d on X is F the collection of open 
sets obtained via d. We will see such an example shortly, but it is first neces- 
sary to further explore this concept of a topology. 

The statement “Let X be a topological space’’ is, of course, meaningless; 
a topological space consists of a topology 7 as well as a set X. However, 
this phase will be used when there is no possibility of confusion. 


4.2 Definition. A subset F of a topological space X is closed if X — F is 
open. A point a in X is a limit point of a set A if for every open set U that 
contains a there is a point x in AN U such that xa. 

Many of the proofs of propositions in this section follow along the same 
lines as corresponding propositions in Chapter II. When this is the case the 
proof will be left to the reader. Such is the case with the following two 
propositions. 


4.3 Proposition. Let (Y, 7) be a topological space. Then: 


(a) (—] and X are closed sets; 


(b) if F,,..., F, are closed sets then F, U...U F, is closed; 
(c) if {F;: ie 1} is a collection of closed sets then (\ F; is a closed set. 
ie! 


4.4 Proposition. A subset of a topological space is closed iff it contains all its 
limit points. 

Now for an example of a topological space that is not a metric space. 
Let X¥=(0,lJ={7:0<7< 1} and let F consist of all sets U such that: 


(i) if Oc Uthen X— U is either empty or a sequence of points in X; 
Gi) if O¢ U then U can be any set. 


It is left to the reader to prove that (X, 7) is a topological space. Some 
of the examples of open sets in this topology are: the set of all irrational 
numbers in X; the set of all irrational numbers together with zero. To see 
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that no metric can give the collection of open sets 7, suppose that there is 
such a metric and obtain a contradiction. Suppose that dis a metric on X 
such that Ue 7 iff for each x in U there is an « > O such that B(x; «) = 
{y: d(x, y) < e} © U. Nowlet A = (0, 1); if Ue F and Oe U then there is a 
point ain UC A, a # 0 (in fact there is an infinity of such points). Hence, 
Ois a limit point of A. It follows that there is a sequence {¢,} in A such that 
d(t,, 0) > 0. But if U = {xe X: x # t, for any n} = X— {t,, t.,...} then 
Oe U and U is open. So it must follow that #, ¢ U for sufficiently large; 
this is an obvious contradiction. Hence, no metric can be found. 

This example illustrates a technique that, although available for metric 
spaces, is of little use for general topological spaces: the convergence of 
sequences. It is possible to define “convergent sequence’’ in a topological 
space (Do it!), but this concept is not as intimately connected with the 
structure of a topological space as it is with a metric space. For example, it 
was shown above that a point can be a limit point of a set A but there is no 
sequence in A that converges to it. 

If a topological space (XY, .7) is such that a metric d on X can be found 
with the property that a set is in 7 iff it is open in (X, d), then (X, 7) is 
said to be metrisable. There are many non-metrisable spaces. In addition to 
inventing non-metrisable topologies as was done above, it is possible to 
define processes for obtaining new topological spaces from old ones which 
will put metrisable spaces together to obtain non-metrisable ones. For 
example, the arbitrary cartesian product of topological spaces can be defined; 
in this case the product space is not metrisable unless there are only a count- 
able number of coordinates and each coordinate space is itself metrisable. 
(See VII. 1.18.) 

Another example may be obtained as follows. Consider the unit interval 
I = [0, 1]. Stick one copy of J onto another and we have a topological space 
which still “looks like’ I. For example, [1, 2] is a copy of J and if we stick 
it onto J we obtain [0, 2]. In fact, if we “stick”? a finite number of closed 
intervals together another closed interval is obtained. What happens if a 
countable number of closed intervals are stuck together? The answer is that 
we obtain the infinite interval [0, oo). (If the intervals are stuck together on 
both sides then R is obtained.) What happens if we put together an uncount- 
able number of copies of J? The resulting space is called the long line. Locally 
(i.e., near each point) it looks like the real line. However, the long line is not 
metrisable. As a general rule of thumb, it may be said that if a process is used 
to obtain new spaces from old ones, a non-metrisable space will result if 
the process is used an uncountable number of times. 

For another example of a space that is non-metrisable let X be a set 
consisting of three points—say X = {a, b, c}. Let FJ = {L, X, {a}, {5}, 
{a, b} }; it is easy to check that 7 is a topology for X. To see that (XY, 7) 
is not metrisable notice that the only open set containing c is the set X itself. 
There do not exist disjoint open sets U and V such that ae U and ce V. 
On the other hand if there was a metric d on X such that .7 is the collection 
of open sets relative to this metric then it would be possible to find such 
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open sets (e.g., let U = B(a; ©) and V = B(c; «) where « < d(a,c)). In other 
words, (Y, 7 ) fails to be metrisable because Y does not have enough open 
sets to separate points. (Does the first example of a non-metrisable space also 
fail because of this deficiency?) The next definition hypothesizes enough open 
sets to eliminate this difficulty. 


4.5 Definition. A topological space (Y, -7) is said to be a Hausdorff space 
if for any two distinct points a and 6 in X there are disjoint open sets U and 
V such that ae U and be V. 

Every metric space is a Hausdorff space. As we have already seen there 
are examples of topological spaces which are not Hausdorff spaces. Many 
authors include in the definition of a topological space the property of a 
Hausdorff space. This policy is easily defended since most of the examples of 
topological spaces which one encounters are, indeed, Hausdorff spaces. 
However there are also some fairly good arguments against this combining 
of concepts. The first argument is that mathematical pedagogy dictates 
that ideas should be separated so that they may be more fully understood. 
The second, and perhaps more substantial reason for not assuming all spaces 
to be Hausdorff, is that more examples of non-Hausdorff spaces are arising 
in a natural context. Even though there will be no non-Hausdorff space 
which will appear in this book, this separation of the two concepts will be 
maintained for a while longer. 

The next step in this development is the definition, in the setting of 
topological spaces, of certain concepts encountered in the theory of metric 
spaces and the stating of analogous propositions. 


4.6 Definition. A topological space (XY, -7) is connected if the only non- 
empty subset of X which is both open and closed is the set X itself. 


4.7 Proposition. Let (X, 7) be a topological space; then X = \) {C;: ie 1} 
where each C, is a component of X (a maximal connected subset of X). Further- 
more, distinct components of X are disjoint and each component is closed. 


4.8 Definition. Let (XY, 7) and (Q, %) be topological spaces. A function 
f: X — Q is continuous if f~'(A)e ZF whenever Ac FY. 


4.9 Proposition. Let (X, 7 ) and (Q, ¥) be topological spaces and let f: X > Q 
be a function. Then the following are equivalent: 


(a) fis continuous; 

(b) if A is a closed subset of Q then f~'(A) is a closed subset of X; 

(c) ifae X and if f(a)<¢ Ae F then there is a set Uin F such thatae U 
and f(U) < A. 


4.10 Proposition. Let (X, 7) and (Q, Y) be topological spaces and suppose 
that X is connected. If f: X — Q is a continuous function such that f(X) = Q, 
then Q is connected. 


4.11 Definition. A set K < X is compact if for every sub-collection 0 of F 
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such that K < |} {U: Ue ©} there are a finite number of sets U,,..., U, 


in © such that K < |) U,. 
k=1 


4.12 Proposition. Let (X, 7) and (Q, /) be topological spaces and suppose 
K is a compact subset of X. If f: X —- Q is a continuous function then f(K) is 
compact in QQ. 

If (X, d) is a metric space and Y < X then (Y, d) is also a metric space. 
Is there a way of making a subset of a topological space into a topological 
space? We could, of course, declare every subset of Y to be open and this 
would make Y into a topological space. But what is desired is a topology on 
Y which has some relationship to the topology on X; a natural topology on a 
subset of a topological space. 

If (X, 7) is a topological space and Y < X then define 


It is easy to check that 7y is a topology on Y. 


4.13 Definition. If Y is a subset of a topological space (X, 7) then Jy is 
called the relative topology on Y. A subset W of Y is relatively open in Y 
if We Z,; W is relatively closed in Y if Y-We Ty. 

Whenever we speak of a subset of a topological space as a topological 
space it will be assumed that it has the relative topology unless the contrary 
is explicitly stated. 


4.14 Proposition. Let (X, 7) be a topological space and let Y be a subset of X. 


(a) If X is compact and Y is a closed subset of X then (Y, F y) is compact. 

(b) Y is a compact subset of X iff (Y, 7 y) is a compact topological space. 

(c) If (X, J) is a Hausdorff space then (Y, JF y) is a Hausdorff space. 

(d) If(X, J) is a Hausdorff space and (Y, J y) is compact then Y is a closed 
subset of X. 


Proof. The proofs of (a), (b), and (c) are left as exercises. To prove part (d) 
it suffices to show that for each point a in X— Y there is an open set U such 
that ae Uand UN Y = (7. So fix a point ain X¥— Y; for each point y in Y 
there are open sets U, and V, in X such thatae U,, ye V,, and U,V, = 
(] (because (X, .7) is a Hausdorff space). Then {V, A Y: ye Y} is a collec- 
tion of sets in 7 y which covers Y. So there are points y,,..., y, in Y such 


that Yc (Vy, NY)c UY. = V. Since ae U,, for each i, ae U = () 
i=] 


U3 also UeT. It is ecily verified that UAV = U (UNV,) = 1 so 


The sasee of this proposition yields a stronger result. 


4.15 Corollary. Let (X, 7) be a Hausdorff space and let Y be a compact 
subset of X; then for each point a in X—Y there are open sets U and V in X 
such thatae U, YC V. andUNQV=C). 

If we return to the consideration of metric spaces we can discover a new 
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way to define a topology. The sequence of steps by which open sets are 
obtained in a metric space are as follows: the metric is given, then open balls 
are defined, then open sets are defined as those sets which contain a ball 
about each of their points. What we wish to mimic now is the introduction 
of balls; this is done by defining a neighborhood system on a set. 


4.16 Definition. Let X be a set and suppose that for each point x in X there 
is a collection 1, of subsets of XY having the following properties: 


(a) for each U in.V,, xe U; 

(b) if U and Ve, there is a W in WV, such that WC UNV; 

(c) if Ve. VW, and Ve, then for each z in UN V there isa Wine, 
such that WC UN Y. 


Then the collection {4,: x ¢X} is called a neighborhood system on X. 

If (X, d) is a metric space and if x « ¥ then V, = {B(x; ©): « > 0} gives 
a collection {4V.: x ¢ X} which is a neighborhood system. In fact, this was 
the prototype of the above definitions. 

Notice that condition (c) relates the neighborhood systems of different 
points. If only conditions (a) and (b) were satisfied, it would not follow that 
these neighborhoods would be open sets in the topology to be defined. For 
example, if X is a metric space and ./, is the collection of closed balls about 
x then {.4,: x « X} satisfies conditions (a) and (b) but not (c). Moreover, it 
is easy to verify that by letting x = y = z condition (b) can be deduced from 
(c) (Verify !). 

The next proposition relates neighborhood systems and topological 
spaces. 


4.17 Proposition. (a) [f (X, 7) is a topological space and N, = {(UéET: 
x ¢ U} then {NV ,.: x ¢ X} is a neighborhood system on X. 

(b) If {N.: x © X} is a neighborhood system on a set Xt then let FJ ={U: 
x in U implies there is a V in NV, such that V < U}. Then 7 is a topology on 
X and N,.< JF for each x. 

(c) If (X, J) is a topological space and {.N,: x € X} is defined as in part 
(a), then the topology obtained as in part (b) is again 7. 

(d) If {N..: xe X} is a given neighborhood system and J is the topology 
defined in part (b), then the neighborhood system obtained from JF contains 
{WV.:x6¢X}. That is, if V is one of the neighborhoods of x obtained from TF 
then there isa U in N,, such that U — VY. 


Proof. The proof of parts (a), (c), and (d) are left to ne) reader. To prove part 
(b), first observe that both ¥ and [] are in F(Lle-7 since the conditions 


are vacuously satisfied). Let U,,...,U,¢7 and put U = 0 U, IfxeU 
then for each j there is a V,; in. such that V; < U,. It fellows by induction 
on part (b) of Definition 4.16 that there isa V in 4, such that V < a V ;. 


Thus V < U and U must belong to .7. Since the union of a séileeion of 
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sets in F is clearly in 7, JF is a topology. Finally, fix x in and let Ve W,.. 
If ye U it follows from part (c) of Definition 4.16 that there is a V in, 
such that V < U. Thus Ue J. 


4.18 Definition. If {1.: x ¢ X} is a neighborhood system on X and J is the 
topology defined in part (b) of Proposition 4.17, then 7 is called the topology 
induced by the neighborhood system. 


4.19 Corollary. If {.V.: x ¢ X} is a neighborhood system on X and Jf is the 
induced topology then (X, 7) is a Hausdorff space iff for any two distinct 
points x and y in X there is a set Uin ,, anda set V in WN, such that 
COV ey, 


Exercises 


1. Prove the propositions which were stated in this section without proof. 
2. Let (XY, 7) and (Q, #) be topological spaces and let Y < X. Show that 
if f: X — Q is a continuous function then the restriction of fto Y is a con- 
tinuous function of (Y, 7 y) into (Q, ). 
3. Let X and © be sets and let {V,: xe X} and {@,,: weQ} be neigh- 
borhood systems and let Y and ¥& be the induced topologies on X and Q 
respectively. 

(a) Show that a function f: X > © is continuous iff when x eX and 
w = f(x), for each Ain.@,, there isa Uin V, such that f(U) © A. 

(b) Let X¥ = Q = Cand let VY, = @, = {B(z;«): « > 0} for each z in C. 
Interpret part (a) of this exercise for this particular situation. 
4. Adopt the notation of Exercise 3. Show that a function /: X > Q is open 
iff for each x in X and U in, there is aset Ain .@,, (where w = f(x)) such 
that Ac f(U). 
5. Adopt the notation of Exercise 3. Let Y © X and define Y, = {YO U: 
UeA,} for each y in Y. Show that {Y,: ye Y} is a neighborhood system 
for Y and the topology it induces on Yis Jy. 
6. Adopt the notation of Exercise 3. For each point (x, w) in ¥xQ let 


UM x gy = {Ux A: UEN,, Ne} 


(a) Show that {&%): (x, w)¢XxQ} is a neighborhood system on 
Xx Q and let F be the induced topology on Xx Q. 

(b) If Ve FJ and Ac FY, call the set Ux A an open rectangle. Prove that 
a set is in # iff it is the union of open rectangles. 

(c) Define p,: XxQQ > X and p,: X¥xQ>Q by p(x, w) = x and 
p(x, w) = w. Show that p, and p, are open continuous maps. Furthermore 
if (Z, #) is a topological space show that a function f: (Z, #) > (Xx Q, Y) 
is continuous iff p, of: Z—> X and p,° f: Z > Q are continuous. 


85. The Sheaf of Germs of Analytic Functions on an Open Set 


This section introduces a topological space which plays a vital role in 
complex analysis. In addition to the topological structure, an analytical 
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structure is also imposed on this space (in the next section). This will furnish 
the setting in which to study the complete analytic function as an analytic 
function. 

If (f, D) is a function element, recall that the germ of (f, D) at a point 
z = ain D's the collection of all function elements (g, B) such that ae B 
and g(z) = f(z) for all zin the component of B74 D that contains a. This germ 
is denoted by [ f],. 


5.1 Definition. For an open set G in C let 
S(G) = {(z, [f].,): z « G, fis analytic at z}. 


Define a map p: “(G) > C by p(z, [f],) = z. Then the pair (Y(G), p) is 
called the sheaf of germs of analytic functions on G. The map p is called the 
projection map; and for each z in G, p_'(z) = p~ '({z}) is called the stalk or 
fiber over z. The set G is called the base space of the sheaf. 

Notice that for a point (z, [/],) to be in Y(G), it is not necessary that f be 
defined on all of G; it is only required that f be analytic in a neighborhood 
of z. 

How do we picture this sheaf? (There are, of course, too many dimensions 
to form an accurate geometrical picture.) One way is to follow the agri- 
cultural terminology used in the definition. On top of each stalk there is a 
collection of germs; the stalks are tied together into a sheaf. A better feeling for 
S(G) can be obtained by examining the notation for points in Y(G). When we 
consider a point (z, [ f],) in “(G), think of a function element (f, D)in the germ 
[ /], instead of the germ itself. For every point w in D there is a point (wv, [/],,) 
in #(G). Thus about (z, [ f],) there is a sheet or surface {(w; [/],): we D}. 
In fact, Y(G) is entirely made up of such sheets and they overlap in various 
ways. Alternately, we can think of Y(G) as the union of graphs; each point 
(z, [f],) in “(G) corresponding to the point (z, f(z)) on the graph of (f, D). 
(The graph of (f, D) is a subset of C? or R*.) Two function elements are 
equivalent at a point z if their graphs coincide near z. 

A topology will be defined on 4(G) by defining a neighborhood system. 
For an open set D contained in G and a function f: D— C analytic on D 
define 


5.2 NG, D) = {(z, Uf],): z € D}. 
That is, NCf, D) is defined for each function element (f, D). If we think of 


SF(G) as a collection of sheets lying above G which are indexed by the germs, 
then N(f, D) is the part of that sheet indexed by f and which lies above D. 


5.3 Theorem. For each point (a, [f],) in /(G) let 
Nate) = {N(g, B): aeB and [g], a [f]a}- 


then {NM atpay: (a [f]) € L(G)} is a neighborhood system on S(G) and the 
induced topology is Hausdorff. Furthermore. the induced topology makes the 
map p: F(G) > G continuous. 


Proof. Fix (a, [f],) in S(G); since it is clear that condition (a) of Definition 
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4.16 holds, it remains to verify that condition (c) holds. (Condition (b) is a 
consequence of (c).) Let N(g,, B,) and N(g2, Bs) €NVaryj,) and let 


5.4 (5, [A],) ¢ N(g1, By) O N(g2, Bo). 


It is necessary to find a function element (k, W) such that N(k, W) eV (5 cn) 
and N(k, W) < N(g,, By) 0 N(g2, B). It follows from (5.4) that b« B, O B, 
and [h], = [zg], = [g.],. If b« W < B, A B, and h is defined on W then 
N(h, W) © N(g;, By) O N82, Bo). 

To show that the induced topology is Hausdorff, use Corollary 4.19. So 
let (a, [f],) and (0, [g],) be distinct points of /(G). We must find a neighbor- 
hood N({, A) of (a, [f],) and a neighborhood N(g, B) of (4, [g],) such that 
NU, A) 0 N(g, B) = (. How can it happen that (a, [f],) # (4, [g],)? There 
are two possibilities. Either a # b or a = b and [f], # [g],. If a # 6 then 
let A and B be disjoint disks about a and 6 respectively; it follows immediately 
that N(f, A) 0 N(g, B) = C. Ifa = b but [f], # [g],, we must work a little 
harder (but not much). Since [/], # [g], there is a disk D = B(a; r) such that 
both f and g are defined on D and f(z) # g(z) for 0 < |z—a| <r. (It may 
happen that f(a) = g(a) but this is inconsequential.) 


Claim. N(f, D) O N(g, D) = ©. 
In fact, if (z, [A].)¢ NCf, D) A N(g, D) then ze D, [A], = [f],, and [A], = 
[g]_. It follows that fand g agree on a neighborhood of z, and this 1s a contra- 
diction. Hence the induced topology is Hausdorff. 

Let U be an open subset of G; begin the proof that p: /(G) — G is 
continuous by calculating p~'(U). Since p(z, [/],) = z, 


p-'(U) = {(z, [f],): z € U}. 


So if (z, [f],) « p- '(U) and D is a disk about z on which fis defined and such 
that D< U, N(f, D)< p7*(U). It follows that p must be continuous 


Consider what was done when we showed that the induced topology was 
Hausdorff. If a 4 6 then (a, [f],) and (8, [g],) were on different stalks 
p ‘(a) and p ‘(b); so these distinct stalks were separated. In fact, if ae A, 
be Band AN B=[] then p-'(A) A p7'(B) = 0. If a = 6 then (@, [/],) 
and (a, [g],) lie on the same stalk p~ '(a). Since [f], # [g], we were able to 
divide the stalk. That is, one germ was “‘higher up” on the stalk than the 
other. 

In the remainder of this section some of the properties of Y(G) as a 
topological space are investigated. In particular, it will be of interest to 
characterize the components of S(G). However, we must first digress to 
study some additional topological concepts. 


5.5 Definition. Let (XY, 7) be a topological space. If x, and x, « X then an 
arc (or path) in X from x, to x, is a continuous function y: [0, 1] > X such 
that y(0) = x, and 7(1) = x,. The point x, is called the initial point of y and 
x, is called the final point or terminal point. The trace of y is the set {y} = 
ty(t):0 <¢ < 1}. 
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A subset A of X is said to be arcwise or pathwise connected if for any two 
points Xx, and x, in A there is a path from x, to x, whose trace lies in A. The 
topological space (XY, 7) is called locally arcwise or pathwise connected if 
for each point x in X and each open set U which contains x there is an open 
arcwise connected set V such that xe Vand Vc U. 

For each x in X let .” be the collection of all open arcwise connected 
subsets of X which contain x. Then Y¥ is locally arcwise connected iff 
{4.: x ¢X} is a neighborhood system which induces the original topology 
on_X. (Verify!) 

The proof of the following proposition is left to the reader. 


5.6 Proposition. Let (X, 7) be a topological space. 


(a) If A is an arcwise connected subset of X then A is connected. 
(b) If X is locally arcwise connected then each component of X is an open 
set, 


The converse to part (a) of the preceding proposition is not true. For 
example let 


] 
X= frtisin: (> OFU fo =I aos <1: 


Since X is the closure of a connected set it is itself connected. However, 
there is no arc from the point 1/7 to i which lies in XY. X is also an example of 
a topological space which is connected but not locally arcwise connected. 
Suppose X is connected and locally arcwise connected; does it follow 
that X is arcwise connected? The answer is yes. In fact, this is an abstract 
version of a theorem which was proved about open connected subsets of the 
plane. Since disks in the plane are connected, it follows that open subsets of 
C are locally arcwise connected. Recall that in Theorem II. 2.3 it was proved 
that for an open connected subset G of the plane, any two points in G can 
be joined by a polygon which lies in G. Hence, a partial generalization of this 
(the concept of a polygon in an abstract metric space is meaningless) is the 
following proposition whose proof is virtually identical to the proof of II. 2.3. 


5.7 Proposition. /f X is locally arcwise connected then an open connected 
subset of X is arcwise connected. 

We now return to the sheaf of germs of analytic functions on an open 
set G. 


5.8 Proposition. Let G be an open subset of the plane and let U be an open 
connected subset of G such that there is an analytic function f defined on U. 
Then NCf, U) is arcwise connected in S(G). 


Proof. Let (a, [f],) and (6, [f],) be two generic points in NCf, U); then 
a, be U. Since U is a region there ts a path y: [0, 1] ~ U from ato 6. Define 
o: [0, I] > NG UV) by 


o(t) = (AO), [fA lyen)- 
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Clearly o(0) = (a, [f],) and o(1) = (4, [f],); if it can be shown that o 1s 
continuous then o is the desired arc. 

Fix ¢ in [0, 1] and let N(g, V) be a neighborhood of o(ft). Then y(t) « V 
and [f],.1) = [g],q)- So there isa number r > 0 such that Biy(t);7r) < UNV 
and f(z) = g(z) for |z—y(t)| < r. Also, since y is continuous there is a 
5 > 0 such that |y(s)—y(2)| < r whenever |s—t, < 6. Combining these last 
two facts gives that 

(t—8, +8) < o ‘(N(g, V)). 


It follows from Exercise 4.3 that o is continuous. 


5.9 Corollary. Y(G) is locally arcwise connected and the components of S(G) 
are open arcwise connected Sets. 


Proof. The first part of this corollary is a direct consequence of the preceding 
proposition. The second half follows from Proposition 5.6(b) and Pro- 
position 5.7. 

In light of this last corollary, it is possible to gain insight into the nature 
of the components of Y(G) by studying the curves in Y(G). 


5.10 Theorem. There is a path in ¥(G) from (a, [f],) to (8, [g],) iff there is a 
path y in G from a to b such that [g], is the analytic continuation of [f), along y. 


Proof. Suppose that o: [0, 1] ~ -Y(G) is a path with o(0) = (a, [f],), eG) = 
(b, [g],). Then y = poo is a path in G from a to B. Since o(t)<¢ “(G) for 
each ¢, there is a germ [/;],,,, such that 


o(t) = OO; lyay)- 


We claim that {[fj],,): 0 < ¢< 1} is the required continuation of [/], 
along y. Since [f], = [/ol, and [g], = L/i],, it is only necessary to show that 
{fila} 18 a continuation. For each ¢ let D, be a disk about z = y(¢) such 
that D, < G and f, is defined on D,. Fix tin [0, 1]; since N(/,, D,) is a neigh- 
borhood of o(t) and o is continuous, there is a 6 > O such that 


(t—5, t+8) < o 1(N(Y, D,). 


That is, if |s—z| < 8 then (-(s), [Al,) = o(s) ¢ NU, D,). But, by definition, 
this gives that y(s) « D, and [fil,.) = [fihy; and this is precisely the con- 
dition needed to insure that {(f,, D,): 0 < t < 1} is a continuation along y 
(Definition 2.2). 

Now suppose that y is a curve in G froma to band {[fi],,y:0 < ¢ < 1} 
is a continuation along y such that [fo], = [f], and [/,], = [g],. Define oc: 
(0, I] > Y(G) by off) = OC), Alyy); it is claimed that o is a path from 
(a, [f],) to (6, [g],). Since the initial and final points of o are the correct ones 
it is only necessary to show that o is continuous. Because the details of this 
argument consist in retracing the steps of the first half of this proof, their 


5.11 Theorem. Let €¢ < S¥(G) and let (a, [f],) <¢ 6; then © is a component of 
S(G) iff 
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6 = {(5, [g],): [g], is the continuation of [f], along some curve in G}. 


Proof. Suppose @ is a component of L(G); by Corollary 5.9 © is an open 
arcwise connected subset of “(G). So by the preceding theorem, for each 
point (4, [g],) in @, [g], is the continuation of [/], along some curve in G. 
Conversely, if [g], is the continuation of [/], along some curve in G then 
(b, [g],) belongs to the component of .*(G) which contains (a, [/f],); that 
is, (6, [g],) © 6. 

Now suppose that © consists of all points (6, [g],) such that [g], is a 
continuation of [/],. Then @ is arcwise connected and hence is connected. 
If @, is the component of (G) containing @ then by the first half of this 


Notice that the point (a, [f],) in the statement of the preceding theorem 
has a transitory role; any point in the component will do. 

Fix a function element (f, D) and recall that the complete analytic 
function ¥ associated with (f, D) is the collection of all germs [g], which 
are analytic continuations of [f], for any a in D (see Definition 2.7). Let 


5.12 G = {z: there isa germ [g], in F?}; 


it follows that G is open. In fact, if ze G then there is a germ [g], in F anda 
disk B about z on which g is defined. Clearly 8 < G so that G is open. 
It follows from Theorem 5.11 that 


3.13 R a {(z, [g].): [gl. EF } 
is acomponent of Y(C) and that p(#) = G. (It is also true that A < SY(G).) 


5.14 Definition. Let *% be a complete analytic function. If # is the set 
defined in (5.13) and p is the projection map of the sheaf “(C) then the 
pair (#, p) is called the Riemann Surface of A”. The open set G defined in 
(5.12) is called the base space of F. 


5.15 Theorem. Let 4 be a complete analytic function with base space G and 
let (¥%, p) be its Riemann Surface. Then p: # — G is an open continuous map. 
Also, if (a, [f],,) is a point in & then there is a neighborhood NC f, D) of (a, [f ],) 
such that p maps N(f, D) homeomorphically onto an open disk in the plane. 


Proof. Consider -# as a component of Y(C). Since p: H(C) > C is con- 
tinuous it follows that p: 4 —» G is continuous. To show that p is open it is 
sufficient to show that p(N(f, U)) is open for each (f, U) (Exercise 4.4). But 
aN, U)) = U which is open. 

If (a, [f],)¢ ZA let D be an open disk such that (f/f, D)e[/],. Then p: 
NC, D) — D is an open, continuous, onto map. To show that p is a homeo- 
morphism it only remains to show that p is one-one on N(f, D). But if 
(6, [f],) and (c, [f].) are distinct points of N(f, D) then 6 # c which gives 
that p is one-one. 


Remarks. In its standard usage the Riemann surface of a complete analytic 
function consists not only of what is here called a Riemann Surface but also 
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some extra points—the branch points. These branch points correspond to 
singularities and permit a deeper analysis of the complete analytic function. 


Exercises 


1. Define F: Y(C) > C by F, [f],) = f(z) and show that F is continuous. 
2. Let A be the complete analytic function obtained from the principal 
branch of the logarithm and let G = C— {0}. If D is an open subset of G 
and f: D -> C is a branch of the logarithm show that [f], «¢ ¥ for all a in D. 
Conversely, if (f, D) is a function element such that [/], ¢ ¥ for some ain 
D, show that f: D — C is a branch of the logarithm. (Hint: Use Exercise 2.8.) 
3. Let G = C— {0}, let ¥ be the complete analytic function obtained from 
the principal branch of the logarithm, and let (#, p) be the Riemann surface 
of ¥ (so that G is the base of #). Show that # is homeomorphic to the graph 
[ = {(z, e*): z¢ G} considered as a subset of Cx C. (Use the maph: 2 > T 
defined by A(z, [f],) = ({(z), z) and use Exercise 2.) State and prove an 
analogous result for branches of z'”". 

4. Consider the sheaf Y(C), let B = {z: |z—1| < 1}, let @ be the principal 
branch of the logarithm defined on B, and let 7,(z) = ¢(z)+2z/ for all z in B. 
(a) Let D = {z: |z| < 1} and show that (4, [¢],) and (4, [4,],) belong to the 
same component of p~‘(D). (b) Find two disjoint open subsets of S(C) 
each of which contains one of the points G4, [¢],) and G, [¢,],). 


§6. Analytic Manifolds 


In this section a structure will be defined on a topological space which, 
when it exists, enables us to define an analytic function on the space. Before 
making the necessary definitions it is instructive to consider a previously 
encountered example of such a structure. The extended plane C,, can be 
endowed with an analytic structure in a neighborhood of each of its points. 
IfaeC, anda +# o then a finite neighborhood U of a is an open subset of 
the plane. If p: U > C is the identity map, 9(z) = z, then » gives a “‘co- 
ordinatization” of the neighborhood U. (Do not become confused over the 
preceding triviality. The introduction of the identity function » seems an 
unnecessary nuisance. After all, U is an open subset of C so we know what it 
means to have a function analytic on U. Why bring up ¢? The answer is that 
for the general definition it is necessary to consider pairs such as (U, 9); 
trivialities appear here because this is a trivial example.) If a = oo then let 
U., = {z: |z| > 1} U {00} and define 9,: U,, ~C by 9¢,(z) =z ' for 
z # ©, y,(©) = 0. So ¢,, is a homeomorphism of U, onto the open disk 
B(O; 1). Hence to each point ain C,, a pair (U,, ¢,) is attached such that U, 
is a neighborhood of a and g, is a homeomorphism of U, onto an open sub- 
set of the plane. What happens if two of the sets U, and U, intersect? Suppose 
for example that a 4 00 and U,N U,, # (J. Let G, = BOO; 1) = ¢,,(U..) 
and let G, = 9,(U,) (=U,). Then »3'(z) = z7' for all z in G,; thus 
9,° 9, ((z) =z! for all z in, (U,, A U,). Since 0 ¢ U,, 0 ¢9,(U, 0 U,) 
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so that @,°,,' is analytic on its domain. Similarly, if both a and 6 are 
finite then , oy, ' is analytic on its domain. This is the crucial property. 


6.1 Definition. Let XY be a topological space; a coordinate patch on X is a 
pair (U, ~) where U is an open subset of X and ¢ is a homeomorphism of U 
onto an open subset of the plane. If a ¢ U then the coordinate patch (U, ¢) 
is said to contain a. 


6.2 Definition. An analytic manifold is a pair (X,®) where X is a Hausdorff 
connected topological space and ® is a collection of coordinate patches on 
X such that: (i) each point of X is contained in at least one member of 9, 
and (ii) if (U,,@,), (U,,.%,) €® with U,0 U,# then @,°9, | is an analytic 
function of g,(U, A U,) onto 9,(U,7 U,). The set ® of coordinate patches 
is called an analytic structure on X. 

An analytic manifold is also called an analytic surface. 

Note immediately that »,c gy; ' is one-one since both g, and gq, are. 
Henceforward, for the sake of brevity, care will not be taken in mentioning 
the appropriate domain of a function such as @, ° y, *. 

Next, it must be emphasized that the definition of an analytic manifold 
is tied to its analytic structure. It is possible to give the open disk two in- 
compatible analytic structures (one of them the natural one). This is also the 
case with the torus which can be made into an analytic manifold in an un- 
countable number of incompatible ways. (Exercise 4.) But this investigation 
must be postponed until we have the notion of an isomorphism between 
analytic surfaces. 

With the collection of coordinate patches introduced prior to Definition 
6.1, C,, becomes an analytic manifold. However, a closed disk is not a mani- 
fold since the points on the boundary cannot be surrounded by a coordinate 
patch. Similarly, the union of two intersecting planes in R* is not an analytic 
manifold. 

A number of examples of analytic surfaces will be available after sub- 
stantiating the following observations which are gathered into a proposition. 


6.3 Proposition. (a) Suppose (X,®) is an analytic surface and V is an open 
connected subset of X. If 


&)=({(UNV,¢):(U,@)€ ®} 
then (V,®,) is an analytic surface. (b) If (X,®) is an analytic surface and X 
is a topological space such that there is a homeomorphism h of X onto &}, then 
with 


v= {(A(U), poh” '): (Up) € ®}, 


(Q,%) is an analytic surface. 
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Proof. (a) This is a triviality. 

(b) It is clear that Q is connected, that ¥ is a collection of coordinate 
patches for Q, and that each point of 2 is contained in at least one member 
of ¥. So let (U,q~) and (V,p)¢® such that hA(U)NA(V)#(Q. But then 
UNV since A(U)AA(V) =h(UNV). So, (poh) ooh "y= 
(poh ')o(hop')=qeou | which is analytic by the condition on ®. Thus 


In virtue of part (a) of the preceding proposition the following assump- 
tion is made on all analytic structures ® that will be discussed: 


If (U,@~) € ® and V is an open subset of U then (V,@) €®. 


Of course, when an analytic structure is defined one does not bother to 
give all the coordinate patches, but only those that generate ® in the above 
manner. 

Proposition 6.3 also implies that any space that is homeomorphic to a 
region in the plane is an analytic surface. Hence a piece of paper with a 
crease in it is an analytic surface. Is this a shock to you? If the reader has 
ever seen an introduction to differentiable manifolds, he may be surprised 
at this. 


If Y is a subset of R° then X is a differentiable 2-manifold if each point 
in X is contained in a coordinate patch (U,q) such that mp ':g(U)> Uc 
R°? has coordinate functions with continuous partial derivatives. That is, let 
G=q(U) and g7'(s,)=(&s,0, 4(s,9, §(s,0) for all (s,f) in G. It is 
required that £7, and § be functions from G into R with continuous 
partial derivatives. A folded piece of paper is not a differentiable 2-mani- 
fold. In fact, if (U,q) is a patch that contains a point on the crease then 
gm ' has at least one non-differentiable coordinate function. Since analytic- 
ity is a stronger notion than differentiability this seems confusing, but the 
explanation is simple. If A is a homeomorphism of X onto the region G in 
the plane then an analytic structure is imposed on X via h. In fact, by 
considering X with this structure we are only considering G under a 
different guise. In the definition of a differentiable 2-manifold there is no 
differentiable structure “imposed” on X; the structure is restricted by 
conditions that it inherits as a subset of R? (where there is already a 
differentiable structure). 

In a similar fashion the surface of a cube in R? is an analytic surface 
since it is homeomorphic to C,.. 

Suppose now that G is a region and f:G->C 1s an analytic function 
such that f’(z)+0 for any z in G. We wish to give the graph 


r=) (2) (z)) 2 eG | 


an analytic structure. If p: [ — G is defined by p(z, f(z)) = z then p is a 
homeomorphism of [ onto G; consequently IP’ inherits the analytic structure 
of G as in 6.3(b). But this does not use the analyticity of {| let alone the fact 
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that f’ doesn’t vanish. This is surely an uninteresting structure. So, to 
rephrase the problem: put an analytic structure on T’ that is “‘connected” 
to the analytic properties of f- 

Fix « = (a, f(a)) in T. Since f(a) 4 0 there is a disk D, about a such that 
D, < G and fis one-one on D,. Let 


6.4 U, = ((z, f(z): 2 € Dy} 
and define »,: U, > C by 


6.5 plz, f(z) =f) 
for each (z, f(z)) in U,,. 


6.6 Proposition. Let G be a region in the plane and let f be an analytic 
function on G with non-vanishing derivative. If V is the graph of f and 


OD = {(U,, y,):«¢ VT, U, and p, as in (6.4) and (6.5)} 


then (UV, ®) is an analytic manifold. 


Proof. Since T is homeomorphic to G it must be connected. Fix « = (a, f(a)) 
in I’; it is left to the reader to show that ~, is a homeomorphism of U, onto 
f(D,). Suppose .that B = (6, f(b))eT with U,A U, # [) and compute 
2° Ge '. Since f: D, > C is one-one there is an analytic function g: Q —> D,, 
where Q = f(D,), such that f(g(w)) = w for all w in Q. Since ¢,(U,) = 2 
it follows that gy, '(w) = (g(w), w); thus ¢, ° gg ‘(w) = -,(g(w), ©) = for 
each w in p,(U, O U,). In particular p, ° gg * is analytic. 

Henceforward, whenever the graph of an analytic function with non- 
vanishing derivative is considered as an analytic manifold, it will be assumed 
that it has the analytic structure given in the preceding proposition. 


6.7 Theorem. /f (%, p) is the Riemann surface of a complete analytic function 
and® = {(U, p): U is open in &, p is one-one on U}, then (A, ®) is an analytic 
manifold. 


Proof. \t follows from Theorem 5.15 that each point of # is contained in an 
open set on which p is one-one and that p is a homeomorphism there. 
Furthermore, if (U, p) and (V, p)¢® and UN V # ©] then po(pU)~* is 
the identity map. (The notation p|U is used to denote the restriction of p to 
U.) Since # is connected it is an analytic surface. 


6.8 Definition. Let (Y, ®) and (Q, W) be analytic manifolds and let f: ¥ ~ 
be a continuous function; let ae X and « = f(a). The function fis analytic at 
a if for any patch (A, 4) in ‘ which contains « there is a patch (U, ¢) in ® 
which contains a such that: 


G) f(U) < A; 
(ii) bofog ' is analytic on g(U) < C. 
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The function is analytic on X if it is analytic at each point of X. 

The condition that (U, ~) can be found such that ae U and f(U) < A 
is a consequence of the continuity of f (Proposition 4.9(c)). The heart of the 
definition is the requirement that 4° fog’ be an analytic function from 
g(U) < C into C. 

For two given analytic surfaces there may be many analytic functions 
from one to the other or there may be very few. Clearly every constant 
function is analytic; but there may be no other analytic functions. For 
example, if ¥ = C and Q is a bounded region in the plane then Liouville’s 
Theorem implies there are no non-constant analytic functions from X into 
QO. Also, suppose that f: C,, > C is an analytic function; then /(C,,) 1s com- 
pact so that the restriction of f to C is a bounded analytic function on C. 
Again, Liouville’s Theorem says that each such f is a constant function. On 


l 
the other hand, if p is a polynomial and ae C then both p(z) and (=~) 
zZ—a 


are analytic functions from C,, to C,,. In fact, these are practically the only 
analytic functions from C,, to C,, (Exercise 7). 

If (X, ®) is an analytic surface then there are many analytic functions 
defined on open subsets of X. For example, if (U, »)<¢® then gp: U> Cis 
analytic. It follows (Proposition 6.10 below) that fog: U->C is analytic 
for any analytic function f: g(U) — C. 

Before proving some of the basic properties of analytic functions on 
manifolds, one further example will be given. This example is stated as a 
theorem and justifies the terminology “‘complete analytic function”. 


6.9 Theorem. Let FY be a complete analytic function with Riemann Surface 
(FZ, p). If F: R->C is defined by 

F(z, (f].) = f@) 
then.¥ is an analytic function. 


Proof. Fix « = (a,[f],) in & and let D be a disk about a on which fis defined 
and analytic. Let U be the component of p~ '(D) which contains «; so (U, p) 
is a coordinate patch. Let p~' denote the inverse of p: U — p(U). We must 
show that ¥ © p ' is analytic on p(U) < C. But for z in p(U), 


F op '(z) = F(z, f(2)) =f; 


that is, ¥ op ' = f which is analytic. B 


The next several results are generalizations of theorems about analytic 
functions defined on regions in the plane. 


6.10 Proposition. Suppose (X, ©), (Y, ), and (Z, X) are analytic manifolds 

and f: X -» Y and g: Y ~ Z are analytic functions; then go f: X — Z is an 

analytic function. | 
The proof is left to the reader. 


6.11 Theorem. Let (X, ®) and (Q, ¥’) be analytic manifolds and let f and g be 
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analytic functions from X into Q. If {x ¢ X: f(x) = g(x)} has a limit point in X 
then f = g. 


Proof. Define the subset A of X by 
A = {x: fand g agree on a neighborhood of x}. 


This set A will be shown to be non-empty and the reader will be required to 
prove that A is both open and closed in X. By hypothesis there is a point 
ain X such that for every neighborhood U of a there is a point x in U with 
x # a and f(x) = g(x). It is easy to conclude that f(a) = g(a) = «. If 
(A, ¢) e VY and « e A then there is a patch (U, ¢) in ® such that f(U) and g(V) 
are contained in A with both bo fom? and so gog@ ' analytic in a disk D 
about Z,) = y(a). But the hypothesis gives that z, is a limit point of 
{zeD: bofogp (z)=eogog (z)} = F. In fact, if f(x) = g(x) then 
o(x)e F. Thus Wofog@ '(z)=wWeogog '(z) for all z in D; or f(x) 


6.12 Maximum Modulus Theorem. Let (X, ®) be an analytic manifold and 
let f: X —» C be an analytic function. If there is a point a « X and a neighborhood 
U of a such that | f(a)| = |f(x)| for all x in U then f is a constant function. 
The proof is left to the reader. 
The Maximum Modulus Theorem allows us to generalize Liouville’s 
Theorem in the following way. 


6.13 Liouville’s Theorem. /f (XY, ©) is a compact analytic manifold then there 
is no non-constant analytic function from X into C. 


6.14 Open Mapping Theorem. Let (X, ®) and (Q, ’) be analytic manifolds 
and let f: X — Q be a non-constant analytic function. If U is an open subset of 
X then f(U) is open in Q. 


Proof. Let U be an open subset of X and let «¢f(U). If ae U such that 
a = f(a) and (A, w) e ¥ which contains «, then let (V, @) € ® with ain V such 
that {(V) < Aand wo fo g“' is analytic. Lett W = UAV; then Wis open and 
so ~(W) is an open subset of the plane. Since fis not a constant function it 
follows from Theorem 6.11 that y o fo m~' is not constant on any component 
of g(W). Hence, the Open Mapping Theorem for functions of a complex vari- 
able implies that W( /(W)) = Wo fo @ '(@(W))is open in C. But then f(W) 

wtb f(W)) is open and ae f(W) < f(U). So f(U) must be open. & 


6.15 Definition. If (Y, ©) and (Q, V’) are analytic manifolds, an isomorphism 
of X onto Q is an analytic function f: X — © which is one-one and onto. If 
an isomorphism exists then (XY, ®) is said to be isomorphic to (Q, Y’). 

If f: X > Q is an isomorphism then fis an open mapping by (6.14). It 
follows that f~!: Q-—> X is a homeomorphism. Is f~! also analytic? The 
answer is yes and the reader is asked to prove the next proposition. 


6.16 Proposition. If f: X — Q is an isomorphism then f~*: Q —> X is also an 
isomorphism. 
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Recall that the Riemann Mapping Theorem states that if G is a simply 
connected region in the plane and G # C, then G is isomorphic to the open 
unit disk if both are considered as analytic surfaces. Also recall that Proposi- 
tion 6.3(b) states that if (X, ®) is an analytic manifold and h: ¥ -Q is a 
homeomorphism of X onto the topological space Q, then /# induces an 
analytic structure on Q; denote this structure by ® o h~*. Suppose Q already 
has an analytic structure V. It is easy to see that ® oh! = W iff his analytic; 
that is, iff A is an isomorphism from CX, ®) onto (Q, ¥). . 

As an example let ¥ = C and Q = {z: |z| < 1}, and define A: ¥ > Q by 


Z 


h(z) = ice ; 


Then A is a homeomorphism of C onto Q, but it is clearly not analytic. 
So using / and the analytic structure on C, a structure can be induced on 2 
which is completely unrelated to its natural structure. For example, with this 
induced structure 22 will have no bounded non-constant analytic functions. 

Consider the following situation: let G be a region in the plane and let 
f: G—C be an analytic function with non-vanishing derivative. Let (g, D) 
be a function element such that g(D) < G and /(g(z)) = z for all z in D. 
(That is, g is a “local” inverse of f.) If F is the complete analytic function 
obtained from (g, D) and (&, p) is its Riemann surface, let us examine 
whether & and the graph of f are isomorphic analytic manifolds. (The 
analytic structure for the graph of f was introduced in Proposition 6.6.) 
The answer to this question is yes provided that the domain of f is not 
restricted. To illustrate what can go wrong let G = {z: |z| < 1} and let f be 
the exponential function e”. Then ¥ consists of all germs of branches of the 
logarithm (Exercise 5.3); so & is rather large and complicated. However, 
{(z, e7): z€G} is a simple copy of the disk G. The difficulty arises because 
the domain of e* has been artificially restricted. If instead G is the whole 
complex plane then # and the graph of G are indeed isomorphic analytic 
surfaces (see Exercise 5.3). 


6.17 Definition. Let f: G— C be an analytic function with non-vanishing 
derivative. If ae G and « = f(a), let (g, D) be a function element such that 
aé D and f(g(z)) = z for all z in D. If ¥ is the complete analytic function 
obtained from (g, D) then F is called the complete analytic function of local 
inverses for f. 

There are two questions that arise in connection with this definition. 
First, does the definition of the complete analytic function of local inverses 
for f depend on the choice of the function element? Could we have started 
with another local inverse and still have obtained the same complete analytic 
function? Second, does ¥# contain the germ of every local inverse of f? The 
answer to each of these questions is given in the following proposition; it 
is “‘yes’’. 

6.18 Proposition. Let f be an analytic function with non-vanishing derivative 
on aregion G. LetaandbeG,« = f(a), 8 = f(b); and let Ay and A, be disks 
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about « and 8 respectively such that there are analytic functions gy: Ag > C€ 
and gy: A, ~C with go(«) = a, 2,(B) = 6, f(go(S)) = & for all € in Ag, 
f(g (QO) = © for all © in A,. Then there is a path o in f(G) from « to B such 
that (g,, A,) is the continuation of (g9, Ag) along o. 


Proof. Since G is connected there is a path yin G fromato 6. For0 < ft < I 
let D, be a disk about y(¢) such that D, < G and on which fis one-one. Let 
o = foy and let A, be a disk about o(f) such that A, < f(D,). Finally, let 
g,. A, ~ C be an analytic function such that 


f(g) = for Cin A, 
§(o(t)) = y(t) 


Claim. {(g,, 4,)} is an analytic continuation along o. To show this fix ¢ and 
let § be chosen so that 7(s)<¢f~'(A,) OM D, whenever |s—t| < 8. Now fix s 


with |s—rt| < 5 and let B be a disk about y(s) such that B < f7'(A,) 9 D, 
OD, So f(B) is an open set containing o(s) = f(y(s)) and f(B) < f(D,). 
By definition g,( f(z)) = z for z in B; thus f(g(¢)) = ¢ for all ¢ in f(B). But 
f(B) < A, which gives that f(g,(¢)) = ¢ for all ¢ in f(B). But for ¢ in f(B) 
both g(¢) and g,{%) are in f- '(A,) A D, A D, and f is one-one here. Hence 
gf) = 2g) for all Cin /(B); alternately, [g.]o5) = [lors whenever |s—t| < 6. 
This substantiates the claim. 

Recall that if (4, p) is the Riemann surface of a complete analytic func- 
tion F, the symbol ¥ is also used to denote the analytic function ¥: 
R->C defined by F(z, [f].) = f(z) (Theorem 6.9). 


6.19 Proposition. Let f be an analytic function on a region G which has a non- 
vanishing derivative, let ¥ be the complete analytic function of local inverses 
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of f, and let (#, p) be the Riemann surface of F.If F(A) = G and AA) = 
f(G) then 


7(z, [g],) = (g(2), 2) 


defines an isomorphism between the analytic manifold @ and graph (f). 

Before proving this proposition we must show that under the same 
hypothesis each member of F¥ is a local inverse of f. This provides a partial 
converse to Proposition 6.18. 


6.20 Lemma. Let f, G, # and (&, p) be as in the preceding proposition. 
If {g|,¢¥ then there is a disk D about a on which g is defined and such that 
S(g(z)) = z for all z in D. 


Proof. Fix [g], in ¥ (so (a, [g],) ¢ #); then, by hypothesis, g(a) = F(a, [g],) € 
G. If 6 = f(g(a)) then there is a disk B about 6 and an analytic function 
h: B—C such that h(6) = g(a) and f(A(z)) = z for all z in B. From Propo- 
sition 6.18, [A], ¢ A. Alsoa = p(a,[g],) « p(#) = f(G). According to Theorem 
5.11 there is a path y in f(G) from a to b such that [A], is the continuation 
along y of [g],. Let {(g,, D,)} be a continuation along y with each D, a disk 
such that [go], = [g], and [g,], = [A],. Define a subset T of [0, 1] by 


T = {t: f(¢fz)) = z for all zin D,}. 


We want to show that T = [0, 1]. In fact, once this is proved it follows that 
0¢T so that (g, D) must be a local inverse of / 

Since 7 contains | it is non-empty; it must be shown that Tis both open 
and closed in [0, 1]. For any number ¢ in [0, 1] let 8 > 0 such that [g,],,.) = 
[Z:]jcs) Whenever |s—t) < 6. If te T then f(g,(z)) = f(gz)) = z for all z 
in D,O D, and |s—t} < 4. It follows that (¢@—6, t+6) © T and so T is open. 
If te T~ then there is an s in T such that |s~—?¢] < 6. For z in D, OD, we 
have that f(g,(z)) = f(g,(z)) = t so that te T. That is, T is closed. | 


Proof of Proposition 6.19. It follows from the preceding lemma that (g(a), a) € 
graph (/) if (a, [g],)<¢ &. Thus, 7 does indeed map & into graph (/). 

Suppose (a, f(«)) « graph (f) and a = f(«). If (g, D) is a function element 
such that ae D, g(a) = «, and f(g(z)) = z for all z in D, then [g],¢ FA and 
(a, [g],) = («, f(«)). That is 7(#) = graph (f/f). To show that 7 is one-one 
let (a, [g],) and (6, [h],) ¢ & such that r(a, [g],) = 7(d, [h],); that is, (g(a), a) = 
(A(b), b). Thus, a = 6 and g(a) = A(b) = a. Moreover, Lemma 6.20 implies 
that 


6.21 f(g(z)) = f(A) 


for z in a neighborhood of a. But f’(«) # 0, so that fis one-one in a neigh- 
borhood of € = «. It follows from (6.21) that [g], = [A], and therefore, 7 is 
one-one. 

It remains to show that 7 is analytic. This is actually an easy argument 
once the question to be answered is made explicit. So fix (a, [g],) in # and 
put « = g(a). Let A be a disk about « on which f is one-one and let D be a 
disk about a on which g is defined and such that D < f(A). Let U = (4, 
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f(): €¢ A} and define p: U+C by of, f(O) = /(9); so (U, ¢) Is a co- 
ordinate patch on graph (/) (Proposition 6.6). Also N(f, D) = {(z, [g],): 
ze D> gives that (N(g, D), p) is a coordinate patch on & (Theorem 6.7) 
containing (a, [g],), and satisfying 7(V(g, D)) © U. Hence to complete the 
proof it must be shown that pore p' is an analytic function on D. This is 
trivial. In fact, if ze D then 


potop ‘(z) = po z(z, [g],) 
= p(g(z), Z) 


— 9 & 
“9 


that is, po top ' is the identity function on D. 

If G is the punctured plane and f(z) = 2" for some » or if G = C and 
f(z) = e then the hypothesis of Proposition 6.19 is satisfied. Let us examine 
this a little more closely for the case where f(z) = z*, z—¢G = C— {0}. So 
R is isomorphic to the graph of z7; let fF = {(z, 27): z # 0}. Nowr: HOT 
is defined by 7(a, [g],) = (g(a), a). Recall that A: #—C is defined by 
F (a, [g],) = g(a). For this case ¥ acts like the square root function. In other 
words, we have found a natural domain of definition of z*. The corresponding 
function on I would project (z, z*) to its first coordinate. 

Even though we have shown that & (a very abstract object) is equivalent 
to a less abstract object (the graph I), this is still somewhat dissatisfying. 
After all, the graph is a subset of C* which is beyond our geometric intuition. 
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Plane | Plane 2 


Therefore, we would like to have a more geometric picture of the Riemann 
surface. Consider two copies of the plane that have been slit along the 
negative real axis. So imagine the planes as having two negative real axes 
and label them * and ~ as shown in the figure. The space X we will describe 
will be the union of the two planes but where the two *-axes are identified 
and the two ~-axes are identified. So if a curve in Plane | approaches the 
*.axis and hits it at —x then it exits in Plane 2 at —x on the *-axis. For the 
point —1 on the *-axis a typical neighborhood would consist of a half 
disk about — 1 above the *-axis in Plane | and half a disk about —1 below 
the *-axis in Plane 2. This is a representation of the Riemann surface of local 
inverses for z* (the Riemann surface of ,/z for short). To see this define a 
map k: X + # as follows. If z is in Plane 1, z not on the negative real axis, 
let A(z) = (2, [g],) where g is the principal branch of the square root. If z 
is in Plane 2 but not on the negative real axis let A(z) = (z, [g],) where —g 
is the principal branch of the square root. It remains to define A(z) for z on 
the *-axis and the ~-axis. This we leave to the reader along with the proof 
that the resulting function A is an isomorphism (the space X has a natural 
analytic structure). 

In the case f(z) = z” we can carry out the same construction, but here ” 
copies of the plane are required. If f(z) = e* the same ideas are again em- 
ployed but now it is necessary to use an infinite number of planes indexed by 
all the integers. In the case of the surface for z'/”, a curve which passes 
through the negative real axis of one plane exits through the negative real 
axis of the next one. If it is in the #-th plane, then it exits through the negative 
axis of the first plane. For the surface of log z, a curve can continue hopping 
from one plane to the next and will never return to the plane where it started 
unless it “retraces its steps’. 


Exercises 


1. Show that an analytic manifold is locally compact. That 1s, prove that if 
ae X and Uis an open neighborhood of a then there is an open neighborhood 
V of asuch that ¥~ < Uand V~ is compact. 
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2, Which of the following are analytic manifolds? What is its analytic 
structure if it is a manifold? (a) A cone in R®. (b) {(x,, X2, x3) € R®: xf +3 
+x2 = 1 or x?+x3 > 1 and x, = 0} 
3. The following is a generalization of Proposition 6.3(b). Let (X,®) be an 
analytic manifold, let 2 be a topological space, and suppose there is a con- 
tinuous function A of X onto Q that is locally one-one (that 1s, if x « X 
there is an open set U such that x « U and & is one-one on U). If (U, 9) «® 
and fA is one-one on U let A = A(U) and let : A > C be defined by ¢(w) = 
po (h/U)~ '(w). Let ¥ be the collection of all such pairs (A, 4). Prove that 
(Q, V) is an analytic manifold and A is an analytic function from X to Q. 
4. Let T = {z: |z| = 1}x {z: |z| = 1}; then 7 is a torus. (This torus is 
homeomorphic to the usual hollow doughnut in R°.) If w and w’ are complex 
numbers such that Im (w/w’) # 0 then w and w’, considered as elements of 
the vector space C over R, are linearly independent. So each z in C can be 
uniquely represented as z = tw+t'w’; t,t’ in R. Define h: C > T by A(twt+ 
tw’) = (e27!*, et!) Show that A induces an analytic structure on T. (Use 
Exercise 3.) (b) If w, w’ and ¢, ¢’ are two pairs of complex numbers such that 
Im (w/w’) #0 and Im (£/f’) # 0, define o(sf+s’¢’) = (e7", e?*!) and 
r(tw+t'w') = (e27", e??'") Let G = {twtt'w':0<1< 1,0 <0’ < l}and 
Qo = {sf+s'f':0 <5 < 1,0 < s’ < 1}; show that both o and 7 are one-one 
on G and Q respectively. (Both G and Q are the interiors of parallelograms.) 
If ®, and ®, are the analytic structures induced on T by 7 and o respectively, 
and if the identity map of (7, ®,) into (7, ®,) is analytic then show that the 
function f: G->Q defined by f= 7 'or is analytic. (To say that the 
identity map of (7, ®,) into (7, ®,) is analytic is to say that ®, and ®, are 
equivalent structures.) (c) Letw = lw =i,0C=1,0 =« where Im a # 0; 
define o, 7, G, Q and fas in part (b). Show that ®, and ®, are equivalent 
analytic structures if and only if « = i. (Hint: Use the Cauchy-Riemann 
equations.) (d) Can you generalize part (c)? Conjecture a generalization? 
5. (a) Let f be a meromorphic function defined on C and suppose f has two 
independent periods w and w’. That is, f(z) = f(z+nw+n'w’) for all zin C 
and all integers m and n’, and Im (w/w’) # 0. Using the notation of Exercise 
4(a) show that there is an analytic function F: T+ C,, such that f = Fo h. 
(For an example of a meromorphic function with two independent periods 
see Exercise VIII. 3.2(g).) 

(b) Prove that there is no non-constant entire function with two indepen- 
dent periods. 
6. Show that an analytic surface is arcwise connected. 
7. Suppose that f: C,, > C,, is an analytic function. 

(a) Show that either f = oo or f~ ‘(0o) is a finite set. 

(b) If f# ow, let a,,...,a, be the points in C where f takes on the 
value oo. Show that there are polynomials po, p;,...,P, Such that 


for zin C. 


Covering Spaces 245 
(c) If f is one-one, show that either f(z) = az+b (some a, 6 in C) or 


f() = —"~ + b (some a, b, c in C). 
te 6 
8. Furnish the details of the discussion of the surface for ./z at the end of 
this section. 
9. Let G = \F ~ : - Ree = t and define f: G > C by f(z) = sin z. Give 


a discussion for f similar to the discussion of ae at the end of this section. 
§7. Covering spaces 


In this section the concept of a covering space will be introduced and 
some of its elementary properties will be deduced. One byproduct of this 
study is the fact that two closed curves in the punctured plane are homotopic 
iff they have the same winding number about the origin. 

Intuitively, a topological space X is a covering space for the topological 
space {2 if X¥ can be wrapped around © in such a way that it can be easily 
unwrapped. What is meant by “‘wrapping’? one space around another? 
This seems to indicate that we want a function from X onto Q. To say that 
it must be easily unwrapped must mean that we can find an inverse for the 
function. 


7.4 Definition. If Q is a topological space then a covering space of (21s a pair 
(XY, p) where_X is a connected topological space and p is a continuous function 
of X¥ onto Q such that: for each w in Q there is a neighborhood A of w such 
that each component of p_'(A) is open, and p maps each of these components 
homeomorphically onto A. Such an open set A is called fundamental and A 
is properly covered. 

Both (C, exp) and (C— {0}, 2") are covering spaces of the punctured 
plane; also, each open disk in the punctured plane is fundamental. If [ = 
{z: jz} = 1} and p: R-+T is defined by p(t) = exp (27it), then (R, p) is a 
covering space of I’. Every proper arc in TI is fundamental. 

The following is a list of properties of covering spaces. Their proof is 
left to the reader. 


7.4 Proposition. Let (XY, p) be a covering space of Q. 


(a) p is an open mapping of X onto Q. 

(b) If xe X then there is an open neighborhood U of x on which p is a 
homeomorphism. 

(c) Every fundamental open set is connected. 

(d) Zf Q fs locally arcwise connected then so is X. 


In light of part (b) of the preceding proposition it is natural to ask if 
every locally one-one function p of Y onto 02 makes CX, p) a covering space of 
(2. The answer is no. For example, let ¥ = {z¢C:z 40,0 < argz < 57/4}, 
p(z) = z*, and let Q = p(X) = C— {0}; then p is locally one-one. Let A, = 
{€: |€-i| < r} for any r, 0 <r < 1. It is easy to see that p~ '(A,) consists 


246 Analytic Continuation and Riemann Surfaces 


of two components. One of these (the one in the first quadrant) is mapped 
homeomorphically onto A,, while the other is not. In fact, € = iis not in the 
image of this second component. 

One of the most important properties of covering spaces is the fact that 
a eurve in Q can be lifted to a curve in X. 


7.3 Definition. Let (XY, p) be a covering space of Q and let y be a path in Q. 
A path 7 in X is called a lifting of y if poy = y. 

A useful way of understanding what a lifting is is to consider the following 
mapping diagram: 


xX 


fT ———> 9 
¥ 


To say that y can be lifted is to say that the diagram can be completed in 
such a way that it is a commutative diagram: 


that is, one can go from one place in the diagram to another without being 
concerned about which path is taken. 

It is an important property of covering spaces that every path may be 
lifted when the base space is locally arcwise connected. Actually a stronger 
result which will be of use later can be proved. 


7.4 Theorem. Let (X, p) be a covering space of the space &. If F: {®, 1] x[0, 1] 
—> Q is a continuous function with F(O, 0) = wo and if Xo is any point in X with 
p(Xo) = Wo, then there is a unique continuous function F: (0, 1]x[0, 1] > X 
such that F(0, 0) = x9 and po F = F. 

Before giving the proof of this theorem let us state an important corollary. 


7.5 Corollary. Let (X, p) be a covering space of the space . If y is a path in Q 
with initial point wo and p(X9) = wo, then there is a unique lifting } of y with 
initial point Xo. 
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Proof. Define F: [0, 1] x [0, 1] > by F(s, t) = y(s); so F is continuous and 
F(0, 0) = wo. According to Theorem 7.4 there is a unique function F: 
[O, 1]x[0, 1] > X such that F(0, 0) = xy and po F = F. Let H(s) = Fis, 0); 
then 7 has initial point x, and is a lifting of y. To prove the uniqueness of 7, 
suppose 6 is also a path in X with initial point X, and which lifts y. Define 
K: [0, 1]x[0, 1] > X by K(s, 2) = Gs). Then K: (0, 0) = xp and po K(s, t) = 
pod(s) = y(s) = F(s, t). By the uniqueness part of Theorem 7.4, F = K. 
Thus 5(s) = F(s, 0) = K(s, 0) = Gs). B 
Proof of Theorem 7.4. Let {0 = 59 < 5, <... <5, = 1} and {0=f) <1, 
<...<t, = 1} be partitions of [0, 1] such that for0 <i,j<n—1, 


F({[s;, Sin] X[t;, t +4) 
is contained in a fundamental open set A, , in Q. (Verify that this can be done.) 
Now wo = F(O, 0)¢ Ago. Let Ugo be the component p~'(Ag,) which 
contains x9. Since p|U9, is a homeomorphism of Up, onto Ago, it is possible 
to define F: [0, s,]x[0, t,] > X by 


F(s, t) = (p[Ugo)' ° F(s, 2). 


Now extend F to [0, s,]x{0, t,] as follows. F({s,}x[0, t,]) is connected 
(Why?) and, since F({s,}x[0, t,]) < Ajo, it is contained in p~'(A,,). Let 
U,o be the component of p~'(A,,) which contains F({s,}x[0, ¢,]). Then 
p\U,9 is a homeomorphism; define 


F(s, t) = (p|Uy0)"* ° F(s, 1) 


for (s, ft) in [s,, 52] <[0, ¢,]. This gives a continuous function F on [0, s5]x 
[0, t,]. (The domain can be written as the union of two closed sets, on each 
of these sets F is continuous, and F agrees on their intersection; hence, F is 
continuous on their union.) Continuing this process leads to a continuous 
function F: [0, 1]x[0, 1] > X such that po F = F and F(0, 0) = xo. Since 
at each stage of this construction the definition of F is unique (because p is 
a homeomorphism on each U,,), it follows that F is unique. 

The next result is called the Monodromy Theorem. To distinguish this 
from the theorem of the same name which was obtained in §3, the present 
version is referred to as‘the “‘abstract”’ theorem. Later it will be shown how 
the original theorem can be deduced from this abstract one. 


7.6 Abstract Monodromy Theorem. Let (X, p) be a covering space of Q and 
let y and o be two paths in Q with the same initial and final points. Let > and 
& be paths in X with the same initial points such that ~ and & are liftings of y 
and o respectively. If y~o (FEP) in then } and & have the same final 
points and } ~ G (FEP) in X. 


Note. Although we have not defined the concept of FEP homotopy between 
two curves in an arbitrary topological space, the definition is similar to that 
given for curves in a region of the plane (Definition IV. 6.11). 


Proof. Let w. and w, be the initial and final points, respectively, of y and co. 
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Let x) ¢p ‘(wp) such that $(0) = GO) = x9. By hypothesis there is a 
continuous function F: [0, 1]x[0, 1] > Q such that F(O, t) = w, FU, t) = 
w,, F(s, 0) = y(s), and F(s, 1) = o(s) for all s and ¢ in (0, 1]. According to 
Theorem 7.4 there is a unique continuous function F: [0, 1]x[0, 1] > X 
such that F(O, 0) = x) and po F = F. Now F({0}x[0, 1]) = {wo} and 
oo fF = F implies that F({0}x[0, 1]) < p~'(wo). But each component of 
p '(w,) consists of a single point (Exercise 4) and F({0}x [0, 1]) is connected. 
Therefore F(O, 1) = xq for all ¢. Similarly, there is a point x, such that 
F(i, t) = x, for all ¢ and p(x,) = @. 

By the uniqueness of 7 and the fact that s F(s, 0) is a path with initial 
point x, which lifts y, it must be that J(s) = F(s, 0). Similarly, 6(s) = F(s, 1). 
Therefore j(1) = G(1) = x, = FC, ¢) for all ¢, and F demonstrates that 
j ~ G(FEP) in X. 

In order to show that the Monodromy Theorem can be deduced from 
the preceding version, it is necessary to first prove a lemma. This preliminary 
result is actually the Monodromy Theorem for a disk and the reader 1s 
asked to supply an elementary proof. 


7.7 Lemma. Let (g, A) be a function element and let B be a disk such that 
A < Band (g, A) admits unrestricted analytic continuation in B. If y is a closed 
curve in B with y(O) = y(1) = ain A and {(g,, A,)} is an analytic continuation 
of (g, A) along y then [go], = [81]. 

The next theorem will facilitate the deduction of the Monodromy Theorem 
from the Abstract Monodromy Theorem. Additionally, it has some interest 
by itself. 


7.8 Theorem. Let (f, D) be a function element which admits unrestricted 
continuation in the region G, and let @ be the component of the sheaf (S(G), p) 
that contains (Zo, [f],,) for some Zo in D. Then (€, p) is a covering space of G. 


Proof. Let B be any disk such that Bc G and let YW be a component of 
p ‘(B) which is contained in @. The proof will be completed by showing 
that p maps @ homeomorphically onto B. 

Fix (a, [g],) in @; then 


7.9 Claim. (z, [h],) « & iff z¢ B and [h], is the continuation of [g], along 
some curve in B. 

In fact, if (z, [A],) is such a point then there is a curve y in p '(B)(< S(B)) 
from (a, [g],) to (z, [h],) (Theorem 5.10). Thus (z, [/],) must belong to the 
same component of p ‘(B) as does (a, [g],); that is, (z, [A],)« @. For the 
converse, let (z, [h],)<«¢ W; since W is pathwise connected (Proposition 5.7) 
there is a path in Y from (a, [g],) to (z, [A],). But this implies that [A], is the 
continuation of [g], along a path in p(W) < B (Theorem 5.10). So claim 7.9 
has been shown. 

Since (f, D) admits unrestricted continuation in G and [g], 1s a con- 
tinuation of [f],, (Zo in D), it is a trivial matter to see that [g], admits un- 
restricted continuation in B. In view of (7.9) this gives that p(@) = B. 

It only remains to prove that p|W is one-one. This amounts to showing 
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that if (5, [A],) and (6, [k],)<¢ W then [A], = [k],. But since WY is arcwise 


Let us retain the notation of the preceding theorem. Fix a in D and let 
y and o be paths in G from a to a point z = b. Suppose that {(4,, D,)} and 
{(g,, B,)} are continuations of (| D) along y and o respectively; so [fo], = 
[Zola a [/].- Now (1) am (y(2), [Silycy) and 6(t) aa (o(2), [8rloct)) are paths in 6 
(see the proof of Theorem 5.10) with the same initial point (a, [/],). More- 
over po} = yand pod = a; so j and @ are the unique liftings of y and o to 
©. According to the Abstract Monodromy Theorem, if y ~ o(FEP) in G 
then 7 and & have the same final point. That is, (5, [f,],) = 7G) = ¢() = 
(5, [g,],) so that [/,], = [g,],. This is precisely the conclusion of Theorem 3.6. 

For another application of the Abstract Monodromy Theorem we wish 
to prove that closed curves in the punctured plane are homotopic iff they 
have the same winding number about the origin. To do this let = {z: 
|z} = 1}; as we observed at the beginning of this section, if p(t) = exp (27it) 
then (R, p) is a covering space of I’. If y is any rectifiable curve in C— {0} 
it is easy to see that y is homotopic (in C— {0}) to the curve o defined by 
o({t) = y(t)/|y(d)| (Exercise IV. 6.4). So assume that |>(t)| = 1 for all ¢. 
Similarly, we can assume that y(0) = 1. 

Let } be the unique curve in R such that #(0) = O and y(t) = exp (27i}(2)). 
Since y is rectifiable it is easy to see that 7 is also rectifiable. Also 
1 | a 


ny; 0) = ani 3 
Y 


1 
L (Hl 


~ Oni) 0) 
0 


1 
1 | dexp Qri¥()) 


~ mi V(t) 
0 
1 


= | dy(t); 


0 
sO 


7.10 ny, 0) = FC) 
since $(0) = 0. 


So if o is also a closed rectifiable curve with |o(t)| = 1, o(0) = 0 = o(1) 
and n(y; 0) = n(o, 0) = n then G(1) = 9(1) = n, where é& is the unique lifting 
of o to R such that &(0) = 0. Let F: [0, 1]x[0, 1] > I be defined by 


F(s, 1) = exp {27i[(1 — Dé&(s) + t7(5)]}} 
then F(O, t) = 1 = F(1, t) (Why?) and F demonstrates that y ~c. 
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Notice that the rectifiability of y and o was only used to define the winding 
number of y and o about the origin. It is possible to extend the definition of 
winding number to non-rectifilable curves. 


7.11 Definition. If y is any closed curve in C— {0} with 7(0) = y(1) = 1, 
let y,(t) = y(t)/|y(d} and let 7 be the unique curve in R such that 7(0) = 0 
and y,(t) = exp (27i}(t)); the winding number of y about the origin is 


ny; 0) = 7). 


In view of (7.10) this definition agrees with the former definition for 
rectifiable curves. 


7.12 Theorem. Let y and o be two closed curves in C— {0} such that o(0) = 
y(0) = 1; then y~o in C— (03 iff ny; 0) = nfo; 0). 


Proof. It was shown above that if n(y; 0) = n(o; 0) then y ~ o. Conversely, 
if y ~~ o then the Abstract Monodromy Theorem implies that the liftings 
and & such that 7(0) = a(0) = 0 have the same end point. That is, n(y; 0) = 
n(a; 0). 


Exercises 


I. Suppose that CX, p) is a covering space of Q and (Q, 7) is a covering space 
of Y; prove that (X, zo p) is also a covering space of Y. 

2. Let CX, p) and (Y, c) be covering spaces of Q and A respectively. Define 
oxa: Xx Y>OQxA by (pxo) (x, y) = (p(X), o(y)) and show that (X~x Y, 
oxo) iS a covering space of Qx A. 

3. Let (Q, 4) be an analytic manifold and let CX, p) be a covering space of Q. 
Show that there is an analytic structure ® on X such that p is an analytic 
function from (CX, ®) to (Q, 9). 

4. Let CX, p) be a covering space of 2 and let w ¢ Q. Show that each com- 
ponent of p~‘(w) consists of a single point and p~ '(w) has no limit points in 
Xx. 

5. Let Q be a pathwise connected space and let CX, p) be a covering space of 
Q. If w, and w, are points in Q, show that p~ '(w,) and p~ ‘(w,) have the same 
cardinality. (Hint: Let y be a path in Q from w, to w,; if x, ¢ p~*(w,) and 
5 is the lifting of y with initial point x, = }(0), let f(x,) = 7(U). Show that 
fis a one-one map of p~'(w,) onto p~ ‘(w.).) 

6. In this exercise all spaces are regions in the plane. 

(a) Let (G, f) be a covering of Q and suppose that fis analytic; show that 
if Q is simply connected then fis one-one. (Hint: If f(z,) = f(z,) let y be a 
path in G from z, to z, and consider a certain analytic continuation along 
foy;apply the Monodromy Theorem.) 

(b) Suppose that (G,, f,) and (G2, f,) are coverings of the region Q such 
that both f, and f, are analytic. Show that if G, is simply connected then 
there is an analytic function f: G, > G, such that (G,, f) is a covering of 
G, and f, = f,°f. That is the diagram is commutative. 


Covering Spaces 251 


(c) Let (G,, f,), (G2, f2) and Q be as in part (b) and, in addition, assume 
that both G, and G, are simply connected. Show that there is a one-one 
analytic function mapping G, onto G,. 

7, Let G and Q be regions in the plane and suppose that f: G>Q is an 
analytic function such that (G, f) is a covering space of . Show that for every 
region Q, contained in Q which is simply connected there is an analytic 
function g: Q, — G such that f(g,(w)) = w for all w in OF 

8. What is a simply connected covering space of the figure eight? 

9. Give two nonhomeomorphic covering spaces of the figure eight that are 
not simply connected. 

10. Prove that the closed curve in Exercise [V.6.8 is not homotopic to zero 
in the doubly punctured plane. 


Chapter X 


Harmonic Functions 


In this chapter harmonic functions will be studied and the Dirichlet 
Problem will be solved. The Dirichlet Problem consists in determining all 
regions G such that for any continuous function /: 0G -—>R there is a con- 
tinuous function u:G~—R such that u(z) = f(z) for z in 6G and wu is 
harmonic in G. Alternately, we are asked to determine all regions G such 
that Laplace’s Equation is solvable with arbitrary boundary values. 


§1. Basic properties of harmonic functions 


We begin by recalling the following definition and giving some examples 
of harmonic functions. 


1.1 Definition. If G is an open subset of C then a function u:G—R is 
harmonic if u has continuous second partial derivatives and 


Ou a7 
sy 2 Par) = 0. 
ax ey 


This equation is called LAPLACE’S EQUATION. 

We also review the following facts about harmonic functions. 

(1) (Theorem III.2.29) A function f on a region G is analytic iff Re f = u 
and Im f = v are harmonic functions which satisfy the Cauchy-Riemann 
equations. 

(2) (Theorem VIII.2.2())) A region G is simply connected iff for each 
harmonic function u on G there is a harmonic function v on G such that 
f = utiv is analytic on G. 


1.2 Definition. If f: G > C is an analytic function then u = Re fand v = Im f 
are called harmonic conjugates. 

With this terminology, Theorem VIII.2.2(;) becomes the statement that 
every harmonic function on a simply connected region has a harmonic 
conjugate. [If uw is a harmonic function on G and D is a disk that is 
contained in G then there is a harmonic function v on D such that w+ iv ts 
analytic on D. In other words, each harmonic function has a harmonic 
conjugate locally. Finally note that if v, and v, are both harmonic 
conjugates of u then (vt, —v,)=(ut iv,)—(utiv,) is an analytic function 
whose range is contained in the imaginary axis; hence v, =v,+c¢, for some 
constant c. 


1.3 Proposition. Jf u: G > R is harmonic then u is infinitely differentiable. 


Proof. Fix zy = X9+ivo in G and let 6 be chosen such that B(z);8) € G. 
252 
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Then u has a harmonic conjugate v on B(z,;8). That is, f = u+iv is analytic 
and hence infinitely differentiable on B(z,;36). It now follows that u is 
infinitely differentiable. J 

The preceding proposition gives a property that harmonic functions share 
with analytic functions. The next result 1s the analogue of the Cauchy 
Integral Formula. 


1.4 Mean Value Theorem. If u: G > R is a harmonic function and B(a; r) 
is a Closed disk contained in G, then 


2n 


u(a) = = _ | mart rei dé 


0 


Proof. Let D be a disk such that B(a;r) < D < G and let f£ be an analytic 
function on D such that u = Re f. It is easy to deduce from Cauchy’s Integral 
Formula that 


2n 


fla) = 5, | Aare dé. 


0 


By taking the real part of each side of this equation we complete the proof. 
In order to study this property of harmonic functions we isolate it. 


1.5 Definition. A continuous function vu: G-—>R has the Mean Value Property 
(MVP) if whenever B(a;r) < G 


2n 


u(a) = 5, | + re'”) dé. 


0 


In the following section it will be shown that any continuous function 
defined on a region that has the MVP must be a harmonic function. One 
of the main tools used in showing this is the following analogue of the 
Maximum Modulus Theorem for harmonic functions. 


1.6 Maximum Principle (First Version). Let G be a region and suppose that 
u is a continuous real valued function on G with the MVP. If there is a point 
ain G such that u(a) = u(z) for all z in G then u is a constant function. 


Proof. Let the set A be defined by 
= {zeG:u(z) = u(a)}. 


Since uw is continuous the set A is closed in G. If z, < A let r be chosen such 
that B(zy:r) < G. Suppose there is a point b in B(zy;r) such that u(b) 4 u(a); 
then u(b) < u(a). By continuity, u(z) < u(a) = u(z,) for all z in a neighbor- 
hood of b. In particular, if p = |z>—b| and b = z)+pe'’, 0 < B < 2m then 
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there is a proper interval J of [0, 27] such that B ¢ J and u(zy+pe’’) < u(Zo) 
for all @in J. Hence, by the MVP 


2n 


l 
u(Zy) = a u(Zp + pe’”) dé < u(Zo), 


WT 


— 


a contradiction. So B(zy);r) < A and A is also open. By the connectedness 
of G, A = GG. 


be two bounded continuous real valued functions on G that have the MVP. If 
for each point a in the extended boundary 0,,G, 


limsupu(z)s liminf v(z) 
then either u(z)<v(z) for all z in G or u=v. 


Proof. Fix ain @,,G and for each 8 > O let G; = GM B(a;6). Then according 
to the hypothesis, 


O > lim [sup {u(z): z e G;}—inf {v(z): z € G53] 
60 
= lim [sup {u(z): z e Gs;}+sup{—v(z):z « G5}] 
60 
> lim sup {u(z)—v(z):z € G5}. 
60 


So lim sup [u(z)—v(z)] < 0 for each a in 4,,G. So it is sufficient to prove the 


theorem under the assumption that v(z) = 0 for all z in G. That is, assume 


1.8 lim sup u(z) < 0 

for all a in 0,,G and show that either u(z)<0 for all z in G or u=0. By 
virtue of the first version of the Maximum Principle, it suffices to show 
that u(z) <0 for all z in G. 

Suppose that u satisfies (1.8) and there is a point b in G with u(b)>0. 
Let «>0 be chosen so that u(b)>e and let B={ze G:u(z)>e}. If 
ae 0,,G then (1.8) implies there is a 6=6(a) such that u(z)<e for all z in 
G 7 B(a;6). Using the Lebesgue Covering Lemma, a 6 can be found that 
is independent of a. That is, there is a 6 >0 such that if ze G and 
d(z,d,,G)<6 then u(z)<e. Thus, 


Bc {zeG: dz, 0,G) > 8}. 


This gives that B is bounded in the plane; since B is clearly closed, it 1S 
compact. So if B # (1, there is a point zy, in B such that u(zZy) = u(z) for all z 
in B. Since u(z) < « for z in G—B, this gives that uw assumes a maximum 
value at a point in G. So uw must be constant. But this constant must be 
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The following corollary is a useful special case of the Maximum Principle. 


1.9 Corollary. Let G be a bounded region and suppose that w:G~ ->R is a 
continuous function that satisfies the MVP on G. If w(z)=0 for all z in 0G 
then w(z)=0 for all z in G. 


Proof. First take w = u and v = 0 in Theorem 1.7. So w(z) < 0 for all z or 
w(z) = 0. Now take w = v and uw = 0 in (1.7); so either w(z) > 0 for all z or 
w(z) = 0. Since both of these hold, w = 0. 

Even though Theorem 1.7 is called the Maximum Principle, it is also a 
Minimum Principle. For the sake of completeness, a Minimum Principle 
corresponding to Theorem 1.6 is stated below. It can be proved either by 
appealing to (1.7) or by considering the function —u and appealing to (1.6). 


1.10 Minimum Principle. Let G be a region and suppose that u is a continuous 
real valued function on G with the MVP. If there is a point a in G such that 
u(a) < u(z) for all z in G then u is a constant function. 


Exercises 
I. Show that if wis harmonic then so are u, = ae and u, = by 
2. If uw is harmonic, show that f = u,—iu, is analytic. 
3. Let p(x, y) = 3 a,x"y' for all x, y in R. 
Show that p is farnionic iff: 
(a) K(K—I)a, ;-2+/-—Ia,-.,., = Ofor2 < k,l <n; 


(b) a,-3.. = 4@,, = Ofor2 <i <n; 
(C) Qn-1 = GQ, =Ofor2<k <n. 


4. Prove that a nonconstant harmonic function on a region is an open map. 
(Hint: Use the fact that the connected subsets of R are intervals.) 

5S. Iffis analytic on G and f(z) # 0 for any z show that u = log| f|is harmonic 
on G. 

6. Let u be harmonic in G and suppose B(a;R) < G. Show that 


l 
u(a) = R | { u(x, y) dx dy. 
B(a:R) 
7. For iz| < 1 let 


Show that uw is harmonic and lim u(re'®) = 0 for all 6 Does this violate 
roi- 
Theorem 1.7? Why? 
8. Let u:G > R be a function with continuous second partial derivatives 
and define U(r, 8) = u(r cos 0, r sin 6). 
(a) Show that 
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o| eu eu pO , 00, aU 
pee — Be 4. r-~— +- eee 
Or? or 06+ 


(b) Let u have the property that it depends only on |z/ and not arg z. That 
is, u(z) = 9(|z|). Show that wu is harmonic iff u(z) = a log |z|+6 for some 
constants a and 6b. 

9. Let u:G — R be harmonic and let A = {ze G:u,(z) = u,(z) = 0}; that 
is, A is the set of zeros of the gradient of u. Can A have a limit point in G? 
10. State and prove a Schwarz Reflection Principle for harmonic functions. 
11. Deduce the Maximum Principle for analytic functions from Theorem 
1.6. 


§2. Harmonic functions on a disk 


Before studying harmonic functions in the large it is necessary to study 
them locally. That is, we must study these functions on disks. The plan is to 
study harmonic functions on the open unit disk {z:/z| < 1} and then inter- 
pret the results for arbitrary disks. Of basic importance is the Poisson kernel. 


2.4 Definition. The function 
POS > ae 


n= —- 


forO <r< land —@ < 6 < o, is called the Poisson kernel. 
Let z = re’. 0 <r < 1; then 


l+re'® 
ele (l+z)\1+z+z74+...) 
= 1425 2" 
n= 
aes 1+25 reir? 
n= 


Hence, 


l+re’ 09 
Re( reg) = 1425 #08 nt 


1—re'® n= 1 


! 


1+ y r'(e'"® 4 e7 in?) 
mo] 


(4) 


I 
ey 
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i i@ 18 _ 2 
Also ate = a oe so that 
1—re’® \i—re’?| 
1-r? 1+re'® 
22 PQ) = ———_~ = Re| ———. 
(6) 1—2r cos 6+r? : (| 


2.3 Proposition. The Poisson kernel satisfies the following: 


% 


@) 5 | RO dw =1; 


~~ 


(b) P,(@) > 0 for al. 6, P(—6) = P,(6), and P, is periodic in 8 with period 
ar; 
(c) P,(@) < PS) if0 <8 < |6| < =; 
(d) for each 8 > 0, lim P,(@) = 0 uniformly in 0 for w = |6| > 5. 
Foi 
Proof. (a) For a fixed value of r, 0 < r < 1, the series (2.1) converges 
uniformly in @. So 


9 


l 2 I ; 
ee 6) dé = i) inf dO = 
=| PO) d tant =| ei"? di l 


— 


(b) From equation (2.2), P(6) = (1—r?)|1—re|-? > 0 since r < 1. 
The rest of (b) is an equally trivial consequence of (2.2). 

(c) Let 0 <8 <6 < 7m and define f:[8, 6] >R by f(t) = P(t). Using 
(2.2), a routine calculation shows that /‘(t) < 0 so that (8) > f(6). 

(d) We must show that 


lim [sup{P,(6): 8 < |@| < r}}] = 0 


But according to part (c), P,(6) < P,(8) if 3 < |@| < 2; so it suffices to show 


Before going to the applications of the Poisson kernel, the reader should 
take time to consider the significance of Proposition 2.3. Think of P.(@) not 
as a function of r and @ but as a family of functions of 6, indexed by r. As r 
approaches | these functions converge to zero uniformly on any closed 
subinterval of [—7, 7] which does not contain @ = 0 (part d). Nevertheless, 
part (a) is still valid. So as r approaches 1, the graph of P, becomes closer to 
the 6 axis for 6 away from zero but rises sharply near zero so that 2.3(a) is 
maintained. 

The next theorem states that the Dirichlet Problem can be solved for the 
unit disk. 


2.4 Theorem. Let D = {z:|z| < 1} and suppose that f:0D — R is a continuous 
function. Then there is a continuous function u:D~—> R such that 


(a) u(z) = f(z) for z in éD; 


(b) u is harmonic in D. 
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Moreover u is unique and is defined by the formula 
ye u(re’®) = 2 | P(O—t)f(e'') dt 
2r 
tt 


forO<r<1,0<6< 2r. 


Proof. Define u:D + R by letting u(re’®) be as in (2.5) if 0 < r < 1 and 
letting u(e’’) = f(e'’). Clearly wu satisfies part (a); it remains to show that u 
is continuous on D™ and harmonic in D. 

(i) wis harmonicin D.If0 < r < 1 then 


a Vf. Pitrete 
u(re i) a | Re oe ms : ee dt 
| : I+re’” a 
= nel (pen 2a. 


sf freeze 
So define g:D > C by 


] : Seas 
g(z) = =| 4 (e"') | dt. 


Since u = Re g we need only show that g is analytic. But this is an easy 
consequence of Exercise [V.2.2. 

(ii) uw is continuous on D~. Since wis harmonic on D it only remains to 
show that wu is continuous at each point of the boundary of D. To accomplish 
this we make the following 


2.6 Claim. Given «in[—7, 7] and e > O there isa p,0 < p < 1, and an arc 
A of éD about e* such that for p < r < 1 and e’® in A, 


ju(re!) —flel)| < « 
Once claim 2.6 is proved the continuity of u at e'* is immediate since f is a 
continuous function. 
To avoid certain notational difficulties, the claim will only be proved for 
« = 0. (The general case can be obtained from this one by an argument 


which involves a rotation of the variables.) Since fis continuous at z = | 
there is a 6 > OQ such that 


l 
2.7 fe) —fM)| < xe 
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if |0| < 5. Let M = max {| f(e’’)|:|@| < 7}; from Proposition 2.3 (d) there 
is a number p, 0 < p < 1, such that 


€ 

2.8 1 

(8) < 3 

for p < r < 1 and |6| = 48. Let A be the arc {e”:|6| < 45}. Then if e® ¢ A 
andp<r<l, 


u(re™)—f(l) = 5 | P(6—nfle") dt—f() 
I 
a | P(8—ti fle") -f()] dt + rv | P0- nine") fa 
[t}<d [tq| => 


If |¢} = Sand |@) < 486 then |t—6] = 46; so from (2.7) and (2.8) it follows that 


lu(re’®) —f(1)| < 5 <+2M (55 as 


This proves Claim 2.6. 
Finally, to show that u is unique, suppose that v is a continuous function 
on D~ which is harmonic on D and v(e’®) = f(e'*) for all 6. Then u—v is 


1.9 thatu-v = 0.7 


2.9 Corollary. [f u: D~ —R is a continuous function that is harmonic in D 
then 


13 


l ; 
u(re’®) = — | P(6—t)u(e") dt 
27 
for0 <r < 1 andall 6. Moreover, u is the real part of the analytic function 


| - , 
f{@=— | o ? se!) dt. 
2a} e'—z 
Proof. The first part of the corollary is a direct consequence of the theorem. 
The second part follows from the fact that fis an analytic function (Exercise 


2.10 Corollary. Let ae C, p > 0, and suppose h is a continuous real valued 
function on {z:|z—a| = p}; then there is a unique continuous function 
w:B(a; p) > R such that w is harmonic on B(a; p) and w(z) = h(z) for |z—a! 
=p, 

Proof. Consider f(e'®) = h(a+ pe'®); then fis continuous on 0D. Ifu: D™ > R 
is a continuous function such that wu is harmonic in D and u(e'®) = f(e'®) then 
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zZ—-a\., ‘ 
it iS an easy matter to show that w(z) = ( =) is the desired function on 


_ P 
Ba; p). 

It is now possible to give the promised converse to the Mean Value 
Theorem. 


2.11 Theorem. /f u:G — R is a continuous function which has the MVP then 
u is harmonic. 


Proof. Let ae G and choose p such that B(a; p) < G; it is sufficient to show 
that u is harmonic on B(a; p). But according to Corollary 2.10 there is a 
continuous function w: B(a; p)—>R which is harmonic in B(a; p) and 
w(a+ pe’) = u(a+pe'*) for all 6. Since u—w _ satisfies the MVP and 
(uw—w\(z) = 0 for |z—al = p, it follows from Corollary 1.9 that uv = w in 
B(a; p); in particular, uw must be harmonic. 

To prove the above theorem we used Corollary 2.10, which concerns 
functions harmonic in an arbitrary disk. It 1s desirable to derive a formula 
for the Poisson kernel of an arbitrary disk; to do this one need only make a 
change of variables in the formula (2.2). 

If R > O then substituting r/R for r in the middle of (2.2) gives 

R?—-r 


9 iy (eee 


for 0 <r < Rand all @. So if uw is continuous on B(a; R) and harmonic in 
Bia; R) then 


2.13 sige esa eels (a+ Re’) dt 
. ee ca (arse gre el cane opa aee u(a+ Re 
TE NF Rp R eos =r 


Now (2.12) can also be written 


eae Se ee ee << —— , 
R+r” R?—2rRceos (@—t)+r?” R—r 


If u > 0 then equation (2.13) yields the following. 


2.14 Harnack’s Inequality. Jf u: B(a; R)—R is continuous, harmonic in 
Bia; R), and u > 0 then forO0 <r < Randall 6 


R—r R+r 
= y(a) <= Ware"). =< ——— ula 
Rae (a) ( ) Roy (a) 


Before proceeding, the reader is advised to review the relevant definitions 
and properties of the metric space C(G, R) (Section VII.1). 
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2.15 Definition. If G is an open subset of C then Har(G) 1s the space of 
harmonic functions on G. Since Har(G)< C(G, R) it is given the metric that 
it inherits from C(G,R). 


2.16 Harnack’s Theorem. Let G be a region. (a) The metric space Har(G) is 
complete. (b) If {u,} is a sequence in Har(G) such that u, < u, <... then 
either u,(z) > 00 uniformly on compact subsets of G or {u,} converges in 
Har(G) to a harmonic function. 


Proof. (a) To show that Har(G) is complete, it is sufficient to show that it is 
a closed subspace of C(G, R). So let {u,} be a sequence in Har(G) such that 
u, -~uin C(G, R). Then (Lemma IV.2.7) it follows that u has the MVP and 
so, by Theorem 2.11, uw must be harmonic. 

(b) We may assume that u, > 0 (if not, consider {u,—u,}). Let u(z) 
= sup {u,(z):2 > 1} for each z in G. So for each z in G one of two possi- 
bilities occurs: u(z) = 00 or u(z)e R and u,(z) > u(z). 

Define 
A = {zeG:u(z) = wo} 


B= {zeG:u(z) < o}; 
then G = AU Band AO B = (). We will show that both A and B are open. 
If a eG, let R be chosen such that B(a; R) < G. By Harnack’s inequality 


R—|z—al 
2.17 Re ea u,{a) < u,(z) < 


R+\|z—a 
Ro|e—a u,(a) 

for all z in B(a; R) and alln > 1. If ae A then u,(a) — o so that the left half 
of (2.17) gives that u,(z) — oo for all z in B(a; R). That is, B(a; R) © A and 
so A is open. In a similar fashion, if a ¢ B then the right half of (2.17) gives 
that u(z) < oo for |z—a| < R. That is Bis open. 

Since G is connected, either A = G or B = G. Suppose A = G; that is 
u= oo. Againif B(a; R) < GandO < p < Rthen M = (R—p\R+p) '>0 
and (2.17) gives that M u,(a) < u,(z) for |z—al < p. Hence u,(z) > 
uniformly for z in B(a; p). In other words, we have shown that for each a in 
G there is a p > 0 such that u,(z) > oo uniformly for |z—a| < p. From this 
it is easy to deduce that u,(z) — oo uniformly for z in any compact set. 

Now suppose B = G, or that u(z) < o0 for all z in G. If p < R, then for 
m < n Harnack’s Inequality applied to the positive harmonic function u, — u,, 
implies there is a constant C depending only on p and R such that 


O< u,(Z) , Um (Z) Ss Clu, (a) _ u,,(a)| 


for |z—a|<p. Thus, {u,(z)} is a uniformly Cauchy sequence on 
Bia; p). It follows that {u,} is a Cauchy sequence in Har(G) and so, by part 
(a), must converge to a harmonic function. Since u,(z) > u(z), u is this 


It is possible to give alternate proofs of Harnack’s Theorem. One involves 
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applying Dini’s Theorem (Exercise VII.1.6). Another involves using the 
Monotone Convergence Theorem from measure theory to obtain that u has 
the MVP. However, both these approaches necessitate proving that the 
function w is continuous. This is rather easy to accomplish by appealing to 
(2.17) and the fact that u,(z) > u(z) for all z; these facts imply that 


R-—|z-a R+|z—al 


Rae al u(a) < u(z) < eae u(a) 
Hence 
=2|z~a ema, 
R+\z—-' u(a) < u(z)—u(a) < ae u(a); 
or 
2 \zZ— 
ue) ula] < ag MO 


So as z > a, it is clear that u(z) — u(a). 


Exercises 


1. Let D = {z:|z| < 1} and suppose that f: D” — Cis a continuous function 
such that both Re fand Im fare harmonic. Show that 


. l 
fre) = =| f(e")P,(8—t) dt 
2a 
for all re'® in D. Using Definition 2.1 show that fis analytic on D iff 


| feel" de = 0 


for alln > I. 
2. In the statement of Theorem 2.4 suppose that f is piecewise continuous 
on 2D. Is the conclusion of the theorem still valid? If not, what parts of the 
conclusion remain true? 
3, Met PD e475 2) <1 ScD 4207) 1) 
(a) Show that if g:D~ —C is a continuous function and g,:T > C its 
defined by g,(z) = g(rz) then g,(z) > g(z) uniformly for zin Tasr>1-. 
(b) If f:T—> C is a continuous function define f:D~ +> C by f(z) = f(z) 
for zin T and 


f(re®) = oa | f(e")P.(@ — t) dt 


(So Ref and Imf are harmonic in D). Define f:7->C by f.(z)=f(rz). 
Show that for each r< I there is a sequence { p,(z,z)} of polynomials in z 
and z such that p,(z,z)->/,(z) uniformly for z in 7. (Hint: Use Definition 
2.1.) 
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(c) Weierstrass approximation theorem for T. If f: T—>C is a continuous 
function then there is a sequence { p,(z,z)} of polynomials in z and z such 
that p,(z,z)->f(z) uniformly for z in T. 

(d) Suppose g:[0,1]—C is a continuous function such that g(0)= g(1). 
Use part (c) to show that there is a sequence { p,} of polynomials such that 
p,(0—-g(2) uniformly for ¢ in [0, 1]. 

(e) Weierstrass approximation theorem for [0,1]. If ¢:[0,1]-C is a 
continuous function then there is a sequence {p,} of polynomials such 
that p,(f)-g(2) uniformly for ¢ in [0,1]. (Hint: Apply part (d) to the 
function g(f)+(1— 1) g(1) + te(0).) 

(f) Show that if the function g in part (e) is real valued then the 
polynomials can be chosen with real coefficients. 

4. Let G be a simply connected region and let I be its closure in C,,; 
0,.G = [~—G. Suppose there is a homeomorphism » of [ onto D°™(D 
=: {z:|z| < 1}) such that ¢ is analytic on G. 

(a) Show that ¢(G) = D and 9¢(¢,,G) = aD. 

(b) Show that if f:2,,G > R is a continuous function then there is a 
continuous function w:T —R such that u(z) = f(z) for z in ¢,,G and wu is 
harmonic in G. 

(c) Suppose that the function f in part (b) is not assumed to be con- 
tinuous at oo. Show that there is a continuous function u:G~ — R such that 
u(z) = f(z) for z in 0G and wu is harmonic in G (see Exercise 2). 

5. Let G be an open set, ae G, and Gy = G— {a}. Suppose that uw is a har- 
monic function on Gog such that lim u(z) exists and is equal to A. Show that 


if U:G > R is defined by-U(z) = u{z) for z 4 a and U(a) = A then U is 
harmonic on G. 


6. Let f: {z:Re z = 0} ~ R be a bounded continuous function and define 
u:{z:Re z>0}—R by 


oO 


u(x+iy) = : | 


— 


xf(it) 
x? +(y—t)? ‘is 


Show that wis a bounded harmonic function on the right half plane such that 
for cin R, fic) = lim u(z). 

7. Let D={z:|z|<1} and suppose f: dD-»R is continuous except for a 
jump discontinuity at z=1. Define u: D-R by (2.5). Show that w is 
harmonic. Let v be a harmonic conjugate of u. What can you say about 
the behavior of v(r) as r->1—? What about v(re”) as r-1— and 0-0? 


§3. Subharmonic and superharmonic functions 


In order to solve the Dirichlet Problem generalizations of harmonic 
functions are introduced. According to Theorem 2.11, a function is harmonic 
exactly when it has the MVP. With this in mind, the choice of terminology in 
the next definition becomes appropriate. 


264 Harmonic Functions 


3.1 Definition. Let G be a region and let g¢:G — R be a continuous function. 
gp is a subharmonic function if whenever B(a;r) < G, 


2R 


] , 
g(a) < ae ( g(a+re'®) dé. 


0 


g is a superharmonic function if whenever B(a; r) < G, 


2n 


l 
g(a) > =| g(atre') dé. 


0 


The first comment that should be made is that » is superharmonic iff —» 
is subharmonic. Because of this, only the results on subharmonic functions 
will be given and it will be left to the reader to state the analogous result for 
superharmonic functions. Nevertheless, we will often quote results on 
superharmonic functions as though they had been stated in detail. 

In the definition of a subharmonic function ¢ it is possible to assume 
only that p is upper semi-continuous. However this would make it necessary 
to use the Lebesgue Integral in the definition instead of the Riemann Integral. 
So it is assumed that m is continuous when 9 is subharmonic even though 
there are certain technical advantages that accrue if only upper semi- 
continuity is assumed. 

Clearly every harmonic function is subharmonic as well as superharmonic. 
In fact, according to Theorem 2.11, uw is harmonic iff u is both subharmonic 
and superharmonic. If », and oy, are subharmonic then so is a,9,+429, 
if a,, a, = 0. 

It is interesting to see which of the results on harmonic functions also 
hold for subharmonic functions. One of the most important of these is the 
Maximum Principle. 


3.2 Maximum Principle (Third Version). Let G be a region and let p:G > R 
be a subharmonic function. If there is a point a in G with oa) = ¢(z) for all z 
in G then ¢ is a constant function. 

The proof is the same as the proof of the first version of the Maximum 
Principle. (Notice that only the Minimum Principle holds for superharmonic 
functions.) 

The second version of the Maximum Principle can also be extended, but 
here both subharmonic and superharmonic functions must be used. 


3.3 Maximum Principle (Fourth Version). Let G be a region and let » and 
be bounded real valued functions defined on G such that o is subharmonic and 
y is superharmonic. If for each point a in 0,G 


lim sup 9{z) < lim inf ¥(z), 


z~>a4 za 


then either o(z) < Y(z) for allzin G or g = and ¢ is harmonic. 
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Again, the proof is identical to that of Theorem 1.7 and will not be 
repeated here. 

Notice that we have not excluded the possibility that a subharmonic 
function may assume a minimum value. Indeed, this does happen. For 
example, g(x, y) = x7+y? is a subharmonic function and it assumes a 
minimum at the origin. This failure of the Minimum Principle is due to the 
fact that if u has the MVP then so does —u; however, if » is subharmonic 
then — is never subharmonic unless it is harmonic. 

When we say that a function satisfies the Maximum Principle, we refer 
to the third version. That is, we suppose that it does not assume a maximum 
value in G unless it is constant. 


3.4 Theorem. Let G be a region and »:G -» R a continuous function. Then > is 
subharmonic iff for every region G, contained in G and every harmonic function 
u, on G,, p—U, Satisfies the Maximum Principle on G,. 


Proof. Suppose that » is subharmonic and G, and uy, are as in the statement 
of the theorem. Then o—wx, is clearly subharmonic and must satisfy the 
Maximum Principle. 

Now suppose @ is continuous and has the stated property; let B(a, r) C G. 
According to Corollary 2.10 there is a continuous function u: B(a,r) > R 
which is harmonic in B(a;r) and u(z)= (z) for jz — a|=r. By hy- 
pothesis, m — u satisfies the Maximum Principle. But (@ — u)(z) = 0 for 
lz -al|=r.Sog <u and 


2R 


g(a) <u(a) ap | wat re) do 


0 


I 


2n 


| i 
= xq | oat re ) dé. 
6 


Therefore is subharmonic. 


3.5 Corollary. Let G be a region and »:G—>R a continuous function; then » 
is subharmonic iff for every bounded region G, such that G, <G and for 
every continuous function u,:G, —R that is harmonic in G, and satisfies 
@(z)S u,(z) for z on 0G,,9(2z) S u,(z) for z in G,. 


3.6 Corollary. Let G be a region and ~, and ¢, subharmonic functions on 
G; if o(z) = max{y,(z), ¢2(z)} for each z in G then p is a subharmonic 
function. 


Proof. Let G, be a region such that Gf < G and let u, be a continuous 
function on G[ which is harmonic on G, with o{z) < u,(z) for all z in eG,. 
Then both 9,(z) and ¢,(z) < u,(z) on @G,. From Corollary 3.5 we get that 
g,(z) and ¢,(z) < u,(z) for all z in G,. So o(z) < u,(z) for z in G,, and, 
again by Corollary 3.5, p is subharmonic. 
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3.7 Corollary. Let » be a subharmonic function on a region G and let 
Bia; r) < G. Let o' be the function defined on G by: 


(i) p'(z) = ez) if ze G— Bia; r); 

(ii) @’ is the continuous function on Bla; r) which is harmonic in B(a; r) 
and agrees with p(z) for |z—al| = r. 

Then gy’ is subharmonic. 


The proof is left to the reader. 

As was mentioned at the beginning of this section, one of the purposes 
in studying subharmonic functions is that they enter into the solution of the 
Dirichlet Problem. Indeed, the fourth version of the Maximum Principle 
gives an insight into how this occurs. If G is a region and u:G” > Risa 
continuous function (G@~ = the closure in C,,) which is harmonic in G, then 
g{z) < u(z) for all z in G and for all subharmonic functions @ which satisfy 


za 


function we arrive at the trivial result that 


3.8 u(z) = sup {¢(z):¢ is subharmonic and lim sup 9(z) < u(a)forallain é,,G}. 
Za 
Although this is a trivial statement, it is nevertheless a beacon that points 
the way to a solution of the Dirichlet Problem. Equation (3.8) says that if 
f:od,,G—R is a continuous function and if f can be extended to a function 
u that is harmonic on G, then u can be obtained from a set of sub- 
harmonic functions which are defined solely in terms of the boundary 
values f. This leads to the following definition. 


3.9 Definition. If G is a region and f:¢,,G — R is a continuous function then 
the Perron Family, ACf, G), consists of all subharmonic functions p:G—>R 
such that 

lim sup ¢({z) < f(a) 


for all ain ¢,,G. 

Since f is continuous, there is a constant M such that | f(a); < M for all 
ain 0,G. So the constant function — M is in Af, G) and the Perron Family 
is never empty. 

If u:G”~ —R is a continuous function which is harmonic in G and 
f = uje,,G then (3.8) becomes 


3.10 u(z) = sup ip(z):pe AF, G)} 


for each z in G. Conversely, if f is given and wu is defined by (3.10) then u 
must be the solution of the Dirichlet Problem with boundary values /; that 
is, provided the Dirichlet Problem can be solved. In order to show that 
(3.10) is a solution two questions must be answered affirmatively. 


(a) Is u harmonic in G? 
(b) Does lim u(z) = f(a) for each a in ¢,G? 


27a 
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The first question can always be answered “‘Yes”’’ and this is shown in 
the next theorem. The second question sometimes has a negative answer and 
an example will be given which demonstrates this. However, it 1s possible to 
impose geometrical restrictions on G which guarantee that the answer to 
(b) is always yes for any continuous function f. This will be done in the next 
section. 


3.11 Theorem. Let G be a region and f:¢,,G — R a continuous function; then 
u(z) = sup {¢(z):~ « Af, G)} defines a harmonic function u on G. 


Proof. Let | f(a@)| < M for all ae 0,,G. The proof begins by noting that 
3.12 g(z) < M for all z in G, pin Af, G) 
This follows because, by definition, lim sup g(z) < M whenever pe Af, G); 


so (3.12) is a direct consequence of the Maximum Principle. 

Fix a in G and let B(a; r) < G. Then u(a) = sup {9(a):9e ALF, G)}; 
so there is a sequence {g,} in A(f, G) such that u(a) = lim ¢g,(a). Let 
®, = max {y,,...,9,}3 by Corollary 3.6 ®, is subharmonic. Let ©) be the 
subharmonic function on G such that ®’(z) = ®,(z) for z in G— B(a; r) and 
®’ is harmonic on B(a; r) (Corollary 3.7). It is left to the reader to verify the 
following statements: 


3.13 Os O14, 
3.14 P, < Y, < OF 
3.15 De Af, G). 


Because of (3.15), ®/(a) < u(a); from (3.14) and the choice of {p,}, this gives 
that 


3.16 u(a) = lim ®/(a). 


Moreover, statement (3.12) gives that ®’ < M for all n; so using (3.13), 
Harnack’s Theorem implies that there is a harmonic function U on B(a; r) 
such that U(z) = lim ®/(z) uniformly for z in any proper subdisk of B(a; r). It 
follows from (3.15) and (3.16) that U < u and U(a) = u(a), respectively. 

Now let z,. ¢ Bla; r) and let {/,$ be a sequence in A(f, G) such that 
u(Zo) = lim ¥,(Z). 

Let y, = max {o,, %,}, X, = max {y,,..., x,}, and let Y, be the sub- 
harmonic function which agrees with X, off B(a; r) and is harmonic in 
B(a; r). As above, this leads to a harmonic function Uy on B(a; r) such that 
Uy <u and U,(z9) = u(zo). But O, < X, so that 07 < X/. Hence 
U< U, <u and U(a) = U,(a) = u(a). Therefore U—Up is a negative 
harmonic function on B(a; r) and (U—U,)(a) = 0. By the Maximum 
Principle, U = Uy); so U(zp9) = u(zo). Since zg was arbitrary, uw = U in 
B(a; r). That is, uw is harmonic on every disk contained in G. [J 


3.17 Definition. Let G be a region and let f:¢,,G—R be a continuous 
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function. The harmonic function uw obtained in the preceding theorem is 
called the Perron Function associated with f. 

The next step in solving the Dirichlet Problem is to prove that for each 
point ain dG lim u(z) exists and equals f(a). As was mentioned earlier, this 
does not always hold. The following example illustrates this phenomenon. 

Let G-= {7.0 = 12)-<.1 sy Paes 1S s0-eG = 7 10). Define 
f.eG >R by f(z) = Oif ze T and f(0) = 1. For 0 < « < IJ let uz) = (log 
lz|) dog «)~*; then u, is harmonic in G, uz) > 0 for z in G, uz) = 0 for 
z in 7, and uz) = 1 if |z| = «. Suppose that ve Af, G); since | f| < 1, 
v(z) <1 for all z in G. If R, = {z:e <|z| <1} then lim sup o(z) < u.(@ 


for all ain dR,; by the Maximum Principle, v(z) < u,(z) for all z in R,. Since 
e was arbitrary this gives that for each z in G, v(z) < lim uz) = 0. Hence 


€-> 


the Perron function associated with f is the identically zero function, and 
the Dirichlet Problem cannot be solved for the punctured disk. (Another 
proof of this is available by using Exercise 2.5 and the Maximum Principle.) 


Exercises 


1. Which of the following functions are subharmonic? superharmonic? 
harmonic? neither subharmonic nor superharmonic? (a) (x, y) = x*+y?; 
(b) ox, y) = x°—y*; (C) ox, y) = x? +y; (d) Ox, y) = x’; (©) Ox, Y) 
= x+y"; (f) p(x, y) = x—y’. 
2. Let Subhar(G) and Superhar(G) denote, respectively, the sets of sub- 
harmonic and superharmonic functions on G. 

(a) Show that Subhar(G) and Superhar(G) are closed subsets of C(G; R). 

(b) Does a version of Harnack’s Theorem hold for subharmonic and 
superharmonic functions? 
3. (This exercise is difficult.) If G is a region and if f:d0,G >-R is a 
continuous function let u,; be the Perron Function associated with f. This 
defines a map T: C(d,,G;R) — Har(G) by T(f) = u,. Prove: 

(a) T is linear (Le., T(a,f, + a,f,) = a,T(f,) + a,T(f,)). 

(b) Tis positive (.e., if f(a) => O for all ain 0,G then T(/\(z) = 0 for all 
zin G). 

(c) T is continuous. Moreover, if {f,} is a sequence in C(¢,,G; R) such 
that f, > f uniformly then T(f,) > T(/) uniformly on G. 

(d) If the Dirichlet Problem can be solved for G then T is one-one. Is the 
converse true? 
4. In the hypothesis of Theorem 3.11, suppose only that f is a bounded 
function on ¢,,G; prove that the conclusion remains valid. (This is useful if 
G is an unbounded region and g is a bounded continuous function on dG. 
If we define f:¢,,G — R by f(z) = g(z) for z in 6G and f(o) = 0 then the 
conclusion of Theorem 3.11 remains valid. Of course there is no reason to 
expect that the harmonic function will have predictable behavior near oo — 
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we could have assigned any value to f(0o). However, the behavior near points 
of eG can be studied with hope of success.) 

5. Show that the requirement that G, is bounded in Corollary 3.5 is 
necessary. 

6. If f: G ~ Q is analytic and »: 2 > R is subharmonic, show that oo f 
is subharmonic if f is one-one. What happens if f’(z) # 0 for all z in G? 


§4. The Dirichlet Problem 


4.1 Definition. A region G is called a Dirichlet Region if the Dirichlet Problem 
can be solved for G. That is, G is a Dirichlet Region if for each continuous 
function f: 0,,G — R there is a continuous function u:G~ —> R such that wu is 
harmonic in G and u(z) = f(z) for all z in 0,,G. 

We have already seen that a disk is a Dirichlet Region, but the 
punctured disk is not. In this section, we will see conditions that are 
sufficient for a region to be a Dirichlet Region. The first step in this 
direction is to suppose that there are functions which can be used to 
restrict the behavior of the Perron Functions near the boundary. 

For a set G and a point a in 2,,G, let Gia; r) = GQ Ba; r) for all r > 0. 


4.2 Definition. Let G be a region and let a¢ @,G. A barrier for G at a is a 
family {%,:r > 0} of functions such that: 


(a) y, 1s defined and superharmonic on G(a;r) with O< ¥,(z)< 1; 
(b) lim ¥,(z) = 0; 


(c) ie ¥{z) = 1 forwinGoO {w:|w—al = r}. 


zw 


The following observation is useful: if f, is defined by letting ¥, = %, on 
G(a; r) andy,(z) = 1 for z in G— B(a; r), then, is superharmonic. (Verify!) 
So the functions “approach” the function which is one everywhere but 
z = a, where it is zero. The second observation which must be made is that 
if G is a Dirichlet Region then there is a barrier for G at each point of 2,,G. 
In fact, if aed,G (a # «) and f(z) = |z—al(1+|z—al)"' for z # 
with f(0c) = 1, then f is continuous on @,G; so there is a continuous 
function u:G~ -> R such that u is harmonic on G and u(z) = f(z) for z in 
0,G. In particular, u(a) = 0 and a is the only zero of u in G” (Why?) 
Let c, = inf {u(z):/z~—a| = r, z¢€G} = min {u(z):|z—al =r, zeG™} > 0. 


I 

Define ¥,:G(a; r) > R by %,(z) = — min {u(z), c,}. It is left to the reader to 
Cy 

check that {,} is a barrier. 


The next result provides a converse to the above facts. 


4.3 Theorem. Let G be a region and let ae 0,,G such that there is a barrier for 
G at a. If f:0,,G — R is continuous and u is the Perron Function associated 
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with f then 

lim u(z) = f(a) 
Proof. Let {},:r > 0} be a barrier for G at a and for convenience assume 
a # 00; also assume that f(a) = 0 (otherwise consider the function f—/(a)). 
Let « > 0 and choose 5 > 0 such that |f(w)| < « whenever we 0,,G and 
iw—a| < 28; let ¥ = ¥. Let y:G>R be defined by f(z) = ¥(z) for z in 
Ga; 8) and (z) = 1 for z in G—B(a; 4). Then yw is superharmonic. If 
| f(w)| < M for all w in ¢,,G, then — Mi —« is subharmonic. 
4.4 Claim. —-My—« is in Pf, G). 
If we 0,G— B(a; 8) then lim sup [—Miy(z)—«] = —M-—e < f(w). Because 
W(z) = 0, it follows that lim sup [—Mi(z)—«] < —e for all win @,G. In 
particular, if we @,,G O B(a; 8) then lim sup [—My(z)—«] < —« < f(w) by 


zw 


the choice of 8. This substantiates Claim 4.4. Hence 


4.5 — Mi(z)—e < u(z) 
for all z in G. 


A similar analysis yields 


lim inf [Mip(z)+«] = lim sup ¢(z) 


zw Zw 


for all g in AL, G) and w in @,G. By the fourth version of the Maximum 
Principle, o(z) < Mi(z)+« for p in Af, G) and z in G. Hence 


u(z) < Mi(z)+¢; 
or, combining this with (4.5), 
4.6 ~Mi(z)—« < uz) < My(z)+e« 


for all z in G. But lim f(z) = lim ¥(z) = 0; since e was arbitrary, (4.6) gives 
that Za z-7o8 


lim u(z) = 0 = f(a). 


Z7a 


This completes the proof. 
Notice that the purpose of the barrier was to construct the function wy 
which ‘“‘squeezed”” u down to zero. 


4.7 Corollary. A region G is a Dirichlet Region iff there is a barrier for G at 
each point of 0,,G. 

The above corollary is not the solution to the problem of characterizing 
Dirichlet Regions. True, it gives a necessary and sufficient condition that a 
region be a Dirichlet Region and this condition is formally weaker than the 
definition. However, there are aesthetic and practical difficulties with Corol- 
lary 4.7. One difficulty is that the condition in (4.7) is not easily verified. 
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Another difficulty is that it is essentially the same type of condition as the 
definition; both hypothesize the existence of functions with prescribed 
boundary behavior. 

What is desired? Both tradition and aesthetics dictate that we strive for 
a topological-geometric condition on G which is necessary and sufficient 
that G be a Dirichlet Region. Such conditions are usually easy to verify for 
a given region, and the equivalence of a geometric property and an analytic 
one is the type of beauty after which most mathematicians strive. At the 
present time no such equivalence is known and we must be content with 
sufficient conditions. 


4.8 Lemma. Let G be a region in € and let S be a closed connected subset of 
C,, -~G such that 0 € S and SO0,G = {a}. If Go is the component of 
C ,, — S that contains G then Gy is a simply connected region in the plane. 


Proof. Let Go, G,,... be the components of C,,—S with G < Go; note that 
each G, is a region in C. If ze 0,G, then G, U {z} is connected (Exercise 
II.2.1). Since G, is a component it follows that @,G, < S. By Lemma 


11.2.6 G,U S (= G, U S) is connected and, consequently, so is U (G,U S) 


= C,, — Gg. In virtue of Theorem VIII.2.2(c), Gp is simply snnccee: 


4.9 Theorem. Let G be a region in C and suppose that a¢ @,,G such that the 
component of C,, -G which contains a does not reduce to a point. Then G has a 
barrier at a. 


Proof. Let S be the component of C,, — G such that a € S. By considering 
an appropriate Mébius transformation if necessary, we may assume that 
a = 0 and oo € S. Let Gy be the component of C ,, — S which contains G. 
The preceding lemma gives that Gy is simply connected; since 0 € G, there 
is a branch ? of log z defined on Gp. In particular 7 is defined on G. For 
r > 0, let &(z) = &(z) — logr for z in G(O; r). So —Z(G(O; r)) is a subset 
of the right half plane. Now let C. = GM {z: |z| =r}; then C, is the union 
of at most a countable number of pairwise disjoint open arcs y, in 
{Z:|zZ}=r}. But —2€(y,) = (io,, iB.) = {it:a,<t<B,} for k>1. 
Hence 


—¢(C,) = YU (ic, IB,) 


and these intervals are pairwise disjoint. Furthermore, the length of y, is 
r(B, — %); SO 


4.10 >. (B, — %;) < 2. 
k=1 


Now if log is the principal branch of the logarithm then 


h,(z) = Im re (2 =) 
k 
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is harmonic in the right half piane and 0 < 4,(z) < m for Re z > 0 (See 
Exercise III.3.19). Moreover 


4.11 h(x+ as 
ih iy) = x Z(y—1) 
if x > 0. From (4.11) it follows that 
hf{x+iy) < 
LAlxt) s bata aren ia 


Since each , = 0, Harnack’s Theorem gives that h = : h, is harmonic in 


the right half plane. Hence 
l 
b,(Z) = i h (- t(z)) 
is harmonic in G(0; r). It will be shown that {w,} is a barrier at 0. 
Fix r > 0; then hy Re [—24(z)] = +0. So it suffices to show that 
h(z) +0 as Re z—> i Using (4.11) and (4.10) it follows that for x > 0, 


h(x-+iy) = ah h(x + iy) 
k= 1 


So, indeed, lim A(x+iy) = 0 uniformly in y; this gives that nus w(z) = 0. 
x7 + 0 


To prove that lim %,(z) = 1 for w in G with |w| = r, it is sufficient to 
prove that es 


4.12 lim A(z) = vw if «, < c < f, for some k 


So fix k > 1 and fix c in («,, B,). The following will be proved. 


4.13 Claim. There are numbers « and f such that « < & < 8, < 6 and if 


u(z) = Im log (==), 
a ad 


v(z) = Im oe (; = 
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then x > 0 and «& < y < B, implies 0 < A(x+iy)—A,(xt+iy) < uxt) 
+v(x+iy). 
Once 4.13 is established, Equation 4.12 is proved as follows. From Exercise 


III.3.19, 
v(x+iy) = arctan (2=*) — arctan (=) 
x 


so if x+iy ic, c < B, < B, then v(x+iy) > 0. 
Similarly u(x+iy) > 0 as x+iy > ic, with « < a, <c¢. 
Hence, Claim 4.13 yields 


4.14 lim [A(z) —h,{z)] = 0. 


But 
h,(x+iy) = arctan (2 = *) — arctan (” = rt) 
x x 


so lim 4,(z) = 7; this combined with (4.14) implies Equation (4.12). 


zZ7ic 


It remains to substantiate Claim 4.13; we argue geometrically. Recall 
(Exercise [II.3.19) that A,(z) is the angle in the figure. Consider all the 
intervals (ia ;, i8;) lying above (i«,, i8,) and translate them downward along 
the imaginary axis, keeping them above (i«,, i8,) until their endpoints 
coincide and such that one of the endpoints coincides with if,. Since 
(B;—«,;) < 27 there is a number 8 < (8,+2:) such that each of the trans- 
lated intervals lies in (f,, i8). Now if z = x+iy, x > 0 and a, < y < B,, 
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then the angle / (z) increases as the interval (i«,, (8 ;) is translated downward. 
Hence «, < Imz < f, implies 


4.15 SAz) < v(z), 
J 


where v is as in the statement of the claim and the sum is over all j such that 
«x, 2 B,. By performing a similar upward translation of the intervals (ix,, 
i8;) with B; < o,, there is a number « < (q,—27) such that the translates 
lie in the interval (ix, ia,). So ifwis as in the claim and a, < Imz < &,, 


4.16 dh j2) < uz) 


where the sum is over all j with 8; < «,. By combining (4.15) and (4.16) the 
claim is established. §f 


4.17 Corollary. Let G be a region such that no component of C,,—-G reduces 
to a point; then G is a Dirichlet Region. 


4.18 Corollary. A simply connected region is a Dirichlet Region. 


Proof. If G # C the result is clear since C,,—G has only one component. 
If G = C then the result is trivial. 
Theorem 4.9 has no converse as the following example illustrates. Let 


l>r,>1r,>...with r+, +0; for each n let y, be a proper closed arc of 
the circle |z| = r, with length V(y,). Put G = B(0; 1) — (U fy} 0 {0}] and 
suppose that lim V(y,)/r, = 22. So C 0 U conve {22 \z| > 1}, 


According to Theorem 4.9 there is a barrier at each soit of ¢0,,G = 0G with 
the possible exception of zero. We will show that there is also a barrier at zero. 


Ifr,-, >r > yr, and ifm > a, let B, = BO; rn)- U (V7) Leth, be the 
continuous function on BY which is harmonic on B. ah h,(Z) = 1 for 
jz) = randh,(z) = 0 for z in s iy,;3. Then (h,,} is a decreasing sequence of 


jun 
positive harmonic functions on G(Q; r); by Harnack’s Theorem {h,,} con- 
verges to a harmonic function h on G(0; r) which is also positive (Why?) 
Since lim A(z) = 1 for |w] = r, we need only show that lim A(z) = 0. Let k,, 

zw z—70 
be the harmonic function on B(O; r,,) which is 0 on {y,,} and 1 on {z:]z 
= rm}— {Ym} (this does not have continuous boundary values, only piecewise 
continuous boundary values which are sufficient—see Exercise 2.2). Then 
0<A<k,,on BO; r,,) and 
2n 


k,,(O) = | killer’) dé 
6 
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Since A —> 2, k, (0) > 0; it follows that h(z) > 0 as z > 0. Thus, G has 


ia) 


a barrier at zero. 


Exercises 


l 


1. Let G = B(O; 1) and find a barrier for G at each point of the boundary. 
2. Let G = C—(o, O] and construct a barrier for each point of 0,G. 

3. Let G be a region and a a point in ¢,,G such that there is a harmonic 
function u:G — R with lim u{z) = O and lim inf u(z) > 0 for all w in é,G, 
w % a. Show that there is a barrier for G at a. 

4. This exercise asks for an easier proof of a special case of Theorem 4.9. 
Let G be a bounded region and let a ¢ @G such that there is a point b with 
[a, |} OG” = {a}. Show that G has a barrier at a. (Hint: Consider the 
transformation (z—a)(z—b)7'.) 


§5. Green’s Function 


In this section Green’s Function is introduced and its existence is dis- 
cussed. Green’s Function plays a vital role in differential equations and other 
fields of analysis. 


5.1 Definition. Let G be a region in the plane and let a € G. A Green’s 
Function of G with singularity at a is a function g,:G — {a} —> R with the 
properties: 

(a) g, is harmonic in G— {a}; 

(b) G(z) = g,(z)+log |z—a| is harmonic in a disk about a 

(c) lim g,(z) = 0 for each w in 0,G. 

For a given region G and a point a in G, g, need not exist. However, if it 
exists, it is unique. In fact if h, has the same properties, then, from (b), 
h, — %, 18 harmonic in G. But (c) implies that = [A,(z) — g,(z)] = 0 for 


every win 0,G; soh, = g, by virtue of the Maximum Principle. 
A second observation i is that a Green’s Function is positive. In fact, g, is 
harmonic in G — {a} and lim B8al2) = = +00 since g,(z) + log|z — a| is 


harmonic at z =a. By the ‘Maximum Principle, g,(z) > 0 for all z in 
G — {a}. 

Given this observation it 1s easy to see that C has no Green’s Function 
with a singularity at zero (or a singularity at any point, for that matter). In 
fact, suppose gp is the Green’s Function with singularity at zero and put 
g = —8,;50 g(z) < 0 for all z. We will show g must be a constant function, 
which is a contradiction. To do this, it is sufficient to show that if 0 # z, 
# z, #0 then g(z,) < g(z;). If « > O then there is a 6 > 0 such that 
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lg(z)—2(z,)| < « if |z;—-z) < 8; so g(z) < g(z,)+e if jz—z,, < 6. Let 
r > |24—-2,| > 6; then 


is harmonic in C— {z, }. It is left to the reader to check that g(z) < A,(z) 
for z on the boundary of the annulus A = {2:8 < |z—z,| < r}. By the Maxi- 
mum Principle, g(z) < h,(z) for z in A; in particular, 4,(z,) = g(z,). Letting 
r—> oo we get 

8(Z2) s lim AZ.) = gla) +; 


since « was arbitrary, g(z,) < g(z,) and g must be a constant function. 
When do Green’s Functions exist? 


5.2 Theorem. /f G is a bounded Dirichlet Region then for each a in G there is 
a Green’s Function on G with singularity at a. 


Proof. Define f:6€G > R by f(z) = log |z—a), and let u:G” —R be the 
unique continuous function which is harmonic on G and such that u(z)=/f(z) 
for z in eG. Then gz) = u(z)—log |z—al is easily seen to be the Green’s 
Function. 

This section will close with one last result which says that Green’s 
Functions are conformal invariants. 


5.3 Theorem. Let G and Q be regions such that there is a one-one analytic 
function f of G onto Q; let ae G and « = f(a). If g, and y, are the Green’s 
Functions for G and Q with singularities a and « respectively, then 


&a(Z) = vi(f(Z))- 


Proof. Let ¢:G —R be defined by ¢ = y,° f. To show that 9 = g, it 1s 
sufficient to show that » has the properties of the Green’s Function with 
singularity at z = a. Clearly » is harmonic in G— {a}. If we oe,G then 
lim g(z) = 0 will follow if it can be shown that lim 9({z,) = 0 for any sequence 


zw 


{z,}in G with z, > w. But {f(z,)} is a sequence in Q and so there is a sub- 
sequence {z,, } such that f(z,,) > @ in Q” (closure in C,,). So y,(f(Z,,)) > 9. 
Since this happens for any convergent subsequence of { f(z,)} it follows that 
lim ¢(z,) = lim y,(/(,)) = 0. Hence lim ¢(z) = 0 for every w in ¢€,.G. 
Finally, taking the power series expansion of f about z = a, 

f(z) = a+A,(z—a)+A,(z—a)*+...; 
or 

f(z)—« = (z—-a[A,+A,(z-a)+.. |]. 
Hence 


5.4 log! f(z) —«| = log|z—a|+A(z), 
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where A(z) = log |A,+A,(z—a)+...| is harmonic near z = a since A, # 0. 
Suppose that y,(w) = AGw)—log|w—«| where A is a harmonic function 
on 2, Using (5.4) 
pz) = A(f(z)) — log) f(z) — «| 
[A(f(z)) —A(z)] —log|z —al. 
Since Ao f—A is harmonic near z = a, 9(z)+log |z—a/ is harmonic near 


2— Qa, 


i 
' 
t 


Exercises 


1. (a) Let G be a simply connected region, let a eG, and let f:G ~ D = {z: 
|Z] < 1} be a one-one analytic function such that f(G) = D and f(a) = 0. 
Show that the Green’s Function on G with singularity at ais g,(z) = —log 
el 

(b) Find the Green’s Functions for each of the following regions: 

(i) G = C—(o, 0]; Gi) G = {z:Rez > 03; (im) G = {2:0 < Imz < 27}. 
2. Let g, be the Green’s Function on a region G with singularity at z = a. 
Prove that if % is a positive superharmonic function on G— {a} with lim inf 
[¥(z)+log |z—al] > — oo, then g,(z) < Wz) for z # a. 
3. This exercise gives a proof of the Riemann Mapping Theorem where it is 
assumed that if G is a simply connected region, G # C, then: (4) C,,—G is 
connected, (i1) every harmonic function on G has a harmonic conjugate, 
(ai) if a ¢ G then a branch of log(z—a) can be defined. 

(a) Let G be a bounded simply connected region and let a € G; prove that 
there is a Green’s Function g, on G with singularity at a. Let u(z) = g,(z) 
+log)z—a| and let v be the harmonic conjugate of uv. If g = u+tiv let 
f(z) = e(z~—a)e~*™ for a real number «. (So fis analytic in G.) Prove that 
| f(2| = exp (~g,(z)) and that lim |f(z)| = 1 for each w in €G (Compare this 
with Exercise 1). Prove that for 0 <r < 1, C, = {z:|f(z)| = r} consists of 
a finite number of simple closed curves in G (see Exercise VI.1.3). Let G. 
be a component of {z:|f(z)| < r} and apply Rouché’s Theorem to get that 
f(z) = 0 and f(z)—wW» = 0, [wo] < r, have the same number of solutions in 
G,. Prove that fis one-one on G,. From here conclude that f(G) = D = {z: 
lz| < 1} and f(a) > 0, for a suitable choice of «. 

(b) Let G be a simply connected region with G # C, but assume that G 
is unbounded and 0, 0 ¢ 0, G. Let @ be a branch of log z on G, ae G, and 
« = ¢(a). Show that “is one-one on G and ¢(z) # «+2ai for any z in G. 
Prove that o(z) = [¢(z)~«-—2zi]~' is a conformal map of G onto a bounded 
simply connected region in the plane. (Show that @ omits all values in a 
neighborhood of «+ 27.) 

(c) Combine parts (a) and (b) to prove the Riemann Mapping Theorem. 


4. (a) Let G be a region such that ¢G = y is a simple continuously differen- 
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tiable closed curve. If f:eG ~ R is continuous and g(z, a) = g,(z) is the 
Green’s Function on G with singularity at a, show that 


5.5 h(a) = | f@ ~ (z, a) ds 


Y 


is a formula for the solution of the Dirichlet Problem with boundary values /; 
CG besa aot 

where = is the derivative of g in the direction of the outward normal to y and 
C 


ds indicates that the integral is with respect to arc length. (Note: these con- 
cepts are not discussed in this book but the formula ts sufficiently interesting 
so as to merit presentation.) (Hint: Apply Green’s formula 


Ov C 

| uae vAu| dx dy = {| = —v =| ds 
cn Cn 

fe 


oQ 


(b) Show that if G = {z: |z| < 1} then (5.5) reduces to equation (2.5). 


Chapter XI 


Entire Functions 


To begin this chapter, let us recall the Weierstrass Factorization Theorem 
for entire functions (VII. 5.14). Let f be an entire function with a zero of 
multiplicity m > Oat z = 0; let {a@,} the zeros of f, a, # 0, arranged so that 
a zero of multiplicity & is repeated in this sequence & times. Also assume 


that la,| < Ja,| < .... If {p,} is a sequence of integers such that 
y Patil 

0.1 —— < © 
> (ia) 

for every r > 0 then 

0.2 P(z) = sa BAZ) 


converges uniformly on compact subsets of the plane, where 


Ze z? 
0.3 E,(z) = (1—z) exp (: +o+...4 4 
- Pp 
for p => 1 and 
E,(z) = l—z 
Consequently 
0.4 f(z) = 2™ e% P(z) 


where g is an entire function. An interesting line of investigation begins if we 
ask the questions: What properties of fcan be deduced if g and P are assumed 
to have certain “nice”? properties? Can restrictions be imposed on f which 
will imply that g and P have particular properties? The plan that will be 
adopted in answering these questions is to assume that g and P have certain 
characteristics, deduce the implied properties of f, and then try to prove the 
converse of this implication. 

How to begin? Clearly the first restriction on g in this program is to 
suppose that it is a polynomial. It is equally clear that such an assumption 
must impose a growth condition on e%”. A convenient assumption on P is 
that all the integers p, are equal. From equation (0.1), we see that this is to 
assume that there is an integer p > 1 such that 


9.) 
Dd, |an? = 00; 
n=1 
that is, it is an assumption on the growth rate of the zeros of /. In the first 
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section of this chapter Jensen’s Formula is deduced. Jensen’s Formula says 
that there is a relation between the growth rate of the zeros of f and the 
growth of M(r) = sup {|f(re'®)|: 0 < @ < 2m} as r increases. In succeeding 
sections we study the growth of the zeros of fand the growth of M(r). Finally, 
the chapter culminates in the beautiful factorization theorem of Hadamard 
which shows an intimate relation between the growth rate of M(r) and these 
assumptions on g and P. 


§1. Jensen’s Formula 


If fis analytic in an open set containing B(0; r) and f doesn’t vanish in 
BO; r) then log | f| is harmonic there. Hence it has the Mean Value Property 
(X. 1.4); that is 


20 
I 


11 log |/(O)| = 5- | log | f(re'®)| 0. 


0 


Suppose f has exactly one zero a = re’* on the circle [z| = r. If g(z) = f(z) 
(z—a)~/ then (1.1) can be applied to g to obtain 


2n 


l : ; 
log a(0) = 3 | {log |/rel)|—Iog fre—re't 


0 


Since log |g(0)| = log | f(0)|—log r, it will follow that (1.1) remains valid 
where f has a single zero on |z| = r, if it can be shown that 


2n 
1 
=| log |re'° —re’*| d@ = logr; 
20 
0 
alternately, if it can be shown that 
2m 
| log |1—e"| do = 0. 
0 
But this follows from the fact that 
2n 
| log (sin? 20) dd = — 4m log 2 
0 


(Exercise V. 2.2(h)). So (1.1) remains valid if f has a single zero on Z| =F; 
by induction, (1.1) is valid as long as f has no zeros in B(O; r). 

The next step is to examine what happens if f has zeros inside B(O; r). 
In this case, log | f(z)| is no longer harmonic so that the MVP is not present. 


1.2 Jensen’s Formula. Let f be an analytic function on a region containing 
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B(0O; r) and suppose that a,,..., a, are the zeros of f in B(O;r) repeated 
according to multiplicity. If {(Q) # 0 then 
2n 


‘ 1 | 
log |f(0)| = — » log (5) te x | log | f(re’")| dé. 
§ 


k=] 


Proof. If \b| < 1 then the map (z—5) (1—6z)~* takes the disk B(O; 1) onto 
itself and maps the boundary onto itself. Hence 


r?(z—a,) 


r*—G,2 


maps B(0; r) onto itself and takes the boundary to the boundary. Therefore 


Fe) = se) | [ 
== zZ — 
it r(z—a) 
is analytic in an open set containing B(0; r), has no zeros in B(O; r), and 
|F(z)| = |f(z)| for jz| = r. So (1.1) applies to F to give 


2K 


I 
log |F(0)| = = | log [flre™)| 48. 
However 


F(0) = f(0) | 


If the same methods are used but the MVP is eae by Corollary X. 2.9, 
log | f(z)| can be found for z # a,,1 < k <n. 


1.3 Poisson-Jensen Formula. Let f be analytic in a region which contains 
B(O; r) and let a,,..., a, be the zeros of f in B(O; r) repeated according to 
multiplicity. If |z| < r and f(z) # 90 then 
2” 
| +2 
— | Re (Sr =) le fre!®)| dO. 
2m re 
0 


ni 


log |f(2)| = — > log F 


k=1 


aw a,Z 


r(zZ ~ a,) 


Exercises 


1. In the hypothesis of Jensen’s Formula, do not suppose that f(0) # 0. 
Show that if f has a zero at z = 0 of multiplicity m then 


Qn 
(m0 
log i +mliogr= — - tog (7 =) “- x | log | f(re'®)| dé. 
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2. Let f be an entire function, M(r) = sup {| f(re'®)|: 0 < @ < 27}, n(r) = 
the number of zeros of fin B(O; r) counted according to multiplicity. Suppose 
that (0) = 1 and show that n(r) log 2 < log M(2r). 

3. In Jensen’s Formula do not suppose that fis analytic in a region containing 
B(O; r) but only that fis meromorphic with no pole at z = 0. Evaluate 


an 
fa.) 


I | 
we | log | f(re’’), dé. 
2a 


0 


4, (a) Using the notation of Exercise 2, prove that 


where @,,...,4, are the zeros of f in B(O; r). 

(b) Let f be meromorphic without a pole at z = 0 and let xv(r) be the 
number of zeros of f in B(O; r) minus the number of poles (each counted 
according to multiplicity). Evaluate 


r 


[wea 
i 


0 


5. Let D = B(O; 1) and suppose that f: D — C is an analytic function which 
is bounded. 

(a) If {a,} are the non-zero zeros of fin D counted according to multi- 
plicity, prove that )(1—1/a,|) < 90. (Hint: Use Proposition VII. 5.4). 

(b) If f has a zero at z = 0 of multiplicity m > 0, prove that f(z) = 
z™ B(z) exp (—#(z)) where B is a Blaschke Product (Exercise VII. 5.4) and g 
is an analytic function on D with Reg (z) => --log M (M = sup {| f(z): 
Iz] < 1). 


§2. The genus and order of an entire function 


2.1 Definition. Let f be an entire function with zeros {a,, a,,...}, repeated 
according to multiplicity and arranged such that ia,| < |a,, < .... Then 
fis of finite rank if there is an integer p such that 


2.2 


CAM aie ao 


ims 


n 


If p is the smallest integer such that this occurs, then fis said fo be of rank p; 
a function with only a finite number of zeros has rank 0. A function is of 
infinite rank if it is not of finite rank. 
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From equation (0.1) it is seen that if fhas finite rank p then the canonical 
product P in (0.4) can be taken to be 


2.3 P(z) = T] Ep(e/a,). 


Notice that if fis of finite rank and p is any integer larger than the rank 
of f, then (2.2) remains valid. So there is a second canonical product (2.3), 
and this shows that the factorization (0.4) of fis not unique. However, if the 
product P is defined by (2.3) where p is the rank of f then the factorization 
(0.4) is unique except that g may be replaced by g+2zmi for any integer m. 


2.4 Definition. Let {be an entire function of rank p with zeros {a,, a,,...}. 
Then the product defined in (2.3) is said to be in standard form for f. If fis 
understood then it will be said to be in standard form. 


2.5 Definition. An entire function f has finite genus if f has finite rank and if 
f(@) = z™ e P(z), 


where P is in standard form, and g is a polynomial. If p is the rank of f 
and q is the degree of the polynomial g, then w = max (p, gq) is called the 
genus of f. 

Notice that the genus of fis a well defined integer because once P is in 
standard form, then g is uniquely determined up to adding a multiple of 27i. 
In particular, the degree of g is determined. 


2.6 Theorem. Let f be an entire function of genus . For each positive number 
a there is a number rg such that for |z| > ro 


|Z(2)| < exp (e|z|/**") 


Proof. Since fis an entire function of genus pu 
co 
f(z) = z™e™ TT E,(z/a,), 
n= 1 


where g is a polynomial of degree <p. Notice that if |z| < 4 then 


24 log |E,(z)| = Re {log 1—z)+z+...+2"/y} 
Re ¢ — ade. ghee nse al piel, est 
etl pre 


I IZ) 
a a 
4 feat t 3 +. 


< |z/**'0+44+()?+...) 


Sze 


l 


IA 


Also 


BAZ} SC iz) OXp C2) aaa Z|" (1); 
so that 


log |E,(z)| < log (1+ |z|])+|z|+...+|z|*/u. 
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Hence, 
log |E, (2) 


ee 


lim 0 


So if A > 0 then there is a number R > O such that 
2.8 log |E,(z)| < Alz|**", |z| > R. 


But on {z: $< |z| < R} the function |zj\"“*" log |E,(z)| is continuous 
except at z = +1, where it tends to — 00. Hence there is a constant B > 0 
such that 


2.9 log: |B) = Bizh?, 4 =) 2] 4K. 
Combining (2.7), (2.8), and (2.9) gives that 
2.10 log |E,(z)| < M|zj*** 


for all z in C, where M = max {2, A, B}. 
Since ¥'Ja,|~“*") < oo, an integer N can be chosen so that 


n=N+1 
But, using (2.10), 
00 | So eee a ne 
2.11 Be. log |£,(z/a,)| S ae a a < 5 ger 


Now notice that in the derivation of (2.8), A could be chosen as small as 
desired by taking R sufficiently large. So choose r,; > 0 such that 


log |E,(z)| < re Izi#*4) for Izi > ry. 


If rr, = max {la,|r,, [a2] 71,-.., |@y] 7, } then 


N 
> log |E,(z/a,)| < oe for |z| > rp. 


n=] 


Combining this with (2.11) gives that 
2.12 log |P(z)| = > log |E,(z/a,)| < <|zI"*? 
n= = 


for |z| > r,. Since g is a polynomial of degree <p, 


m log |z|+/g(z)| _ 
ae ~ 


lim 


Z-* oO 


0. 


So there is an r; > 0 such that m log |z| + |g(z)| <4 [z|"*? for |z| > r3. 
Together with (2.12) this yields 
log |f(z)| < @ |z|**" 
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for |z| > ro = max {r,, r;}. By taking the exponential of both sides, the 
desired inequality is obtained. 
The preceding theorem says that by restricting the rate of growth of the 
zeros of the entire function f(z) = z” exp g(z)P(z) and by requiring that g 
be a polynomial, then the growth of M(r) = max {| f(re'®)|: 0 < 6 < 2r} is 
dominated by exp (a|z|“**) for some » and any « > 0. 
We wish to prove the converse to this result. 


2.13 Definition. An entire function f is of finite order if there is a positive 
constant a and anr, > O such that | f(z)| < exp ({z|*) for |z| > ro. If fis not 
of finite order then f is of infinite order. 

If fis of finite order then the number A = inf {a: | /f(z)| < exp (jz/|*) for 
\z| sufficiently large} is called the order of f. 

Notice that if | f(z)| < exp (jz|°) for jz| > r, > land b > athen |f(z)| < 
exp (|z|"). The next proposition is an immediate consequence of this obser- 
vation. 


2.14 Proposition. Let f be an entire function of finite order ». If « > 0 then 
| f(z)| < exp (|z|**) for all z with |z| sufficiently large; and a z can be found, 
with |z| as large as desired, such that | f(z)| = exp (|z|*~9). 

Although the definition of order seems a priori weaker than the con- 
clusion of Theorem 2.6, they are, in fact, equivalent. The reader is asked to 
show this for himself in Exercise 3. 

So it is desirable to know if every function of finite order has finite genus 
(a converse of Theorem 2.6). That this is in fact the case is a result of 
Hadamard’s Factorization Theorem, proved in the next section. 

The proof of the next proposition is left to the reader. 


2.15 Proposition. Let f be an entire function of order 4 and let M(r) = max 
Uf: |z| = 1}; then 
log log M(r) 
X = lim sup ——--————_- 
sae log r 
Consider the function f(z) = exp (e’); then | f(z)| = exp (Re e”) = exp 
(e’ cos 6) if z = re'®. Hence M(r) = exp (e’) and 
loglogM(r) or 
log r ~ jogr’ 
thus, f is of infinite order. On the other hand if g(z) = exp(z”), n> 1, 
then |g(z)| = exp (Re z”) = exp(r” cos n@). Hence M(r) = exp (r”) and so 
log log M(r) 
oe ed 
log r 


3 


thus g is of order n. For further examples see Exercise 7. 
Using this terminology, Theorem 2.6 can be rephrased as follows 


2.16 Corollary. [ff is an entire function of finite genus p then f is of finite order 
Acsp+l. 
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Exercises 


1. Let f(z) = ez be an entire function of finite genus «; prove that 


lim c,(ntyi/@r) = 0, 
(Hint: Use Cauchy’s Estimate.) 
2. Let f, and f, be entire functions of finite orders A, and A, respectively. 
Show that f = f,+/, has finite order A and A < max (A,, 43). Show that 
A = max (A,, A,) if A, # A, and give an example which shows that A < max 
(A,, Az) with f # 0. 
3. Suppose f is an entire function and A, B, a are positive constants such 
that there is a r, with | f(z)| < exp(Ajz|* + B) for |z| > ro. Show that f is 
of finite order < a. 
4. Prove that if fis an entire function of order A then f’ also has order A. 
5. Let f(z) = )c,z” be an entire function and define the number @ by 
a = lim inf — 108 al 
ham A1OZH 
(a) Show that if f has finite order then a > 0. (Hint: If the order of f is 
hd and B > A show that |c,| < r-"exp(r”) for sufficiently large r, and find 
the minimum value of this expression.) 
(b) Suppose that 0 < « < oo and show that for any « > 0, € < a, there 
is an integer p such that |c,|'/" < n”~@"° for n > p. Conclude that for 
z| = r > | there is a constant A such that 


TZ )ss Ar > (= 


(c) Let p be as in part (b) and let N be the largest integer <(2r)'/"~®. 
Take r sufficiently large so that N > p and show that 


at ee : in 4 | Lae) 
” | = <land > | = < Bexp((2r)’ log r} 
a= N+) A : n=p+) i 


where B is a constant which does not depend on r. 

(d) Use parts (b) and (c) to show that if 0 < « < oo then f has finite 
order Aand A < a, 

(e) Prove that f is of finite order iff « > 0, and if f has order A then 
Azali, 


6. Find the order of each of the following functions: (a) sin z; (b) cos z; 
(c) cosh Wie (d) 5) n~*"z" where a > 0. (Hint: For part (d) use Exercise 5.) 
n=1 


7. Let f, and f, be entire functions of finite order A,, A,; show that f= f; fa 


8. Let {a,} be a sequence of non-zero complex numbers. Let p = inf {a: 
\" |a,|~ 7 < o©}; the number p is called the exponent of convergence of (4,)}. 
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(a) If fis an entire function of rank p then the exponent of convergence 
p of the non-zero zeros of f satisfies: p < p < p+l. 

(b) If p'= the exponent of convergence of {a,} then for every « > 0, 
Slash eo oorand, bla) (ee 0), 

(c) Let f be an entire function of order A and let {a,, a,,...} be the non- 
zero zeros of f counted according to multiplicity. If p is the exponent of 


convergence of {a,} prove that p < A. (Hint: See the proof of (3.5) in the 
next section.) 


(d) Let P(z) = I] E(z/a,) be a canonical product of rank p, and let p 


be the exponent of convergence of {a,}. Prove that the order of P is p. 
(Hint: If A is the order of P, p < A; assume that |a,| < |a,| <... and fix z, 
lz] > 1. Choose N such that ja,| < 2 |z| ifm < Nand |a,| > 2 |z| ifn = N 
+ 1. Treating the cases p < p+1 and p = p+l1 separately, use (2.7) to show 


that for some € > 0 
3 log |E (2) 


n=Nt+1 
Prove that for |z} > 4, log |E,(z)| < B|z)? where Bis a constant independent 
of z. Use this to prove that 
(2) 


N 
» lo 
for some constant C independent of z.) 
9. Find the order of the following entire functions: 


Crier I (l=a2), 0< jal <1 


(b) f(z) = [ ( ie i) 


(c) f(z) = ion 


a Alger, 


mC ge 


§3. Hadamard Factorization Theorem 


In this section the converse of Corollary 2.16 is proved; that is each 
function of finite order has finite genus. Since a function of finite genus can 
be factored in a particularly pleasing way this gives a factorization theorem. 


3.1 Lemma. Let f be a non-constant entire function of order 4 with f(0) & 0 
and let {a,, a,,...} be the zeros of f counted according to multiplicity and 
arranged so that |a,| < |a,| <.... If an integer p > A—1 then 


oh if a eee ce 
d:?| f(z) er 7 Nee ae 


= i 


LOT 2 Oe ans xs 
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Proof. Let n = n(r) = the number of zeros of fin B(O; r); according to the 


Poisson-Jensen formula 
1 ‘a ev" +z 
ree | Re (Fa eBid 4 log | f(re')| dé 
oT re 
0 


for |z| < r. Using Exercise 1 and Leibniz’s rule for differentiating under an 
integral sign this gives 


oe > (z—a,)"* + > G,(r? —a,z)~ 


n 


log |f(2)| = — >, bee], g 


k=] 


— A,Z 


r(z— a) 


] oh a 
+ = | 2re'(re'® —z)~* log | f(re’®)| dé 
re 
0 


for |z| < rand z # a,,...,a,. Differentiating p times yields: 
d? | £2) : 
Se eaclh See ee ee te ee p- i ' col aa go ee spol 
os Fo] p! > (ana +i! Da (Pa 
| i0;,,,i0 —p-2 id 
+(pt+i)l 2re'’(re’’ —Z) log | f(re’")| dé. 
0 


Now as + — 00, n(r) > © so that the result will follow if it can be shown that 
the last two summands in (3.2) tend to zero as r ~ oO. 

To see that the second sum converges to zero let r > 2)z|; then ja.) <r 
gives |r? —-d,z| > 4r? so that (|| |r?-az/7')?** < (2/ryer, Hence the 
second summand is dominated by n(r) (2/r)?**. But it is an easy consequence 
of Jensen’s Formula (see Exercise 1.2) that log 2n(r) < log M(2r). Since fis 
of order 4, for any « > 0 and r sufficiently large 


(log 2)n(r)r7 ?*) < log[M(2r)]r7?*)) 


i pAta-(ptlgate 


But p+1 > so that « may be chosen with (At+e)—(p+l1) < 0. Hence 
n(r) (2/r)?*! -> 0 as r > 00; that is, the second summand in (3.2) converges 
to zero. 

To show that the integral in (3.2) converges to zero notice that 


Qn 

i re'(re’® —z)-?-* dd = 0 

0 
since this integral is a multiple of the integral of (w—z)~?~* around the 
circle |w| = r and this function has a primitive. So the value of the integral 
in (3.2) remains unchanged if we substitute log |f|—log M(r) for log [/\. 
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So for 2|z| < r, the absolute value of the integral in (3.2) is dominated by 


2m 
I 
3.3 (ply 2eF a e) =| [log M(r) —log | f(re'*)|] dé. 
0 


But according to Jensen’s Formula, 


2% 
] , 
5, | fe | f(re’’)| dé = 0 
20 

0 


since f(0) = 1. Also log M(r) < r’** for sufficiently large r so that (3.3) is 
dominated by 
(p+ 1)! apt 3paAte-(ptl) 


As before, « can be chosen so that r*7*~ 7") +0 as r— o. 

Note that the preceding lemma implicitly assumes that f has infinitely 
many zeros. However, if f has only a finite number of zeros then the sum in 
Lemma 3.1 becomes a finite sum and the lemma remains valid. 


3.4 Hadamard’s Factorization Theorem. /f f is an entire function of finite 
order X then f has finite genus p < 4X. 


Proof. Let p be the largest integer less than or equal to A; sop < A < p+tl. 
The first step in the proof is to show that f has finite rank and that the rank | 
is not larger than p. So let {a,, a,,...} be the zeros of f counted according 


to multiplicity and arranged such that |a,| < |a,| < .... It must be shown 
that 
3.5 pe es ate eo 08 


i= 


There is no loss in generality in assuming that f(0) = 1. Indeed, if f has 
a zero at the origin of multiplicity m and M(r) = max {|/(z)|: |z| = r} then 
for any « > Oand |z] =r 


log |f(z)z~™| < log [M()r7"] 
< r’**—mlogr 


if r is sufficiently large. So f(z)z~™ is an entire function of order A with no 
zero at the origin. Since multiplication by a scalar does not affect the order, 
the assumption that (0) = 1 is justified. _ 

Let n(r) = the number of zeros of f in B(O; 7). It follows (Exercise 1.2) 
that [log 2]n(r) < log M(2r). Since fhas order 4, log M(2r) < (2r)2 +7 for any 
«> Osothat lim n(r)r7@*° = 0. Hence n(r) < r*** for sufficiently large 
r. Since |a,| < |a,| <...,k < n(la,|) <|a,|*** for all & larger than some 
integer k,. Hence, 

la,| Pt) < Ko etDIA+e 
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for k > ky. So if « is chosen with At+e < p+] (recall that A < p+1) then 
y |a,| 27 is dominated by a convergent series; (3.5) now follows. 
Let f(z) = P(z) exp (g(z)) where P is a canonical product in standard 
form. Hence for z #4 a 
3 oe P'(z) 


fe ~&?* Pe 


Using Lemma 3.1 gives that 


os) 7 . d? P’(z) 
pt > (a, ~Z) & + 2/52 | 


However it is easy to show that 


ad? | Pz) ' = ~(p+i 
raked sl aia alll 


for z # a;, @,,.... Hence g*') = 0 and g must be a polynomial of degree 
<p. So the genus of f< p < A. 

As an application of Hadamard’s Theorem a special case of Picard’s 
Theorem can be proved. This theorem is proved in full generality in the next 
chapter. 


3.6 Theorem. Let f be an entire function of finite order, then f assumes each 
complex number with one possible exception. 


Proof. Suppose there are complex numbers « and 8, « # 8, such that f(z) # « 
and f(z) # Bforallzin C. So f—« is an entire function that never vanishes; 
hence there is an entire function g such that f(z)—« = exp g(z). Since f has 
finite order, so does f—«; by Hadamard’s Theorem g must be a polynomial. 
But exp g(z) never assumes the value 8—« and this means that g(z) never 
assumes the value log (8—«), a contradiction to the Fundamental Theorem 
of Algebra. 

One might ask how many times f assumes a given value a. If g is a 
polynomial of degree n > 1, then every « is assumed exactly n times. How- 
ever f = e% assumes each value (with the exception of zero) an infinite number 
times. Since the order of e% is n (see Exercise 2.5) the next result lends some 
confusion to this problem; the confusion will be alleviated in the next chapter. 


3.7 Theorem. Let f be an entire function of finite order 4 where A is not an 
integer; then f has infinitely many zeros. 


Proof. Suppose f has only a finite number of zeros {a,, a2,..., 4,$ counted 
according to multiplicity. Then f(z) = e%(z—a,)...(z—a,) for an entire 
function g. By Hadamard’s Theorem, g is a polynomial of degree <A. But 
it is easy to see that f and e% have the same order. Since the order of e? is the 
degree of g, A must be an integer. This completes the proof. 
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3.8 Corollary. [ff is an entire function of order A and A is not an integer then f 
assumes each complex value an infinite number of times. 


Proof. If «<f(C), apply the preceding theorem to f—a. 


Exercises 


1. Let f be analytic in a region G and suppose that fis not identically zero. 
Let Go = G—{z: f(z) = 0} and define h: Gy >R by A(z) = log |f(z). 
Show that a — = = f on Go. 
Ox oy 

2. Refer to Exercise 2.7 and show that if A, # A, then A = max(A,, A,). 
3. (a) Let f and g be entire functions of finite order 4 and suppose that 
f(a,) = g(a,) for a sequence {a,} such that ¥ |a,|~¢*? = oo. Show that! 
f = g. 

(b) Use Exercise 2.8 to show that if f, g and {a,} are as in part (a) with 
S’ |a,|" 7%"? = oo for some ¢ > 0 then f = g. 

(c) Find all entire functions f of finite order such that f(log n) = n. 


(d) Give an example of an entire function with zeros {log 2, log 3,...} 
and no other zeros. 


Chapter XII 


The Range of an Analytic Function 


In this chapter the range of an analytic function is investigated. A generic 
problem of this type is the following: Let ¥ be a family of analytic functions 
on a region G which satisfy some property P. What can be said about /(G) 
for each fin *? Are the sets /(G) uniformly big in some sense? Does there 
exist a ball B(a; r) such that f(G) > Ba; r) for each fin F ? Needless to say, 
the answers to such questions depend on the property P that is used to 
define F. 

In fact there are a few theorems of this type that have already been 
encountered. For example, the Casorati-Weierstrass Theorem says that if 
G = {z:0 < |z~—a) <r} and ¥ is the set of analytic functions on G with 
an essential singularity at z = a, then for each 6, 0 < 6 < r, and each fin 
F f(ann (a; 0; 6)) is dense in C (V. 1.21). Recall (Exercise V. 1.13) that if fis 
entire and f(1/z) has a pole at z = 0, then fis a polynomial. So if fis not a 
polynomial then f/(1/z) has an essential singularity at z = 0. So as a corollary 
to the Casorati-Weierstrass Theorem, f(C) is dense in C for each entire 
function Gf fis a polynomial then f(C) = ©). 

This chapter will culminate in the Great Picard Theorem that sub- 
stantially improves the Casorati-Weierstrass Theorem. Indeed, it states that 
if f has an essential singularity at z = a then f(ann (a; 0; 95)) is equal to the 
entire plane with possibly one point deleted. Moreover, f assumes each of 
the values in this punctured disk an infinite number of times. (See Exercise 
V. 1.10.) As above, this yields that f(C) is also the whole plane, with one 
possible point deleted, whenever fis an entire function. This is known as the 
Little Picard Theorem. However, this latter result will be obtained inde- 
pendently. 

Before these theorems of Picard are proved, it 1s necessary to obtain 
further results about the range of an analytic functton—which results are of 
interest in themselves. 


§7. Bloch’s Theorem 


To fit the result referred to in the title of this section into the general 
questions posed in the introduction, let D = B(O; 1) and let ¥ be the family 
of all functions f analytic on a region containing D™ such that f(0) = 0 
and f’(0) = 1. How “big” can f(D) be? Put another way: because /’(0) = 
1 4 0, fis not constant and so f(D) is open. That is, f(D) must contain a 
disk of positive radius. As a consequence of Bloch’s Theorem, there is a 
positive constant B such that f(G) contains a disk of radius B for each fin F. 
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1.1 Lemma. Let f be analytic in D = {z: |z| < 1} and suppose that f(0) = 0, 
f'(0) = 1, and| f(z)| < M for all zin D. Then M = 1 and f(D) > B(O;1/6M). 


Proof. Let O0<r< 1 and f(z) = z+a,z*+...; according to Cauchy’s 
Estimate |a,| < M/r" forn > 1. So 1 = |a,| < M. If |z| = (4M)! then 


f@)| > zl — Y, lane" 


> (4M)! — y M(4M)"" 


= (4M)"1-(16M—4)7! 


> (6M)7! 
since M > 1. 
Suppose |w| < (6M)~!; it will be shown that g(z) = f(z)—w has a zero. 
In fact, for |z| = (4M)~', |f(z)—g(z)| = |w| < (6M)! < |f(2)|. So, by 
Rouché’s Theorem, f and g have the same number of zeros in B(O; 1/44). 


1.2 Lemma. Suppose g is analytic on B(O; R), g(0) = 0, |g'(0)| = uw > 0, and 
\g@(z)| < M for all z, then 
Rot 
BO; R)) > Bl 0; —— 
(BQO; R)) ( : é) 
Proof. Let f(z) = [Rg’ (0)]"‘g(Rz) for |z| < 1; then f is analytic on D = 
{z: |z| < 1}, f(0) = 0, f’'(0) = I, and | f(z)| < M/.R for all z in D. According 
to the preceding lemma, f(D) > B(O; »R/6M). If this is translated in terms 
of the original function g, the lemma is proved. 


1.3 Lemma. Let f be an analytic function on the disk Bla; r) such that 
If (2—-f'(@| < [f'(a)| for all z in Bla; r), z # a; then f is one-one. 


Proof. Suppose z, and z, are points in B(a; r) and z, # z>. If y is the line 
segment [z,, Z,| then an application of the triangle inequality yields 


fe) fea) = [f° ae| 
> |[r@a| -|[r@-re@le 


> If'@ lz1-221 - | If @-F'O) lel. 


Using the hypothesis, this gives | f(z,)—f(z)| > 0 so that f(z,) # f(z,) and 


1.4 Bloch’s Theorem. Let f be an analytic function on a region containing the 
closure of the disk D = {z: |z| < 1} and satisfying f(0) = 0, f'(0) = 1. Then 
there is a disk S < D on which f is one-one and such that f(S) contains a disk 
of radius 1/72. 
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Proof. Let K(r) = max {/f’(z)): |z| =r} and let AV) = (1—r)K(r). It is 
easy to see that A: [0, 1] > R is continuous, A(0) = 1, A(1) = 0. Let ry = 
sup {r: A(r) = 1}; then A(ro) = 1, ro < 1, and A(r) < 1 if r > rg (Why?). 
Let a be chosen with |a) = ry and | f’(a)| = K(r,); then 
1.5 F'@| = (l-ro)™?. 
Now if |z—a| < 4(l—ro) = po, |z] < $(1+1ro); since rp < 4 (1+rq), the 
definition of rg gives 
1.6 if’) < KG(U+ro)) 

= hGU +r)) (1-40. +r)" 

< (I-40 +r)? 

= 1/po 
for |[z~a| < p . Combining (1.5) and (1.6) gives 

IFO-f@ < [fl + |F@ 
< 3/2po. 


According to Schwarz’s Lemma, this implies that 


3\z—a| 


IP (2)—-f'(@| < 57 
is 


for z in B(a; po). Hence if ze S = Ba; tpo), 


1 f 
£@-S@l <5— = '@l 

Po 
By Lemma 1.4, fis one-one on S. 

It remains to show that f(.S) contains a disk of radius 1/72. For this 
define g: B(O; 4p) > C by g(z) = f(z+a)—fla) then g(0) = 0, |g’) = 
f'(a)| = (2p,)7*. If ze B(O; 4p,) then the line segment y = [a, z+a] lies 
in S < B(a; po). So by (1.6) 


le(2)l = || £'Gw) a} 


lA 
S | 
Nv 


Applying Lemma 1.2 gives that 


2(BO; 4p) > BO; o) 
where 
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If this is translated into a statement about f, it yields that 


1 
AOS (ra 3) 


1.7 Corollary. Let f be an analytic function on a region containing B(O; R); 


1 
then {(B(O; R)) contains a disk of radius 55 Rif’ (0)|. 


Proof. Apply Bloch’s theorem to the function g(z) = [f(Rz) — f(0)]/Rf’ (0) 
(the result is trivial if f’(0) = 0, so it may be assumed that /’(0) # 0). & 


1.8 Definition. Let F be the set of all functions f analytic on a region con- 
taining the closure of the disk D = {z: |z| < 1} and satisfying f(0) = 0, 
f'() = 1. For each fin ¥ let B(f) be the supremum of all numbers r such 
that there is a disk S in D on which / is one-one and such that f(S) contains 


l 
a disk of radius r. ( So Bf) = a) . Bloch’s constant is the number B defined 
by 
B= inf {8(f): fe F}. 
| 
According to Bloch’s Theorem, B > 75° If one considers the function 


f(z) = z then clearly B < 1. However, better estimates than these are 
known. In fact, it is known that .43 < B < .47. Although the exact value 
of B remains unknown, it has been conjectured that 


OMe, 
(dl + 3r(;) 


A related constant is defined as follows. 


1.9 Definition. Let ¥ be as in Definition 1.8. For each fin F define A(f) = 
sup {r: f(D) contains a disk of radius r}. Landau’s constant L is defined by 


LE = inf {A(f): fe F }. 


Clearly L > B and it is easy to see that L < 1. Again the exact value of 
Lis unknown but it can be proved that 50 < L < .56. In particular, L > B. 


1.10 Proposition. [ff is analytic on a region containing the closure of the disk 
D = {z:|z| < 1} and f(0) = 0, f'(0) = 1; then f(D) contains a disk of radius 
f. 


Proof. The proof will be accomplished by showing that f(D) contains a disk 
] 

of radius A = A(f). For each 7 there is a point «, in f(D) such that B (= A— ) 
n 

< f(D). Now «, ¢ f(D) < f(D") and this last set 1s compact. So there is a 
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point « in f(D”) and a subsequence {a,, } such that «,, — «. It is easy to see 
that we may assume that a = lim a,. If |w—a| < A, choose my such that 
|w—a| < A~I/mp. There is an integer n, > no such that 


yO A ee 
Ng 
forn > n,. Hence 


|w—a,| < |w—a] + |a—a,| 


l 
<A-—-— 
Ho 
l 
a Ge 
n 


ifn > n,. That is we Bia,; A—I1/n) < f(D). Since w was arbitrary it follows 
that Bla; A) < f(D). 


1.11 Corollary. Let f be analytic on a region that contains B (0; R); then 
f(B(O; R)) contains a disk of radius R\| f’(O)|L. 


Exercises 


1. Examine the proof of Bloch’s Theorem to prove that L > 1/24. 

2. Suppose that in the statement of Bloch’s Theorem it is only assumed that 
f is analytic on D. What conclusion can be drawn? (Hint: Consider the 
functions f(z) = s~'f(sz), 0 < s < 1.) Do the same for Proposition 1.10. 


§2. The Little Picard Theorem 


The principal result of this section generalizes Theorem XI. 3.6. However, 
before proceeding, a lemma is necessary. 


2.1 Lemma. Let G be a simply connected region and suppose that f is an 
analytic function on G that does not assume the values 0 or |. Then there is 
an analytic function g on G such that 


f(z) = —exp (iz cosh [2g(z)}) 
for zinG. 
Proof. Since f never vanishes there is a branch ¢ of log f(z) defined on G; 
that is e* = f. Let F(z) = (27i)7' Cz); if F(a) = n for some integer n then 
f(a) = exp (27in) = 1, which cannot happen. Hence F does not assume any 
integer values. Since F cannot assume the values 0 and 1, it is possible to 


define 
H(z) = V F(z) — VF(z)-1. 


Now A(z) #0 for any z so that it is possible to define a branch g of 
logH on G. Hence cosh(2g)+1 = He8+e77%4+1 = fei te 9%)? = 
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l 
(H+1/H)’ = 2F = — ¢. But this gives f = e = exp [wi+-7i cosh (2g)] = 
res 


—exp [i cosh (2g)]. 

Suppose f and g are as in the lemma, n is a positive integer, and m is any 
integer. If there is a point a in G with g(a) = + log (/n+/n— 1)+4 imma, 
then 2 cosh[2g(a)] = 7% + e729 = eimm /n4 /n—])*? +e7 (Int 
Jn—1)¥? = (~1)"(/nt Jn—1)? +(/n—/n— 17] = (—1)"2Qn— 1]; or 
cosh [2¢(a)] = (—1)"(2n—1). Therefore t(a) = —exp [(—1)"(Qn—1)zi] and, 
since (2n ~ 1) must be odd, f(a) = 1. Hence g cannot assume any of the values 


{+log (Vnt+Vn—1)+4ima:n > l,m =0, +1,...}. 


These points form the vertices of a grid of rectangles in the plane. The height 
of an arbitrary rectangle is 


[Sima —fi(m + 1) =4ir< oo. 


The width is log (/n+1+./n)—log (./n+./n—1) > 0. Now o(x) = log 
(/xt+1+,/x)—-log (/x+./x—1) is a decreasing function so that the width 
of any rectangle <9(1) = log (1 +,/2) < log e = 1. So the diagonal of the 
rectangle <2. This gives the following. 


2.2 Lemma. Let G, f, and g be as in Lemma 2.1. Then 2(G) contains no disk 
of radius 1. 


2.3 Little Picard Theorem. If f is an entire function that omits two values 
then f is a constant. 


Proof. lf f(z) # a and f(z) # b for all z then (f—a) (b—a)~! omits the 
values 0 and 1. So assume that f(z) 4 0 and f(z) # 1 for all z. According to 
Lemma 2.2, this gives an entire function g such that g(C) contains no disk 
of radius 1. Moreover, if fis not a constant function then g is not constant 
so there is a point Z) with g’(z,) 4 0. By considering g(z+2Z 9) if necessary, 
it may be supposed that g’(0) ¥ 0. But according to Corollary 1.11, 
2(B(O; R)) contains a disk of radius LR\|g ‘(0)|. If Ris chosen sufficiently large 
this gives that g(C) does contain a disk of radius 1—a contradiction. So f 


must be constant, 7 


Exercises 


|. Show that if fis a meromorphic function on € such that C .. ~/(C) has 
at least three points then f is a constant. (Hint: What if oo ¢ F(€)?) 

2. For each integer n > 1 determine all meromorphic functions f and g on 
€ with a pole at oo such that f” + g” = |. 


§3. Schottky’s Theorem 


Let f be a function defined on a simply connected region containing the 
disk B(0; 1) and suppose that f never assumes the values 0 and 1. Let us 
examine the proof of Lemma 2.1. If ? is any branch of log f let 
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H = /F-VF-1, 


g = a branch of log H. 
There are two places in this scheme wnere we are allowed a certain amount 
of latitude; namely, in picking the functions ¢ and g which are branches of 
log f and log H, respectively. For the proof of Schottky’s Theorem below 
specify these branches by requiring 
3.1 0 < Im &(0) < 2z, 
3.2 0 < Im g(0) < 2r. 


3.3 Schottky’s Theorem. For each a and BB, U<a<00o and QO < B <1, there is 
a constant C(a,B) such that if f is an analytic function on some simply 
connected region containing B(Q;1) that omits the values 0 and 1, and such 
that | f(0)| S a; then | f(z)| < C(a,B) for |z| < B. 


Proof. It is only necessary to prove this theorem for 2 < « < o. The proof 
is accomplished by looking at two cases. 


Case 1. Suppose 4 < | f(0)| < «. Recalling the functions F, H, and g in 
Lemma 2.1 (and rediscussed at the beginning of this section), (3.1) gives 


] 
FO)| = 5~ llog| f(0)| +i Im 40) 


| 
< — | +1; 
an Og a 


1 
Let Co(«) = _ log a+1. Also 


3.4 |VF(0) +VF)—1| < WFO) + \VFO)—1] 
= exp (4 log |F(0)|) + exp (4 log |F(0) — 1)) 
= |F(0)P + [F(0) — 1 
< Co(a)*+[Co(«)+ 1]? 
Let C,(a) = C,(«)*+[Co(«) + 1]*. Now if |H(0)| = 1 then (3.2) and (3.4) give 
1g(0)| = [log] H(O) | +7 1m g(0)| 


log |H(0)| +27 
log C,(a)+27. 


If |H(0)| < 1 then in a similar fashion. 
|g(0)| < —log |H(O)| + 2x 


1 
18 (Gi) + 


= log |VF(0) + VF(0)—1] + 2a 
< log C,(a)+2r7. 


IA IA 


I 
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Let C,(a) = log C,(«)+2z7. 
If |a| < 1 then Corollary 1.11 implies that g(B(a; 1—|a])) contains a disk 
of radius 
3.5 L(1 —|a)) |g’(a)|. 


On the other hand, Lemma 2.2 says that g(B(0; 1)) contains no disk of 
radius 1. Hence, the expression (3.5) must be less than 1; that is, 


3.6 |g(a@)| < [L(1—|a))]~* for fal < 1. 

If |a| < 1, let y be the line segment [0, a]; then 
(a) < |g)|+ g(@)—g(0)| 

C22) + { g'(z) de| 


lA 


< C,(«)+ a] max {\g’(z)|: z  [0, a]} 


Using (3.6) this gives a 
a 


L(1 —|a)) 
If C,(«, 8) = C,(a)+f[L(1 —)]~! then this gives 
|g(z)| < C3(a, B) 
if |z| < 8. Consequently if |z| < B, 
If(2)| 


|g(a)| < Cz(a) + 


lexp [i cosh 2g(z)]| 


IA 


exp [7|cosh 2¢(z)]] 
exp [re7!ON 
exp [re?C3(aF)) 


define C,(«, 8) = exp {a exp [2C,(a, f)]}. 

Case 2. Suppose 0 < | f(0)| < 4. In this case (1 —/) satisfies the conditions 
of Case 1 so that |1 —f(z)| < C,(, 6) if |z| < B. Hence | f(z)| < 1+C,(2, B). 
If we define 


lA 


IA 


C(x, B) = max {C,(2, B), 1+C,(2, B)}, 


3.7 Corollary. Let f be analytic on a simply connected region containing 
B(O; R) and suppose that f omits the values 0 and 1. If C(«, B) is the constant 
obtained in Schottky’s Theorem and |f(0)| < « then |f(z)| < C(a, B) for 
iz| < BR. 


What Schottky’s Theorem (and the Corollary that follows it) says is that 
a certain family of functions is uniformly bounded on proper subdisks of 
B(O; 1). By Montel’s Theorem, it follows that this family 1s normal. It is 
this observation which will be of use in proving the Great Picard Theorem 
in the next section. 
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§4. The Great Picard Theorem 


The main tool used in the proof of Picard’s Theorem is the following 
result. 


4.1 Montel-Carathéodory Theorem. If ¥ is the family of all analytic func- 
tions on a region G that do not assume the values 0 and 1, then F is normal 


inC(G,C.). 


Proof. Fix a point z) in G and define the families G and # by 
G = {feF:|flzo| < 1, 


HA = {feF:|f(Zo)| 2 1}; 
so F = YU H#. It will be shown that Y is normal in H(G) and that # is 
normal in C(G, C,,) (that oo is a limit of a sequence in # is easily seen by 
considering constant functions). To show that Y is normal in H(G), Montel’s 
Theorem is invoked; that is, it is sufficient to show that @ is locally bounded. 

If ais any point in G let y be a curve in G from z,) toa; let Dy, D,,..., D, 
be disks in G with centers Zp, z,,...,2, = aon {y} and such that z,_, 
and z, are in D,_, OD, for 1 < k <n. Also assume that D, < G for 
0 < k <n. We now apply Schottky’s Theorem to Dp. It follows that there 
is a constant Cy such that |f(z)| < Cy) for z in Dy and fin &. (If Dp = 
B(zo; r) and R > r is such that B(z,; R) < G then, according to Corollary 
3.7, |f(z)| < CC, B) for z in Dy and fin GY whenever 8 is chosen with r < BR). 
In particular |f(z,)) < Cp so that Schottky’s Theorem gives that 9 is 
uniformly bounded by a constant C, on D,. Continuing, we have that 9 is 
uniformly bounded on D,. Since a was arbitrary, this gives that G is locally 
bounded. By Montel’s Theorem, & is normal in H(G). 

Now consider # ={feF: |f(z,)| = 1}. If fe # then 1/f is analytic 
on G because f never vanishes. Also 1/f never vanishes and never assumes 
the value 1; moreover |(1/f) (zo)| < 1. Hence # = {i/f: fe #} < Y and 
H is normal in H(G). So if {f,} is a sequence in # there is a subsequence 
{f,,} and an analytic function A on G such that {1/f,,} converges in H(G) 
to hk. According to Corollary VII. 2.6 (Corollary to Hurwitz’s Theorem), 
either h = 0 or A never vanishes. If h = 0 it is easy to see that f,(z) > 
uniformly on compact subsets of G. If # never vanishes then 1/h is analytic 
and it follows that f(z) — 1/h(z) uniformly on compact subsets of G. 


4.2 Great Picard Theorem. Suppose an analytic function f has an essential 
singularity at z = a. Then in each neighborhood of a f assumes each complex 
number, with one possible exception, an infinite number of times. 

Proof. For the sake of simplicity suppose that f has an essential singularity 
at z = 0. Suppose that there is an R such that there are two numbers not in 
{f(z): 0 < |z| < R}; we will obtain a contradiction. Again, we may suppose 
that f(z) # 0 and f(z) # 1 for 0 < jz) < R. Let G = B(O; R)— {0} and 
define f,: G > C by f(z) = f(z/n). So each f, is analytic and no f, assumes 
the value VU or 1. According to the preceding theorem, {f,} is a normal 
family in C(G, C,). 
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Let {f,,} be a subsequence of {/,} such that f,, > uniformly on {z: 
[z| = 4R}, where ¢— is either analytic on G or p = ©. If ¢— Is analytic, let 
M = max {|p(z)|: |z| =4R}; then [f(z/n)| = |, < [f2—-9@)| + 
lp(z)| < 2M for n, sufficiently large and |z| = 4R. Thus [/f(z)| < 2M for 
|z| = R/2n, and for sufficiently large n,. According to the Maximum Modulus 
Principle, f is uniformly bounded on concentric annuli about zero. This 
gives that f is bounded by 2M on a deleted neighborhood of zero and, so, 
z = 0 must be a removable singularity. Therefore » cannot be analytic and 
must be identically infinite. 

It is left to the reader to show that if p = o then f must have a pole at 
zero. 

So at most one complex number is never assumed. If there is a complex 
number w which is assumed only a finite number of times then by taking a 
sufficiently small disk, we again arrive at a punctured disk in which / fails to 
assume two values. % 

An alternate phrasing of this theorem is the following. 


4.3 Corollary. If f has an isolated singularity at z=a and if there are two 
complex numbers that are not assumed infinitely often by f then z= a is either 
a pole or a removable singularity. 

In the preceding chapter it was shown that an entire function of order 
A, where A is not an integer, assumes each value infinitely often (Corollary 
XI1.3.8). Functions of the form e%, for g a polynomial, assume each value 
infinitely often, although there is one excepted value—namely, zero. The 
Great Picard Theorem yields a general result along these lines (although 
an exceptional value is possible, so that the following result is not 
comparable with Corollary X1.3.8). 


4.4 Corollary. [f f is an entire function that is not a polynomial then f 
assumes every complex number, with one possible exception, an infinite number 
of times. 


Proof. Consider the function g(z)=f(1/z). Since f is not a polynomial, g 
has an essential singularity at z=O (Exercise V.1.13). The result now 
follows from the Great Picard Theorem. 

Notice that Corollary 4.4 is an improvement of the Little Picard Theorem. 


Exercises 


1. Let f be analytic in G= B(O; R)— {0} and discuss all possible values of 
the integral 

ALTO 

2mi | f(z)—a 
where y is the circle |z| = r < R and a is any complex number. If it is 
assumed that this integral takes on certain values for certain numbers a, 
does this imply anything about the nature of the singularity at z = 0? 
2. Show that if f is a one-one entire function then f(z)=az+6 for some 
constants a and 6, a#0. 
3. Prove that the closure of the set # in Theorem 4.1 equals A” together 
with the constant functions oo, 0, and 1. 


Appendix A 


Calculus for Complex Valued Functions 
on an Interval 


In this Appendix we would like to indicate a few results for functions 
defined on an interval, but whose values are in C rather than R. If f: [a, 5] 
-> C is a given function then one can easily study its calculus type properties 
by considering the real valued functions Re f and Im /. For example, the 
fact that for a complex number z = x+iy 


max (|x|, |y]) < lz] = Vx? +y? < 2 max (|x|, |y!), 


easily allows us to show that fis continuous iff Re fand Im fare continuous. 
However we sometimes wish to have a property defined and explored directly 
in terms of f without resorting to the real and imaginary parts of f. This is 
the case with the derivative of f. | 


A.1 Definition. A function /: [a, 6] - C is differentiable at a point x in (a, 5) 
if the limit 


LFA) FO) 
Am 


h->0 h 


exists and is finite. The value of this limit is denoted by f’(x). For the points 
x = a or b we modify this definition by taking right or left sided limits. If f 
is differentiable at each point of [a, b] then we say that fis a differentiable 
function and we obtain a new function f’: [a, b] -~ C which is called the 
derivative of f. 

The next Proposition has a trivial proof which we leave to the reader. 


A.Z Proposition. A function f: [a, b] > C is differentiable iff Re f and Im f are 
differentiable. Also, f’(x) = (Re f)'(x) + i(Im f)'(x) for all x in [a, 5). 

Of course it makes no sense to talk of the derivative of a complex valued 
function being positive; accordingly, the geometrical significance of the 
derivative of a real valued function has no analogue for complex valued 
functions. However the reader is invited to play a game by assuming that 
Re f and Im / have positive or negative derivatives, and then interpret these 
conditions for f. 

One fact remains true for derivatives and this is the consequence of a 
vanishing derivative. 


A.3 Proposition. [f a function f: [a, b] — C is differentiable and f'(x) = 0 for 
all x then f is a constant. 
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Proof. If f’(x) = 0 for all x then (Re f)'(x) = (Im f)’(x) = 0 for all x. It 
follows that Re f and Im fare constant and, hence, so is f. 


One important theorem about the derivative of a real valued function 
which is not true for complex valued functions is the Mean Value Theorem. 
In fact, if f(x) = x?+ix? it is easy to show that 


SO)-I@ = fo) 6-4) 


for some point c in [a,b] only when a= b. 

One of the principal applications of the Mean Value Theorem for 
derivatives is the proof of the Chain Rule. In ligis: of the discussion in the 
preceding paragraph one might well doubt the validity of the Chain Rule 
for complex valued functions. The Chain Rule tells us how to calculate the 
derivative of the composition of two differentiable functions; this leads to 
two different situations. First suppose that f:[a,b]-C is differentiable 
and let g:[c,d]->[a,b] also be differentiable. Then f( g(t))=Ref(2(t))+ 
iImf(g()); from here the Chain Rule follows by applying the Chain Rule 
from Calculus. In the second case the result still holds. Let G be an open 
subset of C such that f([a,b])<G and suppose h:G->C is analytic. We 
wish to show that Aef is differentiable and calculate (he f)’. Since the proof 
of this Chain Rule follows the line of argument used to prove the Chain 
Rule for the composition of two analytic functions (Proposition ITI.2.4) we 
will not repeat it here. We summarize this discussion in the following. 


A.4 Proposition. Let f: [a, b] ~ C be a differentiable function. 

(a) If g: [c, d])—>[a, 6] is differentiable then fog is differentiable and 
(fos) =f (sds. 

(b) If G is an open subset of © containing f([a, b)) and h: G-—->C is an 
analytic function then ho f is differentiable and (he f)'(x) = h’(f(x))f'(x). 

To discuss integral calculus for complex valued functions we adopt a 
somewhat different approach. We define the integral in terms of the real and 
imaginary parts of the function. 


A.5 Definition. If f: [a, 5] — C is a continuous function, we define the integral 
of f over [a, b] by 


{709 ax = f Rese) dx +i f Im f(x) dx. 


If the reader wishes to see a direct development of the integral he need 
only work through Section IV. 2 of the text with y(t) = ¢ for all t. However, 
this hardly seems worthwhile. 

Besides the additivity of the integral the only result which interests us is 
the Fundamental Theorem of Calculus. 

Recall that if F: [a, b] + C is a function and f = F’ then F is called a 
primitive of f. 
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A.6 Fundamental Theorem of Calculus. A continuous function f: [a, b] + C 
has a primitive and any two primitives differ by a constant. If F is any primitive 


of f then 
| f@) dx = F)-F@ 


Proof. If g and / are primitives of Re fand Im fthen F = g+ih isa primitive 
of f. The result now easily follows. 


Appendix B 


Suggestions for Further Study 


and Bibliographical Notes 


GENERAL 


The theory of analytic functions of one complex variable is a vast one. 
The books by Ahlfors [1], Caratheodory [9], Fuchs [17], Heins [24], Hille 
[26], Rudin [41], Saks and Zygmund [42], Sansone and Gerretsen [43], and 
Veech [46] treat some topics not covered in this book. In addition they 
contain material which further develops some of the topics discussed here. 
We have not touched upon the theory of functions of several complex 
variables. The book by Narasimhan [37] contains an elementary introduc- 
tion to functions of several complex variables. Also Cartan [10] contains an 
introduction to the subject. The book by Whittaker and Watson [47] 
contains some very classical analysis and several biblhographical com- 
ments. Finally the two volume work by Polya and Szego [39] should be 
looked at by every student. These books contain problems on analysis with 
the solutions in the back. 


CHAPTER ITI 


§1. A more thorough treatment of power series and infinite series in 
general can be seen in the book by Knopp [28]. 

§2. There are several ways to define an analytic function. Some books 
(for example, Ahlfors [1]) define a function to be analytic if it has a 
derivative at every point in an open subset of the plane. Other books (for 
example, Cartan [10]) define a function to be analytic in an open subset of 
the plane if at every point of this open set the function has a power series 
expansion. This latter approach has one advantage in that it is the 
standard way of defining a function to be analytic in several variables. 

In many ways the study of analytic function theory can be considered 
as the study of the logarithm function. This will become more evident in 
the remainder of the book. 

§3. More information concerning Mdébius transformations can be ob- 
tained from the book by Carathéodory [9]. 


CHAPTER IV 


§3. See the paper by Burdick and Lesley [8] for more on uniqueness 
theorems. 
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§4 and §5. Cauchy’s Theorem first appeared in the treatise [11]. How- 
ever Cauchy’s original statement was far different from the one that 
appears in this book. Cauchy proved his theorem under the assumption 
that the function f is differentiable and that the derivative is continuous on 
and inside a simple closed smooth curve. Goursat [20, 21] removed the 
assumption that /’ is continuous but retained the assumption that the curve 
over which the integral is to be taken is a simple closed smooth curve. 
Pringsheim [40] introduced the method of proof that is used by many 
today. He first proved the theorem for triangles (the method used to prove 
Goursat’s Theorem in §8) and then approximated the contours by poly- 
gons. The role of the winding number in Cauchy’s theorem and the 
extension to a system of curves such that the sum of the winding numbers 
with respect to every point outside of the region of analyticity is zero, 
seems to have first been observed by Artin [4]. The proof of Theorem 
IV. 5.4 is due to Dixon [13]. 


CHAPTER V 


For more examples of the use of residues to calculate integrals see the 
books by Lindelof [31] and Mitrinovic [35]. An interesting paper is the one 
by Boas and Friedman [7]. 

§3. The reference for Glicksberg’s statement of Rouché’s Theorem 1s 
(18]. 


CHAPTER VI 


The original paper of Phragmén and Lindel6of [38] is still worth reading. 


CHAPTER VI 


$1. Much of the material in this section can be done in a more general 
setting. See for example the books by Kelley [27] and Dugundji [15]. 

§2. Montel’s book [36] on normal families is well worth reading. In this 
treatise he explores several applications of the theory of normal families to 
problems in complex analysis. 

$4. There is a wealth of material on conformal mappings. Caratheodory 
[9] has some additional information. Also the books by Bergman [5], 
Goluzin [19], and Sansone and Gerretsen, vol. II [43] have extensive 
treatments. It is also possible to use Hilbert space techniques to construct 
conformal maps. See Bergman [5] and the second volume of Hille [26]. 

§7. For more information on the gamma function look at the book of 
Artin [3]. Also the paper [30] contains more information about the gamma 
function. An interesting survey article is one by Davis [12]. 

§8. The book by Edwards [16] gives a complete exposition of the 
Reimann zeta hypothesis from an historical point of view. This book 
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examines Riemann’s original paper point by point and fully explicates his 
results. There is a result of Beurling (see the book by Donoghue [14]) that 
gives an equivalent formulation of the Riemann zeta hypothesis in terms of 
functional analysis. 


CHAPTER VIII 


The reference to Grabiner’s treatment of Runge’s Theorem is [22]. 
There are several other proofs of Runge’s Theorem. One proof is by “pole 
pushing”; this was used in the earlier edition of this book and also appears 
in [42]. A proof using functional analysis appears in Rudin’s book [41]. 


CHAPTER 1X 


§3. An interesting paper on the monodromy theorem 1s [45]. 

$6. The book by Springer [44] gives a readable introduction to the 
theory of Riemann surfaces. A more advanced treatment is [2]. 

§7. An excellent treatment of covering spaces can be found in Massey 
[33]. 


CHAPTER X 


Further results on harmonic functions can be found in Helms [25]. This 
area of harmonic functions has been extended to functions of more than 
two variables. In addition the Dirichlet problem can be formulated and 
solved in this more general setting. 


CHAPTER XI 


The theory of entire functions is one of the largest branches of analytic 
function theory. The book by Boas [6] is a standard reference. 


CHAPTER XIi 


The book by Hayman [23] contains many generalizations of the theo- 
rems presented in this chapter. Also the paper by MacGregor [32] contains 
many applications and additional results. This paper also contains an 
interesting bibliography. 

There are essentially two ways of proving Picard’s Theorem. The 
elementary approach used in this chapter is based on the treatment found 
in Landau’s book [29]. The other treatment uses the modular function and 
can be found in [1] or [46], 


L. V. AHLFORS, Complex Analysis, McGraw-Hill Book Co. (1966). 

L. V. AHLForS and L. Sario, Riemann Surfaces, Princeton University Press (1960). 

E. ARTIN, The Gamma Function, Holt, Reinhart, and Winston (1964). 
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